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Abstract This paper proposes a semi-supervised induct-

ive algorithm adopting a Gaussian random field (GRF)

and Gaussian process. We introduce the prior based on

graph regularization. This regularization term measures

the p-smoothness over the graph. A new conditional

probability called the extended Bernoulli model (EBM) is

also proposed. EBM generalizes the logistic regression to

the semi-supervised case, and especially, it can naturally

represent the margin. In the training phase, a novel

solution is given to the discrete regularization framework

defined on the graphs. For the new test data, we present

the prediction formulation, and explain how the margin

model affects the classification boundary. A hyper-

parameter estimation method is also developed.

Experimental results show that our method is compet-

itive with the existing semi-supervised inductive and

transductive methods.

Keywords Gaussian process, Gaussian random field,

semi-supervised learning, graph based learning

1 Introduction

In the real world, many applications need a computer to

recognize data from a partially labeled data set. For

example, we can obtain large numbers of documents

from the Internet, or acquire many images from a digital

camera. However, it is costly to label all of them.

Consequently, semi-supervised learning becomes an

important topic to deal with the partially labeled

problems [1]. While transductive methods only work on

the observed labeled and unlabeled training data,

inductive methods can handle the unseen data that are

not in the training set. Therefore, semi-supervised

induction has been attracting more attention recently.

A problem of semi-supervised learning is how to use a

small number of labeled data and lots of unlabeled data

to achieve a result as good as the supervised case. One

efficient way is to use the graph or manifold regulariza-

tion methods [2–5]. It is intuitive that every point should

be similar to the points in its local neighborhood. Thus,

the intrinsic structure of the data should be exploited by

assuming that the data reside on the low dimensional

manifold. Therefore, regularizing the learned functions

to make them smooth on the manifold or on the graph

constructed by the data is helpful. Although the

successful transduction on graph (TOG) method [3,5]

has realized the semi-supervised learning on data

manifold, there are still two problems: 1) TOG is

transductive and does not have any formulation to deal

with the unseen data; 2) It regards the noise between

labels and latent variables as Gaussian, which is not true

for the classification problem.

In this paper, we propose a new algorithm that uses

graph regularization-based Gaussian random field

(GRF) to address the partially labeled data. To train a

GRF, we estimate the latent variables from the posterior

probability employing Laplace approximation. For the

new test data, we present the approximated prediction

formulation of the Gaussian process [6], and explain how

the proposed model affects the final classification

boundary.

This paper is organized as follows. In Sect. 2, we

introduce the models used in our method and present the

algorithm framework. Section 3 shows the experimental

results on both test and real data sets. Finally, we

conclude the paper in Sect. 4.

2 Semi-supervised Gaussian process

We denote the input data point as a feature vector xi
(i5 1, 2, …, N), and XN ¼D xif gNi~1 is the observed data

Received April 15, 2007; accepted August 13, 2007

Yangqiu SONG, Jianguo LEE, Changshui ZHANG, Shiming
XIANG
State Key Laboratory on Intelligent Technology and Systems,
Tsinghua National Laboratory for Information Science and
Technology (TNList), Department of Automation, Tsinghua
University, Beijing 100084, China
E-mail: songyq99@mail.tsinghua.edu.cn

Front. Electr. Electron. Eng. China 2008, 3(1): 1–9
DOI 10.1007/s11460-008-0001-y



set including both labeled and unlabeled data. For the

semi-supervised problem, we attempt to extend the

labels of the labeled data to the unlabeled data, whose

labels are set to zero initially. The label is given by ti
(i5 1, 2, …, N), and the label set is tN5 (t1, t2, …,tN)

T.

We also denote the training data set as D~fxi,tigNi~1.

The latent variable yi is used to generate the process

xiR yiR ti. Moreover, we impose some new noise

functions on the process yiR ti, which is more

appropriate for the semi-supervised problem. yi5 y(xi)
is a function of xi, and yN5 (y1, y2, …, yN)

T is the latent

variable vector of input data. The hyper-parameters of

the exponential weights are denoted as a vector H. For

the inductive problem, we want to estimate the label

tN + 1 of a new point xN + 1.

