Front. Electr. Electron. Eng. China 2007, 2(4): 381-387
DOI 10.1007/s11460-007-0071-2

RESEARCH ARTICLE

CHEN Wei, CAO Zhigang, FAN Pingyi, Khaled B. Letaief

Cross layer optimization of downlink power allocation in
multi-user wireless communication systems

© Higher Education Press and Springer-Verlag 2007

Abstract In multi-user wireless communication systems,
dynamic power allocation is an important means to deal with
the time-varying nature of the physical and network layers.
However, the current layer optimization approach to power
allocation cannot achieve the global optimum of the overall
system performance. To solve this problem, a cross-layer
optimization framework is presented for downlink power
allocation, which takes both the channel and buffer states into
account. A cross-layer optimization problem is formulated
to optimize the total throughput with queue length and
power constraints. An analytical solution and a low com-
plexity dynamic programming algorithm, which are referred
as water-filling in cellar (WFIC) policy, are presented to
optimize the downlink power allocation. Finally, simulation
results are presented to demonstrate the potential of the
proposed method.

Keywords wireless network, power allocation, fading
channel, cross-layer design

1 Introduction

In wireless communication systems, the channel time-
variation and the power constraint are two fundamental
characteristics. The recent research on wireless network
mainly focuses on the problems caused by these two basic
characteristics. The channel time-variation happens because
of the multi-path nature of wireless environments. The power
constraint is due to the following two facts. First, as frequency
is reused in cellular networks, the signals transmitted by
one base station may cause interference to the adjacent cells.
To limit this adjacent cell interference, the transmission power
of a base station should be bounded. Second, in some
transmitters such as the satellite, the total available power is
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essentially limited. Now, dynamic power allocation is a
fundamental means to increase the resource efficiency in
time-varying wireless networks.

Resource allocation in wireless communications systems
has received much attention in recent years. In the point-to-
point scenario, Goldsmith and Varaiya [1] first obtained
the optimal power allocation scheme and the ergodic capacity
of fading channels. To minimize the average packet-delay,
Collins and Cruz further studied joint channel-aware and
queue-aware power control policies in two-state fading
channels [2]. A more complicated and general cross-layer
model is investigated by Berry and Gallager [3]. They
proposed the asymptotic optimal tradeoff between average
power and average delay. In Ref. [4], a low-complexity
scheduler was proposed to achieve the suboptimal perfor-
mance in terms of delay-power tradeoff. Recent work by
Bettesh and Shamai adopted dynamic programming to
calculate the optimal power allocation as the buffer size is
relatively large [5]. Being interested in the single-link
scenario, the above work has not considered the user domain
power allocation as well as the total power constraint.

In multi-user downlink transmission, however, the total
power constraint should be taken into account. Otherwise,
each user will determine its required transmission power indi-
vidually, despite the inherent power constraint in the base
station. As a result, the total power required by the users may
exceed the upper bound of the available power in the base
station. To solve this problem, dynamic power allocation over
user domain is extensively studied. Knopp and Humblet [6]
presented a simple power control scheme, which is later
referred to multi-user diversity. By utilizing multi-user diver-
sity, the total power and the entire bandwidth are allocated to
the best-channel user. This can maximize the sum-capacity of
symmetric multi-user system with frequency non-selective
channels. To maximize the stable region of queues, Neely
et al. [7] proposed a discrete power allocation scheme based
on Lyapunov function. A survey on cross layer power allo-
cation, which maximizes the stable region, can be found
in Ref. [8]. An iterative algorithm was given in Ref. [9] to
minimize the energy in multi-user systems where randomly
arrived packets should be transmitted in a given time
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duration. In Refs. [10] and [11], dynamic resource allocation
in orthogonal frequency division multiple access (OFDMA)
system was considered.

In this paper, the downlink power allocation of multi-user
wireless communication systems is the focus in this paper. It
will be shown that the queue length determines the require-
ment of maximum capacity. If the power allocated to a user
is more than needed to transmit all packets in the buffer, the
redundant power will be wasted. Therefore, the constraints of
the physical layer and the network layer should be considered
simultaneously in power allocation. To that end, a cross-layer
optimization approach is adopted to downlink power allo-
cation. In this paper, the optimal power allocation problem,
which considers the physical and network layer states simul-
taneously, will be presented. An analytical solution and a
dynamic programming algorithm are proposed to solve this
cross-layer optimization problem.

The conventional water filling policy, which only con-
siders the physical layer constraint, will not be the optimal
one and can be regarded as a special case of the proposed
scheme. Throughout this paper, a base of 2 will be used in the
logarithm function.

