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Abstract In the research on spatial hearing and realization
of virtual auditory space, it is important to effectively model
the head-related transfer functions (HRTFs) or head-related
impulse responses (HRIRs). In our study, we managed to
carry out adaptive non-linear approximation in the field of
wavelet transformation. The results show that the HRIRS’
adaptive non-linear approximation model is a more effective
data reduction model, is faster, and is 5 dB on average better
than the traditional principal component analysis (PCA)
(Karhunen-Lo¢ve transform) model based on relative mean
square error (MSE) criterion. Furthermore, we also discussed
the best bases’ choice for the time-frequency representation
of HRIRs, and the results show that local cosine bases are
more propitious to HRIRs’ adaptive approximation than
wavelet and wavelet packet base. However, the improved
effect of local cosine bases is not distinct. Here, for the sake
of modeling the HRIRs more truthfully, we consider choosing
optimal time-frequency atoms from redundant dictionary to
decompose this kind of signals of HRIRs and achieve better
results than all the previous models.

Keywords spatial hearing model, wavelet transformation,
non-linear approximation, bases pursuit algorithm

1 Introduction

It is a well-known fact that the human auditory system works
well in determining a sound’s positions in an acoustic
environment. This phenomenon has attracted researchers’
attention for a long time, with so many investigations and
interpretations present in the field. So far, there are many
mathematical models that aim to solve this problem. The most
classic and effective solution is the duplex theory, which
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utilizes interaural time difference (ITD) and interaural
intensity difference (IID) to interpret the cause of spatial hear-
ing. By virtue of these results, there have been some tentative
applications in auditory display of multimedia systems, for
instance, VoiceNotes of MIT Media Lab. However, there are
still no fully successful models capable of explaining some of
the phenomena associated with spatial hearing, such as the
perception of a sound’s position at an elevation, the “cone of
confusion” and so on.

In the ensuing research, people take cognizance of the cues
implied in grotesque while a little inerratic spectrum. Thus,
the systemic description of the entire relevant information,
head-related transfer function (HRTF), has been introduced to
depict them, where ITD can be seen as the delay between two
ears and IID as the difference of HRTFs’ magnitude. More-
over, people have constructed different mathematical models
to simulate this delicate function, and tried to give a felicitous
interpretation for this fancy phenomenon [1—4].

As a popular model structure, the principal component anal-
ysis (PCA) model has been greatly studied in this field [2—4].
Basically, researchers in Ref. [2] applied PCA to logarithmic
magnitudes of HRTFs that were measured for 10 subjects and
at 256 positions. In the PCA model, HRTFs for each position
were represented as a weighted combination of a set of
basis functions in a low-dimensional subspace, which were
obtained from the measured logarithmic magnitudes of HRT-
Fs. While the phase was approximated from the magnitude
related to a certain position based on minimum phase charac-
teristics. The spatial feature extraction and regularization
model put forward in Ref. [3] contains the phase information
during the HRTFs’ reduction representation. Furthermore, a
thin-plate spline using regulation procedures was also intro-
duced to obtain a mathematical representation for sampled
spatial positions. As a result, unmeasured positions’ HRTFs
can be approximately reestablished from the mathematical
equation, which effectively surmount the spatially discrete
limitation of HRTFs’ measurement. However, both these
PCA models were used to process complex valued (amplitude
and phase) head-related transfer functions, and needed a
lot of complex and logarithmic operations. In Ref. [4], Wu
applied Karhunen-Loéve transformation to HRIRs in time



domain to obtain a PCA model, which only required real-
valued operations and behaved effectively for real-time
implementation of virtual auditory space (VAS).