To train a GRF, we need to estimate the hyper-

parameters, labels of unlabeled data and the latent

variables. Therefore, the posterior P(yN | tN, H) of the

latent variables is taken as the estimate of yN:

P yN jtN ,Hð Þ~P yN ,tN jHð Þ
P tNð Þ

~
P tN jyNð ÞP yN jHð Þ

P tNð Þ , ð1Þ

where P(yN | H) is the prior of the latent variables, and

P(tN | yN) is the likelihood. By taking the negative

logarithm, we define the following objective function:

Y yNð Þ~{lgP tN jyNð Þ{lgP yN jHð Þ: ð2Þ

P(tN) is omitted since it is a constant unrelated to yN.
Note that there are two terms that affect the estimation in

Eq. (2). Thus, we first present the definitions of both

prior and the likelihood of the latent variables given in

the hyper-parameters, following that the estimate pro-

cedure is shown.

2.1 Graph-based data-dependent prior

The graph-based methods consider a weighted undirected

graph G5 (V, E) established on the data points in some

feature space. The node V corresponds to the points, and

weights on the edge E are functions of the pair-wise

connected nodes. Here, we adopt the graph regulariza-

tion based data-dependent prior, which is proposed in

Ref. [4]. The regularization term restricts a function

defined on the graph sufficiently smooth.

The prior probability is given by:

P yN jHð Þ~ 1

Zr

exp {
Sp(yN )

m

� �
, ð3Þ

where Zr is the normalization constant, and the smooth-

ness function Sp(yN) is

Sp yNð Þ~ 1

p

X
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
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, ð4Þ

where Dii~
P
j

Wij . Wij is the weight function associated

with the edges on the graph, which satisfies Wij> 0 and

Wij5Wji. It can be viewed as a symmetric similarity

measure between xi and xj. A simple example of Wij is

Wij5 exp(2||xi2 xj||
2/2s2). If different dimensions have

different weights Wij~exp {
Pd
k~1

xki {xkj

� �2
=2s2k

� �
, we

set the hyper-parameters as H5 {s1,…, sk,..., sd}. The
function Sp(yN) is based on the discrete analysis and

geometry on the graphs, which can be seen as a discrete

differential regularization operator [4]. This regulariza-

tion term preserves the intrinsic geometry of the data and

the local structure of the graph or manifold. It constrains

the learned function from being changed too much from

the neighboring points.

In the 2-smoothness case, the smoothness function has

a compact form

S2 yNð Þ~ 1

2
yTN I{Sð ÞyN , ð5Þ

where S~D{1
2WD{1

2, D5 diag(D11,...,DNN) and

(W)ij5Wij. The matrix D5 I2S is called the normalized

graph Laplacian in spectral graph theory [7]. Moreover,

the gradient and the Hessian of 2lgP( yN |H) are (for

arbitrary p-smoothness cases, see Appendix A):

gN~+y
N
{lgP yN jHð Þð Þ~K{1

N yN

K{1
N ~++y

N
{lgP yN jHð Þð Þ~D~I{S

(
: ð6Þ

The matrix KN5D21 is the covariance matrix of the

prior probability, and it is also the inverse matrix of the

normalized graph Laplacian. Therefore, the covariance

between two points depends on all the other training

data, including both labeled and unlabeled ones. In

contrast, most traditional Gaussian processes adopt the

covariance based on ‘‘local’’ distance information. This

will make the covariance depend only on the self

coordinates in the prior probability.