2 System model

Consider a multi-user wireless communication system, where
centralized power allocation is performed in the downlink
transmission, as shown in Fig. 1. Transmission bandwidth is
shared by users in an orthogonal-channel manner. Each user’s
wireless link is time-varying with independent identical
distributed fading process. Power control and adaptive modu-
lation and coding (AMC) are adopted to adjust the trans-
mission rate under the given fading state and bit error rate
(BER) requirement. Each user has an individual buffer with
independent identical distributed arrival process. The base
station is assumed to have the perfect knowledge on the
channel and buffer state information [10,11].

2.1 Physical layer

Block fading channel has been used to model the slowly
varying flat-fading channel. Here N is considered as active
users in system communicating over N independent discrete-
time block-fading channels with independent and identically
distributed (i.i.d.) additive white Gaussian noise (AWGN). It
is assumed that N users’ fading coefficient remained fixed
during one time slot and M base-band symbols are transmitted
by each user in one time slot. Here, M is determined by
channel bandwidth ¥ and the duration of each time slot 7' via
Nyquist’s theorem, i.e. M = 2WT. Let h(k) denote the base-
band complex channel gain of user i in the kth time slot,
namely, [kT,(k+ 1)T], which captures the effects of path-loss
and multi-path fading. Let P(k) denote the transmitted signal
power allocated to user i in kth time slot. Assume each user’s
noise power in receiver is o2 The signal to noise ratio in
receiver is then given by SNR(k) = |h(k)? P(k)/c>. For
simplicity, the equivalent noise power of user i in the kth
time slot is defined as o} (k) =’ / |h, (k)|2, which represents
the link quality rather than channel gain. According to
Shannon’s formula, the per-symbol capacity of user i in the

kth time slot is given by
£ (k)
a; (k)

C. (k)= %log (l—l-

2.2 Network layer

The queue model in discrete-time continuous-length form is
adopted in this part. The model can be obtained by sampling
the fluid model with sample rate f; = 1/T. The user i’s queue
length variation in the kth time slot is considered. It is assumed
that the transmitter removes s/(k) bits from user i’s buffer in
time AT and encodes these into rate s,(k)/M codeword in order
to transmit all in the kth time slot. Let u,(k) and a(k) denote
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Fig. 1 Multi-user wireless communication system



the unfinished work of user 7 at the start of kth time slot and
the traffic arriving at user i’s buffer in kth time slot. In this
case, the unfinished work of user 7 at the start of (k+ 1)th time
slot is given by

u,(k+1)=u,(k)+a,(k)—s,(k) ©)

2.3 Cross layer optimization problem

By integrating the block-fading channel model and discrete-
time continuous-length queue model, a cross-layer model of
system is presented in this part to describe the relationship
between the physical layer and the network layer. Still the
queue length variation of user i in the Ath time slot is
considered. The amount of bits removed from buffer is equal
to that of bits transmitted. The information-theoretic optimal
coding in the physical layer is considered. Therefore, the
throughput and the capacity are related by
s, (k) =2WTC, (k). 3)
Because modulation and encoding scheme should be
determined and the amount of bits in accordance with the
scheme should be moved from buffer to encoder at the start
of one time slot, only the traffic which arrived before time AT
can be served in the kth time slot. Therefore, the amount of
user #’s traffic transmitted in the Ath time slot should not be
more than the amount of traffic in the buffer at the start of this
time slot, i.e. s{(k) <u,k). Thus the capacity required by user
i in this time slot is upper-bounded by

u; (k)

Ch<—— T

“)

The upper-bound of the capacity required by user 7 in the
kth time slot is denoted by

u, (k)

WT ©)

Ri(k)=———

Equations (3) and (5) describe the relationship between the
physical layer and the network layer. Because the physical
layer capacity required by a user is upper-bounded by its
buffer state, thus allocating redundant power to the user
without enough data in its buffer cannot increase the total
throughput, but on the contrary it will result in a waste of
power. A reasonable optimal power allocation should take
both the channel fading states and the buffer states of N users
into account.

In most power allocation problems, the total available
power is upper-bounded. Throughout this paper, the upper
bound of available power in one time slot is denoted by P,,,,,.
Thus the first kind of constraint, which is caused by the upper
bound of available power, is given by

~

N—1
z})i(k)SPmax' (6
i=0
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According to the above discussion on cross-layer model,
the power allocated to one user should not exceed one’s
requirement determined by buffer state. Otherwise, the
redundant power will be wasted. Consequently, the second
kind of constraint, which is caused by the user’s buffer state,
is given by

1 Pk
2% ( o (k)

The two kinds of constraints determine the feasible region
of the power allocation problem in the kth time slot. Because
users in the system belong to the same class, each user’s
average capacity over time domain is maximized if and only
if the total capacity is maximized in each time slot. Our
aim is to maximize the total capacity of N users by power
allocation. In order to simplify the expression, the index &
is dropped in the following discussion about power allocation
in one time slot.

