
Abstract The ideas of adaptive nonlinear damping and 
changing supply functions were used to counteract the 
effects of parameter and nonlinear uncertainties, unmodeled 
dynamics and unknown bounded disturbances. The high-gain 
observer was used to estimate the state of the system. A robust 
adaptive output feedback control scheme was proposed for 
nonlinearly parameterized systems represented by input-
output models. The scheme does not need to estimate the 
unknown parameters nor add a dynamical signal to dominate 
the effects of unmodeled dynamics. It is proven that the 
proposed control scheme guarantees that all the variables in 
the closed-loop system are bounded and the mean-square 
tracking error can be made arbitrarily small by choosing some 
design parameters appropriately. Simulation results have 
illustrated the effectiveness of the proposed robust adaptive 
control scheme.

Keywords nonlinearly parameterized systems, adaptive 
control, output feedback, unmodeled dynamics, robustness, 
stability

1 Introduction

Because many physical systems are nonlinear and uncertain, 
the adaptive control of nonlinear systems has been receiving 
a great attention. Much progress has been made in this field 
recently. In Ref. [1], an adaptive output feedback control 
scheme is presented for a class of nonlinear systems repre-
sented by input-output models. However, the scheme applies 
only to nonlinear systems while linear parameterization. 
The scheme does not consider disturbances and unmodeled 
dynamics, i.e., it is not robust to disturbances and unmodeled 

dynamics. Although disturbances and unmodeled dynamics 
are considered in Refs. [2–4], they can be used only in 
nonlinear systems with linear parameterization.

Although adaptive control schemes have been presented 
for nonlinearly parameterized systems in Refs. [5,6], the 
schemes use state feedback.

The scheme in Ref. [7] uses an output feedback, but it 
needs to generate an additional dynamical signal to dominate 
the effects caused by unmodeled dynamics and leads to a 
com plicated controller. Therefore, it is important both 
theoretically and practically to study the adaptive output 
feedback control scheme, which does not need to generate an 
additional dynamical signal.

Based on the ideas of adaptive nonlinear damping [7] and 
changing supply functions [8], this paper presents a robust 
adaptive output feedback control scheme for nonlinearly 
parameterized systems represented by input-output models. 
The scheme can be used in the case of nonlinear systems with 
parameter and nonlinear uncertainties, unmodeled dynamics 
and unknown bounded disturbances. It does not need to esti-
mate the unknown parameters or to add a dynamical signal to 
dominate the effects of unmodeled dynamics. It is shown that 
the proposed control scheme guarantees that all the variables 
in the closed-loop system are bounded and the mean-square 
tracking error can be made arbitrarily small by choosing some 
design parameters appropriately.

2 Problem statement

Consider a single-input single-output (SISO) nonlinearly 
parameterized system
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where y is the output; u is the control; y(i) and u(i) are the ith 
derivative of y and u respectively; d(t) is the unknown bound-
ed time-varying disturbance; D(⋅) represents the uncertain 
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nonlinearity and the uncertainty related to unmodeled dynam-
ics v; ht ∈Rp and hu are unknown constant parameters, but the 
sign of hu is known. Without loss of generality, we assume 
that hu>0. It is assumed in Eq. (1) that f is an unknown smooth 
nonlinear function satisfying
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where fr(⋅) is a known smooth nonlinear function, h>0 is an 
unknown constant.

Denote x y x y x yn
n

1 2
1 1= = =, , , ,( ) ( )… −

z u z u z um
m

1 2
1 1= = =, , , .( ) ( )… − From Eq.  (1), we have 

�

� �

�

x x i n

x f d t

z z

i i

n u

i i

= -

= + + +

=

+

+

hh

h

1

1

1 1

1

,

( , , ) ( , , ) ( )

,

x z x zh vh v D

ii m

zm

h -

=

1

� v

⎧

⎨
⎪
⎪

⎩
⎪
⎪

 (2)

where v = u(m) is the control input for the augmented system 
described by Eq.  (2), x= x xn1, , ,…[ ]T

z= z zm1, , .…[ ]T In 
D(x, z, v), v ∈Rl is the unmodeled dynamics described by

�v v=q x z( , , )  (3)

In addition, D and q are assumed to be unknown 
continuous functions satisfying

∆ x z x z, , ( ) ( )v v( )h + + +c c c c1 1 2 3 2 4c c  (4)

D(0,z,0) = 0 (5)

where c1(⋅), c2(⋅) are nonnegative functions; c1, c2, c3, c4 i0 
are unknown constants. Let
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The nominal system of Eq.  (2) can be obtained by 
substituting D(x, z, v) = 0, d(t) = 0 into the first n equations 
in Eqs.  (2) and (8).