2.2 Extended Bernoulli model (EBM)

The Bernoulli model is also called the logistic regression

model, which was developed to deal with the binary

classification. To handle the unlabeled data, we present a

new noise function on the process yR t called the

extended Bernoulli model (EBM):
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P(tijyi)~ 1{l

1z exp ({tiyi)
Ifti=0gzlIfti~0g, ð7Þ

where I is the indicator function. Ifti~0g means, if ti5 0,

I5 1, and if ti? 0, I5 0. Here, for the semi-supervised

problem, we set labels of the unlabeled data to zeros

initially. Thus, if ti5 0, the probability P(ti5 0 | y); l.
The factor l makes the function P(ti | yi) with respect to ti
be a probability, which means P(ti5 1 | yi) +P(ti5
21 | yi) +P(ti5 0 | yi); 1. As Fig. 1 shows, this model

can be considered as a degenerated ordered category

model (OCM) [8], where the variance of the probability

P(ti5 0 | yi) is infinite. We define the margin as the

range where P(ti5 0 | y) is larger than P(ti5 1 | y) and

P(ti521 | y). In the margin, the difference between

P(ti5 1 | y) and P(ti521 | y) is smaller than the difference

outside the margin. Therefore, the margin of EBM

represents the more uncertain labels. The parameter l
controls this margin.

Moreover, Figures 1 (b) – (d) show the relationship

between the prior and the posterior probability of latent

variables. In the Gaussian process and GRF, we can

assume that each latent variable is also conditionally

Gaussian

P yijyN{ if g,XN

� �
~N mi,sið Þ ¼D P yið Þ, ð8Þ

where mi and s i are related to the input points and labels.

As Figs. 1 (b) and (c) show, for ti5 1 and ti521, the

mean and the variance of posterior P(yi| ti5 1) and P(yi| ti
521) are related to the likelihood P(ti | yi) and the

prior P(yi). If mi is near zero, the posterior of the latent

variable yi is affected by the label ti. It will have a

Fig. 1 Illustration of EBM: the relationship between the prior and the posterior probabilities.
(a) OCM; (b) l5 0.4, my5 0; (c) l5 0.4, my5 1.5; (d) l5 1/3, my5 1.5
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positive estimated yi when the label is 1, and negative yi
when the label is 21.

If the label is ti5 0, due to Bayesian formulation, we have

P(ti | yi)P(yi)5P(yi | ti)P(ti). The probabilitiesP(ti) andP(ti
| yi) are both constant for ti5 0, so the posterior probability

P(yi| ti5 0) only depends on the prior P(yi). If mi still

approximates to zero, we will get a zero estimated yi by

maximizing the posterior probability. This is why we

choose a graph regularization-based prior. As mentioned

previously, each covariance between two points of this prior

is related to all the training data. Therefore, if there is a

small amount of labeled data in the training set, the mi of an
unlabeled xiwill be influenced by the labeled datamore than

the one choosing the traditional prior. In consequence, mi is
non-zero, leading to a non-zero estimated yi (see Fig. 1 (c)).

Furthermore, by comparing Figs. 1 (c) and (d), we can

see that, the margins do not affect the estimation of the

latent variable. The estimated yi remains the same despite
different margin models being imposed on the process

yR t. However, any point whose latent variable yi falls

inside the margin will be labeled zero, which makes it

remain unlabeled. This kind of points does not contribute

to the prediction function (see in the prediction phase).

Therefore, the classification boundary will be changed.

Due to the graphical model of GRF, we have

P tN jyNð Þ~P
N

i~1
P tijyið Þ. Then the gradient vector and the

Hessian matrix of 2lgP(tN | yN) are

a
N
~+y

N
{ lgP(t

N
jy

N
)

� 	
~ {

ti

1z exp (tiyi)

� �
i

,

PN~++y
N

{ lgP t
N
jy

N

� 	� 	
~diag

t2i exp tiyið Þ
1z exp tiyið Þð Þ2

 !
:

ð9Þ

Note that the parameter l does not influence the

gradient vector and the Hessian matrix, which is

consistent with the analysis above. In the training phase,

the unlabeled elements in the gradient vector aN and the

Hessian matrix PN are zero.

2.3 Training

To train a GRF, we make use of the Laplace

approximation for the posterior probability P(yN | tN,
H) with fixed hyper-parameters. By differentiating
Eq. (2) with respect to yN , we have

+Y~aNzgN , ++Y~PNzK{1
N : ð10Þ

To find the expectation of the approximated Gaussian

density Y in Eq. (2), the Newton-Raphson iteration is

adopted

ynewN ~yN{(++Y){1+Y: ð11Þ
Since ==Y is always positive definite1, Eq. (2) is a

convex problem. When it converges to an optimal ŷN ,
=Y turns to be a zero vector. The posterior probability

P(yN | tN,H) is approximated as Gaussian, being centered

at the estimated ŷN . The inverse of the posterior

covariance is ==Y.