Based on the above, cross-layer optimization problem of
power allocation can be formulated as follows

)<Ri(k), i ™

P
max Zlog (H— J
i=0 1
N—-1
Bépmax
subject to: e ®)
P
log (1+—’2J<2R Vi
O-I

Note that Eq. (8) is a convex optimization problem. It has
a unique optimal solution.

3 Optimal resource allocation
Let P" = [PO*,R*,. ..,PN_I] denote the optimal solution to the
cross layer power allocation problem. Moreover, the objec-
tive function is denoted by f(P,,P,,...,Py_,). If the constraints
of the maximal required capacity are removed from Eq. (8),
the optimal solution corresponds to a water-filling power
allocation [12], which is given by

20

where 0 denotes the value of Lagrange multiplier and for any
real number x, (x)": = max (0, x). However, as each user’s
capacity is upper-bounded, the water-filling power allocation
may not be optimal. The following theorem gives the
necessary condition to optimal power allocation. _

Theorem 1 The optimal solution to Eq. (8), P, satisfies
the following equality.

N—1 N—1 * 2
(ZP,."—PMJ 1og(1+ ] 2R | t=0 (10
i=0 i=0 O_i

(€))
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—1

Proof IfEq. (10) is not satisfied, then ZP <P
i=0

there exists a user i, satlsfylng log (1.|. P/} )< 2R. This

and

max

implies that there is a P in the feasible region, which
satisfies P > P and P" = P/, Vj#i . Because fiPy, P, ...,
Py_)isa monotonously 1ncreas1ng function of P, Vi, the
value of objective function determined by P” s greater
than that determined by P’ It contradicts to the assumption
that P is the optimal solution. Thus, Eq. (10) should be
satisfied.
In order to solve Eq. (8), two lemmas are first presented as
follows.

if Pmax/Z(fR
the optimal power allocation to user i can be given by
P =% -1’ .

Proof Let P™ denote the maximal required power of
1)0,.2, it has P™ +¢7 =2 ¢}

Lemma 1 For a given i,

. 2R;
user i. Because P™ =(2

AS max/z (22R 2
allocated to user n. Therefore, if the allocated power of user i
is less than P™, e.g. P/=P™ —A,, A;>0, there must exist
a nonempty set J, for VjeJ, P/ Z(Pl.‘“a" +a’ — 012.)+ +A,
A,>0 and ZAJ. = A,. Also note that (x)">x. As a result,

= (P‘“"" +0! —0; )+ can be

jeJ
VjedJ, Pj’+ 0'!2. —AJ>PI."“‘X + 6,,2.
As
In2
aP <Py |) Pk +O—I§
by differential mean value theorem, it has
In2
o BHA )= f( LB, ) ==
Pl b)) = 5
where ﬁe[Pk,P +A].
Let Af[(8 5 = f (o B+ Ay )= f (o Bonn ), it has
(nB+4.0) (woP=4,.) | In2 In2
Af (P _Af (P W_W Aj'

Becaues for Vj € J,

.+Gf21’imax+a.2 >P+a7,

i

~.

it follows that

SB+A;,

arfi

P—A

R S

> 0.

Thus it means the capacity increment of user i is larger
than the capacity decrement of user j when moving A, from
user j’s power to user i’s. Because there is ZAj =A,, it

jeJ
guarantees to have enough power to be reallocated to user i

until its maximal required power P™ is achieved, and the

total capacity is enlarged.
Lemma 2 If P=(2*"—

optimal solution vector to Eq. (8), let (PO*

o} and P, is the nth entry of
P 1)n+1’ P Nfl)
denote the optimal solution vector to the reduced—dlmensmnal

(RD) problem given by

P
max 2 10g(1+ ’2)
g

i=0,i#n i

(RD)

subject to:

N—
2 P<P, —P, (11)
=0,i#

P
log (1 + —’2] <2R,,Vi#n
o

i

Then, the optimal solution vector to Eq. (8) can be obtained
by ( P P })n+1’ ’PN—I)'

Proof From the constraints of Eq. (11), it has
S PSP, —Pand log(1+P [6})<2R , ¥ i#n, it
has ) ]: P +P<P, . Itisalsonoted that P,=(2*%—1)o”,
ie. 10g(1+P/o ) 2R,. Thus, it has log(1+13/02)<2R

and log(l—l—P /a? )<2R Vi#n. As a result, (P ,...
f; P.,,...,P, ) lies in the feasible region of Eq. (9).

n+l12°
The ObJectlve function of Eq. (9) can be rewritten as

P
(H— J—l—log (H——’;J.
O-ﬂ

It is easy to see that the first term is maximized because
(P WP P P;fl) is the optimal solution to Eq. (11).