However, traditional orthogonal bases generally cannot
analyze a signal’s characteristics in the temporal and spectral
domain at one time because of the compact support wavelet
functions’ capability in time-frequency localization and multi-
scale analysis, which have extensive applications in a signal’s
nonlinear, optimal, and all-sided approximation. Reference
[5] indicates that, as to a function A(f) € L*(R), there are finite
wavelet bases functions to approximate it with arbitrary
precision; and the approximation to impulse response of a
system using orthogonal wavelet and scale functions have
also been studied. Our work just discovers an origin from this,
and considers carrying out adaptive non-linear approximation
in the field of head-related impulse responses (HRIRs)’ wave-
let transformation. Recently, there have been some reports of
HRTFs’ modeling by wavelet transformation. For example,
Ref. [6] constructed a group of sparse filters to model HRTF
based on the wavelet’s multi-scale characteristics, the results
of which showed the excellence of filter-bank’s model than
HRTF’s conventional filter design algorithms, Prony, Yule-
Walker, and BMT. However, in this paper, on the basis of the
distribution characteristic identification of all the HRIRs’ data
in KEMAR package, our work points out that, because HRIRs
cannot well accord with the Gaussian distribution, the PCA
reduction model based on Karhunen-Loéve transform is not
optimal and the non-linear method can work well. As for this,
we have carried out detailed data processing experiments to
validate our opinion [7].

For this kind of signals just as HRTFs, Batteau et al made
some investigations on the HRIRs in time domain [8,9]. They
found that the impulse response could be piled up from echoes
reflected on outer ears

h(t)=03(t)+ad(t—1,)+ a,0(t—1,) (1)

where a, and a, are the reflection coefficients; 7, and 7, are the
time delay of reflected signals. Furthermore, when the eleva-
tion angle moves towards lower latitudes, the time delays
usually increase. Hiranaka and Yamasaki further validated the
above phenomena, and found that, all the reflection delays are
less than 350 ps for humans through experimentation. More-
over, they also discovered that, when sound source is located
in front of the human body, there are at least two reflection
waves; at the backside, there is only one; while on top of
the head, there are scarcely any reflection components [10].
Wright also confirmed the relationship between HRTFs’
characteristics and delay of sound’s reflections [11].

All these reveal the facts that, as for the kind of HRIRs’
signals, the best bases choice for time-frequency representa-
tion of HRIRs is also necessary and important for the efficient
modeling of HRIRs. Some simulation results have shown that
local cosine bases are more propitious to HRIRs’ adaptive
approximation than wavelet and wavelet packet base in our
experiments. However, the improved effect of local cosine
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bases is not distinct. Here, for the sake of modeling the
HRIRs more truthfully, we consider choosing optimal time-
frequency atoms from redundant dictionary [12] to decom-
pose this kind of signals of HRIRs and achieve rather better
results than all the previous models.

Synthetically, the paper is organized as follows. In Sect. 2,
the algorithm of HRIRs’ adaptive non-linear approximation
based on bases pursuit algorithm is introduced. Then the
contrasting results with PCA’s, wavelet’s, wavelet packet’s,
and local cosine packet’s model for HRIRs are presented in
Sect. 3. After that, several next-step directions are brought
forward for future study.

2 Principle of best bases’ selection for
HRIR’s spectro-temporal representation

To optimize non-linear approximation for HRIRs’ signal, we
can adaptively choose some bases according to the signals’
characteristics. The essential scheme is that, first, we con-
struct a concave cost function, such as entropy or /? function.
Then the best bases are selected from a dictionary of bases,
such as wavelet packet bases, local cosine bases or even a
redundant dictionary for pursuit algorithm by minimizing the
cost function. In the following contents, the approximation
models of HRIRs are compared under different basis diction-
ary of PCA, wavelet, wavelet packet, local cosine bases, and
a redundant dictionary for pursuit algorithm to evaluate their
performance.