The hyper-parameter is the standard deviation s of the

radial basis function (RBF) kernel. The estimation

mainly follows Refs. [6,10], which is estimated by

minimizing the negative logarithmic likelihood,

J Hð Þ:{ lgP tN jHð Þ

&Y yNð Þz 1

2
lg det K{1

N zPN

� 	

~
XN
i~1

lg 1z exp tiyið Þð Þz 1

2
lg det KNPNzIð Þ

z
1

2
yTNK

{1
N yN :

ð12Þ

We can update the hyper-parameter with gradient

search (see Appendix B for details):

LJ Hð Þ
LH

~aT
N

LyN
LH

z
1

2
tr IzKNPNð Þ{1LKNPN

LH


 �

z
1

2
2 K{1

N yN
� 	TLyN

LH
zyTN

LK{1
N

LH
yN


 �
: ð13Þ

2.4 Prediction

For the new test data, we utilize the Gaussian process

model to obtain the induction formulation. Provided the

estimated hyper-parameters and labels, the prediction

function of the Gaussian process is to compute the

integral over the latent variable of a new point

P(tN+ 1|D,H)5 #P(tN + 1|yN + 1)P(yN + 1|D,H)dyN+ 1. (14)

This probability can be obtained by integrating over

the hyper-parameters; however, it can be costly when the

data set is large. Thus, we employ the result of

maximizing the marginal likelihood rather than integrat-

ing. The second term in Eq. (14) can be obtained by

further integration as follows:

P(yN + 1|D,H)5 #P(yN + 1|yN,H)P(yN|tN,H)dyN. (15)

It is not easy to calculate the high-dimensional integral.

One way to solve this problem has been presented in the

1For the positive semi-definite case, we can add extra regularization as the jitter noise [9].
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original Gaussian process classification’s paper [6]. Since
the approximated posterior P(yN | tN, H) is Gaussian, the
estimated yN in the training phase can be used instead of the
integral to compute the probability P(yN+1 | D, H). Since

P yNz1jyN ,H
� 	

~
P yNz1,yN jHð Þ

P yN jHð Þ , the objective function is:

Y(yN,yN+ 1)52lgP(yN+1|H). (16)

We minimize Eq. (16) only with respect to yN+ 1 of a

new point xN+ 1, which leads to

ŷNz1 ~kTK{1
N ŷN ~kT(I{S)ŷN , ð17Þ

where k5 (k1, k2,…, kN)
T and ki5WN + 1,i5 exp(2

||xN + 12 xi||
2/2s2) is the covariance between a new given

point and the ith training point, which is based on

‘‘local’’ information.

Note that afterminimizingEq. (2), the gradient inEq. (10)
becomes +Y~aNzK{1

N ŷN~0. Thus, Eq. (17) is given by

ŷNz1~{kTaN , ð18Þ
whereaN~{K{1

N ŷN~ a1,a2, . . . ,aNð ÞT.According toEqs.

(9) and (18), we can see that, if the latent variable of a point

in the training set satisfies yi. 0, and the point is outside the
margin, it has a positive weight 2ai in the predicting

function. Conversely, if a point outside the margin satisfies

yi, 0, the weight is negative. Moreover, ai tends to be zero

with very largeyi, and to approximate¡1/2when yi is nearly

outside the margin. Finally, the points falling inside the

margin will have the weights of zeros (according to Eq. (9)).

Therefore, these pointswill not affect the classification result

in the prediction phase.

The flowchart is given in the following.

1. Input:

Training set examples D~fxi,tigNi~1.