J@E B By )= 2 log

i=0,i#n

n+12°
Also note that user n’s required capacity is bounded by

=log (1 +P /05 )/2, it follows that the second part is also

maximized when allocating power P, to user n. Consequently,
(P LP PP .. ,P;flj is the optimal solution to
Eq. (8).

By Lemmas 1 and 2, a dynamic programming algorithm
is presented to solve the power allocation problem (see
Algorithm 1). The basic idea is to remove one user with
minimal 2** 7 from the current user set and to formulate a
new RD problem.

Algorithm 1
initialize P,,,, o7, R, user_set =

{0,1,...N—1};

. . 2R, 2
i=argmin2”*o; ;

ke user_set

while (Pmax — Z (22Rf o’ —a. )+>0J do
ne user_set
B =" -1o’;
Pmax = Pmax - PL* ;

user_set = user_set/{i};
i=argmin2*®q; ;
end Whlle ke user_set
if (Ppa >0 and user_set+#¢) then



Traditional water-filling power allocation;

end if

Calculate each user’s capacity and the sum capacity C*;
End.

This algorithm is called “water-filling in cellar”, see Fig. 2.
Because the upper bound of each user’s capacity is given,
water is not filled into a pond with irregular bottom, but filled
into a cellar with both irregular bottom and irregular ceil. This
can be considered as an extension of traditional water-filling.
The computation complexity of this algorithm is O(N?).

A

Power

28 g2

o § o £o. 8o, Lo, |
0 1 2 il i .. N2 N

User

Fig.2 Water-filling in cellar

According to the dynamic programming algorithm, the
analytic solution to Eq. (8) can be obtained by

P =min{ (2*"—1)a/, (L - af)
20

where 0" denotes the value of Lagrange multiplier corre-
sponding to the traditional water-filling power allocation in
Algorithm 1. Here, it should be pointed out that Lemma 1
presents the necessary but not sufficient condition for the
optimal power allocation. A stronger theorem is presented
without detailed proof.

Theorem 2 The ith element of optimal solution to
Eq. (8)is P" = (2** —1)¢7, if and only if

>3 min {(22& o2 —a2), (2% ~1)o? } (12)
n=0

Proof By Algorithm 1, this conclusion is obvious.

4 Simulation results

In this section, the performance of optimal cross-layer power
allocation with perfect channel and buffer state information is
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evaluated via the numerical experiments. Some simulations
on comparison of our proposed water-filling in cellar scheme
(WFIC) to two other familiar power allocation policies
including traditional water-filling power allocation (TWF),
(i.e. Eq. (9)) and constant power allocation (CPA), (i.e.
P, =P, /N) are presented.

4.1 Parameter settings

Consider a typical multi-user wireless communication system
with parallel block fading channels, for example, a single
FDMA cell. Each user employs a block fading channel
with bandwidth W = 2 MHz and the central frequency of the
system f, = 1 900 MHz. Assume each user moving in the low
speed v=1.5 m/s. Then the channel coherence time can be
obtained by

T, =c/vf, =105 ms.

Throughout the simulation, a Rayleigh fading channel is
assumed. Accordingly, the channel gain g; of each user has
an exponential distribution given by

p(g)=g 'exp(-g,/g), g >0

where g denotes the average channel gain E[|/,*]. Taking
path-loss into account, we assume g = 0.1. In addition, the
average power of AWGN in receiver is assumed to be 6> = 0.1
for each user. In this case, the average SNR in receiver 7
is the only parameter for physical layer when the channel
model is given. In this section, two sample traffic models are
considered, namely, Poisson arrival process and Constant
arrival process. The arrival rate is denoted by /.

4.2 Simulation results

The three schemes are first compared by presenting their
average queue length against the arrival rate. Let the number
of the active users be N = 50, and the average SNR in the
receiver be 7 = 1CdB. In this case, the average transmitting
power of each user is 1_31 =70’ /g =10 for any i. Clearly, the
total available power is P, = 500. The arrival rate 1 is
considered varying from 0.5 to 6 Mbps.