Suppose a group of compact support wavelet set in the

2 3 _
space LX(R) is B = [{dJJ ¢ }ngg, s{\llj, 0 }%qgl’ o ], then
the optimal nonlinear approximation of signal & € L*(R) using

M wavelets is
h, =

> (h, )W, )

(J.k)ely

Here, I,, is the subscript set of the M biggest wavelet coeffi-
cients ‘<h,\|1j’,{ >‘, which correspond to the most remarkable
pertinence between signal & and wavelets function, and can
be regarded as the primary characteristics of signal 4. Then,
the minimum error of non-linear approximation is

oM === 3 (h, ), )

(j.k)ely

where A(l)= <h,\|l j/~k1> is the / coefficient with descending

rank, i.e. A(/)=h(l+1). It is also indicated that in Ref. [12],
when the ranked wavelet coefficients have rapid attenuation,
|h(1)| = O(17") if and only if ¢(M )= O(M "), the nonlinear
approximation can produce fewer errors and certainly excels
linear approximation. The detailed conclusion can consult the
theory of Besov space [12]. In practice, the Mallat algorithm
can be used in the multi-resolution representation for signal
h’s decomposition and reconstruction, which also ensures
the wavelet adaptive model’s superiority in processing
efficiency.
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Equally, we can also realize the selection of wavelet
coefficients by employing the following threshold function

X |x|=T
threshold(x) = 0. |x<T 4)
. |x

to retain the primary characteristics of HRIR’s signal A,
where T'satisfies the following relationship: 7] , (M +1) <7<
h (M), h, =<h,\|lj’k>, the sorted wavelet coefficients
[12].

For convenient narration, we first suppose a dictionary

D= U B’ composed of a union of orthonormal bases in a
LEN

signal space of finite dimension N, where each orthonormal
basis is a family of N vectors B* ={g/}_, _.. Wavelet
packets and local cosine bases are just the examples of this
kind of signal spaces.

We want to optimize the non-linear approximation of sig-
nal h € L*(R) by choosing a best basis in D; and the resulting
best non-linear approximation of 4 is

by, =Y (hg,)gNa +b )

me[i,
where I, is the subscript set of the M biggest wavelet coef-
ficients |<h,gf;>

For HRIR signal of length &, from wavelet packet or local
cosine bases’ dictionary, choosing best bases is achieved by
minimizing the following cost function

2

SN (0%
C(h,B )= ® |<—2> (6)
m=0 "h"
where @ can be chosen as the entropy function
P(x) =—xlog, x 7

During practical realization, dynamic programming algo-
rithm based on the dictionary structure of wavelet packet or
local cosine bases can be used in searching for the optimal
bases [12,13].

Now, we give some analyses and explanation of wavelet
packet and local cosine bases’ decomposition characteristics
for HRIRs’ multi-resolution modeling. First, a demonstrative
division of the time-frequency plane for wavelet packet basis
is given in Fig. 1. From the demonstration, we can see that
wavelet packet basis divides the frequency axis in separate
intervals of varying sizes and the best packet basis can thus be
interpreted as the optimal frequency segmentation.

If a signal has similar time-frequency energy structure,
located at different times and in the same frequency interval,
the best wavelet packet bases can achieve good approxima-
tion for this kind of signals; but for the condition that
the signal is translated, the wavelet packet coefficients are
usually modified greatly and the resulting minimization of the
cost function may give a very different basis, that is, the best
wavelet packet bases are not translation invariants, and do not

0 t

Fig. 1 Demonstrative division of the time-frequency plane for
wavelet packet basis [12]

accord with the extraction of a signal’s characteristics and
corresponding pattern recognition for the signal.

Second, orthonormal bases of space L*(R) can also be con-
structed dividing the time axis. For example, local cosine
bases are just designed by multiplying smooth widows g,()
with cosine functions cos (wt+ ¢) at successive finite inter-
vals [t,, t,.,]. Figure 2 gives a demonstrative division of the
time-frequency plane for local cosine bases. From this figure,
we can see that local cosine bases divide the time axis into
intervals of different sizes, whose best resulting local bases
adapt to the time segmentation of a signal’s time-frequency
structure. Therefore, a best local cosine basis is well adapted
to approximate signals whose spectro-temporal characteris-
tics fluctuate in time. However, it does not include very dif-
ferent structures of time and frequency spreading at any time.
As a result of different characteristics for these two kinds of
bases, they respectively tend to approximate different kinds
of signals. In the following experimental results, these two
kinds of bases’ approximation performance for HRIRs’ data
is also given for an elaborate illustration of their applicability
in adaptive non-linear modeling of spatial hearing research.
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Fig.2 Demonstrative division of the time-frequency plane for
local cosine basis [12]