We assume that the reference signal yr(t) is bounded with 
bounded derivatives up to the nth order and y(n)

r (t) is piecewise 
continuous. Denote

yr r r r

T
= -y y y n, , ,( ) ( )1 1…⎡⎣ ⎤⎦
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r r r
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 be any given 
compact sets. The objective of this paper is to design a robust 
adaptive output feedback controller such that for any x(0)∈Y, 
z(0) ∈ Z0, v(0) ∈ W0 and yR ∈YR , the output y(t) of the 
system tracks the reference signal yr(t) and all the variables 
of the closed-loop system are bounded in the presence of 
unmodeled dynamics and bounded disturbances.

Assumption   1   In the nominal system, the subsystem 
�f f=h x,( )  has a unique steady-state solution f  [9]. With-

out loss of generality, we assume f =0 . Moreover, the 
subsystem has a function w(t, f) satisfying
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where pi>0, i = 1,…,5 are constants and p
p

p3
5 2

6> +
c

uh
,  

p6>0 is a constant.
Assumption   2   The unmodeled dynamics described by 

Eq.  (3) is exponentially input-to-state practically stable 
(exp-ISpS); that is, there exists Vv(v) satisfying

a a1 2( ) ( ) ( )v v vvh hV  (10)
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where a1, a2 and W are functions of class K∞, c is a nonnega-
tive smooth function. 

Lemma 1 [5] For any continuous function f (x, y), where
x y∈ ∈R Rn m, , there exist smooth scalar functions

a(x)i0, b(y)i0, c(x)i1 and d(y)i1 satisfying

f a b( , ) ( ) ( )x y x yh +  (12)

f c d( , ) ( ) ( )x y x yh  (13)

Lemma 1 provides a parameter separation method in the 
adaptive control of nonlinearly parameterized systems.

Using the idea of changing supply functions [8], we 
construct the following function
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where g(⋅)i1 is monotone nondecreasing function. It can 
be seen that V0(v) is positive definite and continuously 
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differentiable. By Assumption 2 and Lemma 1, for any given 
d(v)i0, we can always find a g(⋅)i1 such that
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where li1 is a constant, cf x( )i0 is a smooth function. 

3 Robust adaptive control scheme

In this section, we first study the adaptive state feedback 
control scheme on the basis of the assumption that the state 
(x, z) of Eq.  (2) is available for feedback. Then, we study the 
adaptive output feedback control scheme. Denote
e1 = x1-yr, e2 = x2-yqr,…, en = xn-yr

(n−1), e = [e1, e2,…, en]T.
Using Eqs.  (2) and (3), we have 
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Ar, br have the same structure as A, b, but with different sizes. 
Let Am = A-bK, where K is so chosen such that Am is 
Hurwitz. Then
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Since x e y= + r and yr is bounded, from Lemma 1 and 
Assumption 2, there exist smooth function �c e( )  and 
constants c c0 0, �  such that
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It is found in constructing the control Lyapunov function 
for Eqs.  (17)–(19) that adaptive nonlinear damping can 
dominate the effects of parameter and nonlinear uncertainties, 
unknown bounded disturbances and unmodeled dynamics 

on the stability of the system. Therefore, this paper presents 
the following controller consisting of adaptive nonlinear 
damping terms
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where P satisfies 
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b is the adaptive parameter of the controller with an 
adaptive law given by 
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Theorem 1 Under Assumptions 1 and 2, with the proposed 

adaptive state feedback controller, for any given x(0)∈Y, 
z(0) ∈ Z0, v(0) ∈ W0 and yR ∈YR , all the variables of the 
closed-loop system consisting of Eqs.  (18)–(21) are bounded 
even in the presence of an unmodeled dynamics and bounded 
disturbances. Furthermore, the mean-square tracking error 
can be made arbitrarily small by choosing the appropriate 
design parameters C, s and Q.

Proof Choose the Lyapunov function candidate
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where b*>0 is a constant, which is the desired value of b, 
i.e., when b = b*, the controlled system has a desired perfor-
mance. Taking the time derivative of V along the solutions of 
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Therefore, V decreases monotonically until (e, v, b-b*) 
reaches the compact set
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is bounded.
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Thus, f is bounded, and z is bounded. We conclude that all the 
variables of the closed-loop system are bounded.