Figure 3 presents the comparison of average queue length
of three different policies. The simulation results illustrated
that the average queue length of WFIC is the shortest for
arbitrary arrival rate in stable region. It can be found that the
average queue length corresponding to TWF is the longest in
slight loaded scenario. It is also found that the average queue
length of the CPA will be the longest in heavy loaded
scenario. The proposed WFIC, which considers both physical
and network layer status, can not only avoid the power waste,
but also increase the power efficiency as much as possible.
Accordingly, the overall performance of our proposed scheme
is optimal in both heavy and slight loaded scenario. When
the arrival rate A approaches the boundary of the stable
region, the average queue lengths of TWF and WFIC are
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approximately equal. This is because the constraints of the
maximal required power are always released as the queues are
long enough.

8 - WFIC Poisson arrival
+ -+ TWF Poisson arrival
—+ CPA Poisson arrival

t == WFIC Constant arrival
-+ TWF Constant arrival
r -« CPA Constant arrival

~

W N

4k

Average queue length/10°

1 L ! ! ! 1

2 25 3 35 4 45 5 55 6
Arrival rate/(10%b-s™")

Fig.3 Average queue length against arrival rate

Next, the average queue length against the number of the
users will be presented. Consider a slight loaded system with
arrival rate A = 1 Mbps. Let the number of the user N vary
from 1 to 30. The simulation parameters of the physical layer
are the same as that used above. Hence, P,,, = 10 N.

Figure 4 presents the simulation results. It can be seen
that the three schemes have completely different behaviors.
As the number of active users increases, the average queue
length corresponding to WFIC decreases and approaches an
asymptotic value. This implies that larger number of users
will result in higher power efficiency for WFIC. Moreover, if
the traffic load is not too slight and N > 20, the average queue
length can approximately approach the asymptotic value
corresponding to N—-eco. This implies that our proposed
power allocation scheme can approximately achieve the
performance limitation even in the practical system without
very large quantity of users.

-5 WFIC Poisson arrival
-7 TWEF Poisson arrival
—+ CPA Poisson arrival
—- WFIC Constant arrival
—~*~ TWF Constant arrival
~¢= CPA Constant arrival

Average queue length/10°

SHO-O-OHO--0 i i i
0 5 10 15 20 25 30

Amount of active users

Fig. 4 Average queue length against the number of users

In contrast to WFIC, TWF presents the opposite perfor-
mance that the average queue length grows larger as N
increases. This is simply because that the increment of N will
increase the probability of the short queue meeting good
channel state. As a result, the service rate will decrease despite
that each user’s 7 remains constant.

It is also perceivable that the average queue length of CPA
is a constant as the number of active user increases. This is
due to the fact that with this scheme, each user’s allocated
power and the average service rate do not depend on the
number of the users.

In addition, the average queue length of all these three
schemes is the same when the system serves only one active
user. This can validate the correctness of the simulation
results. From the simulation results above, it can be seen that
WFIC can achieve higher performance gain over TWF or
CPA when the system serves more users.

Finally, the average queue length against the average SNR
is compared. Consider a system with N = 50 active users and
arrival rate A = 2 Mbps. Let 7 vary from 3 to 30 dB. Figure 5
presents the simulation results. To achieve the same average
queue length and/or delay, the WFIC can provide at least 5 dB
SNR gain over TWF, and at least 3 dB SNR gain over CPA.

40r
-5 WFIC Poisson arrival
" 387 - TWF Poisson arrival
S 36t —+CPA Poisson arrival
= —-WFIC Constant arrival
2 34 -+ TWF Constant arrival
=390 - CPA Constant arrival
u 3
o
= 3.0
& 2.8
g
<d:>) 2.6
24
22
2 —_—— f—— )
0 5 10 15 20 25 30

Average SNR/dB

Fig. 5 Average queue length against the average SNR

5 Conclusion

In this paper, a cross-layer optimization approach for
downlink power allocation in multi-user wireless communi-
cation systems is presented. In the proposed scheme, not only
the channel fading state, but also the buffer state is considered
simultaneously. A cross layer optimization problem on
downlink power allocation is formulated on the basis of a
cross-layer model consisting of both the physical layer and
the network layer. An analytical optimal solution to the
cross-layer model is proposed. In addition, a low complexity
dynamic programming algorithm called “water-filling in
cellar”, which can calculate the optimal power allocation
results with computation complexity O(N?), is presented. It



is also shown that the conventional water-filling is a special
case of the proposed scheme as the queue length is infinite.
Finally, the sample simulation results are presented to
demonstrate the potential of the proposed scheme. It can be
shown that WFIC can provide at least 5 dB SNR gain over
TWF and at least 3 dB SNR gain over CPA.
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