After that, we are going to give the bases pursuit algo-
rithm, which is optimal for a signal’s approximation, but not
always orthogonal. In a signal space of dimensions N, let
D = {g,},<,-p be aredundant dictionary of P vectors, where



P> N, then an approximation 4, of h can be expressed as a
linear combination of selected M vectors from the above dic-
tionary D. In general, the chosen vectors are not necessarily
orthogonal, which provides much more freedom than the
circumstance under orthogonal restriction.

As for a signal of length N, in the bases’ dictionary D,
the optimal basis B ={g, },.,y is selected accordingly to
minimize the following cost function

2
LS Y
C(h,D)=) ® |< > (8)
=Ny
where the concave function @ is set as
Ou) = u"? 9)

for bases pursuit algorithm. As a result, the cost function C
can be rewritten in the next formula

ZW%N

m=0

C(h,B) = (10)

Il

The optimal solutions related to minimization of cost
function C can be acquired by linear programming [12,13].

Furthermore, it is well known that PCA is the optimal
reduction representation of a group data under linear condi-
tion [2—4]. If H(n) is the Stochastic vector composed of all
the HRIRs of KEMAR package, the HRIR /,(n) on a certain
position can be expressed as [4]

hy (”) =

where Q—[ql,qz, ..qy], satisfying the normalized condi-
tion: QQ" =Q'Q =1, is composed of the elgenvectors q;

N
= w(n0,0)q,+h,+¢ (11

i=1

Ow+h,

of H(n)’s autocovarlance matrix R,; R, = PZ(h —h,)
(h,—h,)', h, Zh and w, = Q"(h;—h,,). P'is all the

measured HRIRs’ number of KEMAR package; and then ¢, is
the approximation error of 4,(n)’s PCA model with N ranks.
Such results can be made clear in the ensuing geometrical
explanation: the HRIR connected to each direction is a real-
ization of Stochastic vector H of HRIRs, bases vectors ¢; of
Karhunen-Lo¢ve transformation present the principal axes of
HRIRs data distribution, and the biggest eigenvalues corre-
spond to the directions with dense distribution of the data.
Consequently, HRIRs’ reconstruction of projection onto these
directions can result in minimum average errors. However,
the presupposition is that, if the Stochastic vector H of HRIRs
has a Gaussian distribution, its probability density is uniform
along ellipsoids whose axes are proportional to the eigenvalue
ag;in the direction of vector ¢,. However, if H is not a Gaussian
process, a non-linear approximation may be much more pre-
cise than the linear approximation, and the Karhunen-Loéve
transformation basis is no longer optimal. Here, we perform a
Lilliefors test for goodness of fit to a normal distribution of
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HRIRs. As shown in Fig. 3, it is observable that most of the
HRIRs’ samples do not satisfy the hypothesis of normal dis-
tribution very well (The result of the hypothesis test is a Bool-
ean value that is 0 when you do not reject the null hypothesis
and 1 when you do reject that hypothesis.). Therefore, the
PCA model based on Karhunen-Lo¢ve transformation cannot
optimally approximate non-Gaussian HRIRs’ data.

0.8

0.6

0.4

0.2

L cogmo e R
50 100 150 200 250 300 350 400 450 500
Sample

Fig. 3 Lilliefors hypothesis testing for goodness of fit to a normal
distribution of HRIRs

In the following experiments, we apply wavelet multi-
resolution analysis algorithm to decompose HRIRs signal
under different scales, and then set an appropriate threshold
to approximate the HRIRs nonlinearly, whose results show
better performance than those of HRIRs’ PCA model.