Furthermore, it can be seen from Eqs.  (31) and (33) that 
choosing l, Q and the design constants s, C will appropri-
ately reduce the residual error bound m−1M1, and make the 
tracking error arbitrarily small.

To implement the robust adaptive controller presented 
above by output feedback, we need a state observer. Because 
the high-gain observers have the properties of rejecting 
disturbances and allowing for uncertainties in modeling the 
systems [1], we adopt the following high-gain observer to 
estimate e.
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where e>0 is a small constant; si>0, i = 1,…, n are chosen 
so that An = A-KsC is a Hurwitz matrix, where Ks = [s1, 

s2,…, sn]T, C = [1,0,…,0]
To eliminate peaking in the implementation of the obser-

ver, we define
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In addition, to prevent the peaking from entering the 
control system, we saturate rm, bm and v.

Assumption 3 h =[ , ] , ( )h hu d tΤ ∈ ∈V W , where V and 
W are known compact sets.

Assumption 4 For any e(0) ∈ E0, z(0) ∈ Z0, v(0) ∈ W0,  
yR RY( ) , ,0 0 1

0∈ ( ) ∈b R where E0, Z0, W0, YR are defined as 
before and R R1

0 ⊂  is a compact set, using the proposed 
adaptive state feedback controller, we have e(t) ∈ E, z(t) 
∈ Z, v( ) , ( ) , ( ) , ,t W t Y t tR R∈ ∈ ∈y b R1 0Yi  where E  ⊂  Rn, 
Z ⊂ Rm, W ⊂ Rl, YR ⊂ Rn+1 and R1 ⊂ R are known compact 
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where sat(⋅) represents the saturation function [1]. The robust 
adaptive output controller can be obtained by replacing 
bm e, ,z yr( )  and v e, , ,z yr b( )  in Eqs.  (25) and (23) with 
bm

s ef, ,z yr( )  and v es
f, , ,z yr b( ) , respectively. We have the 

following results.
Under Assumptions 1 to 4, with the proposed adaptive 

output controller, for any e(0) ∈ E0, z(0) ∈ Z0, v(0) ∈ W0, 
b(0) ∈ R0

1, there exists e0>0 and for any e ∈ (0, e0), all the 
variables of the closed-loop systems Eqs. (18)–(20), (25) and 
(37) are bounded even in the presence of unmodeled dynam-
ics and bounded disturbances. Furthermore, the mean-square 
tracking error is of order O(e) if the design parameters C, 
s and Q are chosen appropriately.

The proof of the above results, which is similar to that in 
Ref. [1], is omitted here due to limited space.
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4 Simulation illustration

Consider a nonlinear system
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where unmodeled dynamics v satisfies

vq = -v+y sin u (41)
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It can be seen that Eq.  (41) is exp-ISpS and
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is known. The objective is to design a robust adaptive control-
ler such that y tracks yr(t) = 0.5sin t.

Take K = [2 4 3], and Q = I. Solving PAm+Am
TP = -I, 

we obtain P. In the simulation, we take h0 = h1 = h2 = hu = 1. 
h3 = h4 = h5 = h6 = 1, d(t) = 0.5sin t. The initial conditions 
and design parameters are as follows:

e z( ) , , , ( ) ( ) ,

( ) , , .

0 1 0 0 0 0 0

0 20 10 00001

= = =

= = =
[ ]T

0

h

b sC
 (42)

By analysis as in Ref. [1] or by simulations of adaptive 
state feedback control, we can estimate Mv = 10, Mb = 5. 
Take e = 0.001. The simulation results of the adaptive output 
feedback control are given in Fig.  1(a). Choosing C = 106, 
s = 10−8 and the rest of the initial conditions and design 
parameters to be the same as in Eq.  (42), the simulation 
results are shown in Fig.  1(b), which demonstrates that the 
mean-square tracking error can be made arbitrarily small by 
choosing the design parameters C and s appropriately.

5 Conclusions

A robust adaptive control scheme is proposed for the nonlin-
early parameterized systems represented by input-output 

models. The scheme can be used in the case of systems with 
unknown parameters, uncertain nonlinearities, bounded dis-
turbances and unmodeled dynamics. It guarantees the uni-
form boundedness of all the signals in the closed-loop system. 
The mean-square tracking error can be made arbitrarily small 
by choosing some design parameters appropriately. The 
proposed control scheme does not need to estimate the un-
known parameters nor add a dynamical signal to dominate the 
effects of unmodeled dynamics. No matter how high the order 
of the system is and how many unknown parameters the 
system has, there is only one adaptive parameter. Simulation 
results illustrate the effectiveness of the control scheme.
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