2. Training phase:

a) Hyper-parameter estimation by Gradient search

Eqs. (12) and (13).

b) Compute the Gradient =Y.

c) Compute the Hessian ==Y.

d) Laplace approximation and the Newton-Raphson

iteration:
yN

new5 yN2 (==Y)21=Y.

3. Prediction:

ŷNz1 ~kT KN
{1 ŷN ~kT(I{S) ŷN :

4. Estimate the classification accuracy.

3 Experiments

3.1 Test data

We test the algorithm with the two-moon data. As Fig. 2

(a) shows, 200 input points with only two labeled examples

are used to test our algorithm. The hyper-parameter

estimation curves are shown in Fig. 2 (b). The objective

value is plotted in (b) as a solid line, and the derivative is

plotted as the dotted line. The classification results of the 2-

smoothness case with different hard margins are shown in

Figs. 2 (c) and (d). We can see that for large margins, lots of

unlabeled points fall into the margin, and this will remove

the geometric information provided by the training set. A

proper small margin can efficiently remove the effect of the

noise points, and this may lead to a more correct boundary

of the predicting function. The results of more p-smooth-

ness cases are shown in Fig. 3. As to p5 0.5, it is more

sensitive to outliers.

3.2 Real world data

In this experiment, we test our algorithm on the United
State Postal Service (USPS) digits data set. Each digit is
represented by a 256 dimensional vector ranging from 0 to
1. We choose digits ‘‘1’’, ‘‘2’’, ‘‘3’’, ‘‘4’’, and there are 1269,
929, 824 and 852 examples for each class. We use ‘‘1’’ vs.
‘‘4’’, ‘‘2’’ vs. ‘‘3’’ and ‘‘1’’ ‘‘3’’ vs. ‘‘2’’ ‘‘4’’ as the tasks. All
the tasks are split as seen (include labeled and unlabeled
data) and unseen data sets. We adopt 2-smoothness
function as the prior for all the real data experiments.
The test accuracy plotted in the figures is an average of 50
random trials. The hyper-parameter estimation result is
shown in Fig. 4 (a). We test our algorithm with different
numbers of unlabeled points and the result is shown in
Fig. 4 (b). We can see that it is better if more unlabeled
data are added, since they bring more geometric informa-
tion to the learning machine. We also test the algorithm
with some fixed margins, which is shown in Fig. 4 (c). A
small margin (i.e. l5 0.337) will improve the test accuracy.
Similar to the test problem, a proper margin will help
remove the effect of the noise data, and a large margin will
remove the geometric information.

For comparison, we test the following supervised

methods: support vector machine (SVM) [11] and regular-

ized least squares (RLS) [2]; transductive method –

transduction on graphs (TOG) [3]; inductive method –

Laplacian regularized least squares (LapRLS) [2]; and our

method semi-supervised Gaussian process (SSGP). We

split data into two types, seen and unseen, each covering

50%. For supervised methods, we only use the labeled

points in the seen data to classify the unseen. For semi-

supervised inductive methods, we use all the seen data to

classify the unseen. As to TOG, each iteration has been run

twice. First, we run it on the seen set, and following that

the accuracy was evaluated on the seen set. Second, we

use both the seen and unseen data to train another TOG

algorithm, and evaluate the accuracy on the unseen set. We

follow the settings of SVM and TOG in Ref. [3], where the

width of RBF kernel for SVM is set to 5, and for TOG it is

1.25. The parameter C of SVM is set to 1 empirically.

Moreover, the parameters of RLS and LapRLS, that is,

Semi-supervised Gaussian random field transduction and induction 5



the width of the RBF kernel are 1.25, cAl~0:005
and cI l=(uzl)2~0:045 [2]. We use a soft margin model

where l5 1/3 in SSGP to compare with the other

algorithms. The average accuracy rates are shown in

Figs. 4 (d) – (f). The best is the transductive method on

the test unseen set, since it uses both the seen and unseen

information. The training accuracy on the seen set for

TOG is similar to our algorithm using a soft margin

model. For the inductive problem, our method signifi-

cantly outperforms SVM and RLS, and also LapRLS

under the setting in Ref. [2].