3 Simulation results

Here, the data of KEMAR’s HRTFs, offered by MIT Media
Lab [14], are used in our simulation work. The measurement
of the data was taken with a speaker on the discrete positions
every 10° in elevation, and 5°-30° unequally in azimuth.
Moreover, the measured data may be contaminated by
deficient factors, and thus it is necessary to get rid of the
contamination before further processing. For some other
meticulous and important processing, the reader is referred
to Ref. [14]. In view of all the 710 measurement positions of
KEMAR, we first process the HRIRs data according to PCA
model in the time domain, where 18 principal components,
accounting for 98% of the variance in the original HRIRs, are
selected as the basis vectors to approximate the measured
HRIRs. The resulting PCA reduction model has a total of
21996 wvalues (including the principal components and
weighted coefficients corresponding to all the measured spa-
tial directions). Figure 4(a) is a demonstration of the HRIRs’
PCA model.

In our work, we will emphasize the results of PCA, wave-
let, wavelet packet, local cosine, and non-orthogonal bases
resulting from bases pursuit algorithm to model HRTFs in
adaptive non-linear approach.
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Fig. 4 A comparison demonstration of the HRIRs’ reduction models based on different bases
(a) PCA; (b) wavelet; (c) wavelet packet; (d) local cosine bases; (e) pursuit algorithm
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Fig. 4 (Continued)

Figure 5 gives a typical comparison of performance
among wavelet, wavelet packet, local cosine bases, and
non-orthogonal bases grounded on pursuit algorithm, where
we can see the pursuit algorithm’s superiority over the other
kinds of bases.
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Fig.5 An error comparison demonstration of the HRIRs’
reduction models based on different bases

In addition, in Fig.4, a demonstration of the HRIRs’
reduction models based on different bases (Elevation = 0°,
Azimuth = 0°) is given, where the thresholds for coefficients’
selection are chosen as 3% of the HRIRs’ Euclid norm. From
the computational results for this position’s HRIR, we can see
that, the approximation error of the PCA model is 0.242 5;
wavelet basis (dB10) is 0.118 5; wavelet packet is 0.156 5;
local cosine basis is 0.111 1; while pursuit algorithm is 0.074
4, which excel the foregoing models’ results.

As for all the measurement positions whose results are
given in Figs. 6 and 7, under the circumstance with approxi-
mately equal amount of the remaining parameters of the
PCA model, their corresponding average errors of models are
respectively —13.1 dB, —18.1 dB, —18.2 dB, —18.9 dB, and
—21 dB, shown in Figs. 6 and 7. (The PCA model preserves
21 996 parameters; the non-linear reduction model for wave-
let basis holds 23 223 parameters’ values, where we select
Daubechies10 wavelet; the model of wavelet packet basis
has 23 374 values; the local cosine model retains 21 952

parameters; and the pursuit algorithm reserves 26 913 coef-
ficients.) We can see the superiority of the pursuit algorithm
for HRIRs’ modeling. Of course, the improved approximate
error is achieved by a little redundancy of processing time.
On a notebook PC with Intel Celeron M 1.5 GHz and 224 M
memory, PCA needs 10 s, while the other models (wavelet,
wavelet packet, local cosine, and pursuit algorithm)
correspondingly need 4.3, 9.8, 28.8, and 91 s. However,
fortunately, the processing time is all within the bounds of
virtual auditory system’s implementation [1,15].
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Fig. 6 Comparison 1 of reduction models on all the positions
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Fig.7 Comparison 2 of reduction models on all the positions
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Here, we use the following error formulation [4]

(12)

where h is the measured HRIR, and h is the reduction model’s
HRIR.

4 Conclusion

As seen from the results of different models, the adaptive
model based on bases’ pursuit algorithm for HRIRs’ approxi-
mation achieves better effects than those models using PCA,
wavelet, wavelet packet, and local cosine bases. This shows
the adaptive method’s validity based on non-orthogonal bases
in HRIRs” modeling. As for future work, listening tests will
be performed to evaluate subjective performance of these
models.
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