4 Conclusions

In this paper, we present an algorithm that uses the

Gaussian random field for semi-supervised learning. To

introduce the manifold or the geometric information of the

unlabeled data, we adopt the graph regularization-based

prior for the arbitrary p-smoothness case. The initial labels

of unlabeled data in our algorithm can be updated when
we run alternating optimization iterations. Besides,
employing the Gaussian process formulation, we can
predict the new test data. Experimental results on the real
data sets show that a proper margin can remove the effect
of the noise in the training data and improve the test
accuracy. Furthermore, the results of soft margin model
for both transduction and induction are competitive or
even better than the existing state-of-the-art algorithms.

In the future, we plan to do some further researches on
how to find a more appropriate Bayesian margin. We
also think that fast learning is another interesting
problem, which would help solve the computational
problem of the arbitrary p-smoothness case.

Appendix A: Arbitrary p-smoothness case

By defining the function fi: +yik k2 ~
X
j

Wij

yiffiffiffiffiffiffi
Dii

p {

�
yjffiffiffiffiffiffi
Djj

p Þ2, the gradient of the negative logarithm of Eq. (3) is:

Fig. 2 Test data and the results of different margins.
(a) Training data; (b) parameter estimation; (c) hard margin: l5 0.37; (d) hard margin: l5 0.39

Note: Two points are labeled in the training set. The contour in each figure describes the estimated yN + 1 of the unseen points.

��

�
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gN~+yN { lgP yNð Þð Þ,
where :

(gN)i~
X
j

f
p
2{1

i zf
p
2{1

j

� � Wijffiffiffiffiffiffi
Dii

p yiffiffiffiffiffiffi
Dii

p {
yjffiffiffiffiffiffi
Djj

p
 !

, ðA1Þ
and the Hessian matrix is

K{1
N ~++yN { lgP yNð Þð Þ,

where:

(K{1
N )ii~
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p yiffiffiffiffiffiffi
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Fig. 3 Test data and the results of different p-smoothness cases.
(a) p5 0.5, s5 0.1; (b) p5 1, s5 0.2; (c) p5 1.5, s5 0.2; (d) p5 2, s5 0.1

�

Semi-supervised Gaussian random field transduction and induction 7



Fig. 4 USPS data. (a) Parameter estimation; (b) different training numbers; (c) different margins; (d) ‘‘2’’ vs. ‘‘3’’; (e) ‘‘1’’ vs. ‘‘4’’;
(f) ‘‘1’’ ‘‘3’’ vs. ‘‘2’’ ‘‘4’’
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Appendix B: Derivation of hyper-parameter
estimation

We estimate the hyper-parameterH5s by gradient search,

which minimizes the negative logarithmic likelihood in Eq.

(12). According to Eqs. (6) and (10), by using the fact
=Y5 0, and taking derivatives on both sides, we have

LyN
Ls

~ IzKNPNð Þ{1LKN

Ls
{aNð Þ: ðB1Þ

And pursuant to Eq. (5) we have

LK{1
N

Ls
~{D{1

2
LW
Ls

D{1
2

zD{1 L
ffiffiffiffi
D

p

Ls
W

ffiffiffiffi
D

p
z

ffiffiffiffi
D

p
W

L
ffiffiffiffi
D

p

Ls

 !
D{1, ðB2Þ

where

LW ij

Ls
~W ij xi{xj

�� ��2 =s3,
L
ffiffiffiffiffiffi
Dii

p
Ls

~
1

2
ffiffiffiffiffiffi
Dii

p
X
k

W ik xi{xkk k2 =s3: ðB3Þ

Apart from that, differences of KN and KNPN are given
by

LKN

Ls
~{KN

LK{1
N

Ls
KN ðB4Þ

and

LKNPN

Ls
~

LKN

Ls
PNzKN

LPN

Ls
, ðB5Þ

where

LPN

Ls
~

LPN

LyN

LyN
Ls

~diag
t3i exp tiyið Þ 1{ exp tiyið Þð Þ

1z exp tiyið Þð Þ3
 !

diag
LyN
Ls

� �
:ðB6Þ
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