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which analyzed the convergence property of different 
methods. For example, in Ref. [5], the basic idea is to utilize 
random processes, which is used to prove the convergence of 
the algorithm, to develop a branching ant algorithm according 
to the number of ants, paths, etc. In Refs. [3] and [4] the 
con vergence proof of the graph-based ant algorithm is given, 
whose foundation lies in the pheromone intensity on the 
optimal routes, which is described as a non-homogeneous 
Markov random process based on discrete time. In this 
algorithm, there is a single optimal solution to which only 
the global pheromone can be updated, and there is no 
updating of local pheromone and all ants are first positioned 
at the same node. In Ref. [2], the convergent property is 
analyzed through the pheromone. In this paper we take 
the convergence property of this algorithm applied to TSP 
for example, and consider sufficiently the influence on its 
convergence caused by heuristic functions, the pheromone, q0 
and the properties of the path, etc. Then we produce a new 
analysis of the ant colony optimal algorithms applied to TSP. 
Based on this, some improvement measures are suggested in 
the conclusion. 

2 Description of problem and definition

For the purpose of discussion without loss of generality, we 
apply the ACO algorithm to TSP for example. We have the 
following definitions for the convenience of illustration.

Let AS be a finite convexed polygon region in which n 
cities are distributed. C ={c1, c2,…, cn} is a set of these cities 
where R ={1, 2,…, n} is the city sequence number. Assume 
we have a Cartesian coordinate ∑0 in AS. ∀ci ∈C, i ∈R has a 
definite coordinate (xi, yi) in ∑0, which is marked as ci(xi, yi). 
The link-line between any two cities forms an edge which is 
marked as eij, i, j ∈R.

Definition  1 Let d(ci, cj) (simply dij) be the distance 
or side length between any two cities ci and cj determined by 
Eq. (1), simply dij and we have dij = dji, i, j ∈R

 d c c x x y yi j i j i j( , )= - + -( ) ( )2 2
  (1)
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1 Introduction

Originally proposed by Dorigo et al., the ant colony optimiza-
tion (ACO) [1] has been applied widely in many fields. 
Although this algorithm has been one of the focuses of the 
studies, the ACO algorithm is a new bionic approach, whose 
theoretical study attracted less attention. In most of the 
researches, only algorithms and application methods are 
shown, whereas the analysis about the convergence is not 
given. Until recently, some scholars have given the conver-
gence proof of certain algorithms [2–5], but the relevant 
researches and papers are still much fewer. The serious lack 
of theories has become the bottle-neck in the improvement 
and development of the algorithms. The convergence 
property of the algorithm is proved in previous papers [2–5], 
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Definition  2 Let ant = {1, 2,…, k,…, m} be a set of m 
ants, ∀k ∈ant is an ant, m is the total number of ants in the set, 
then τij(t) is the amount of pheromone information on a route 
eij(i, j ∈R) due to some ants at t instant. 

Definition  3 Let ant k be at location P in AS at a random 
time instant. ∀P has a definite coordinate (x, y) in ∑0, we have 
P(xi(ti), yi(ti)) (simply Pi or P(ti)). If the coordinate of Pi is 
equal to cj(xj, yj) ∈AS, the Pi is equivalent to cj, which is 
marked as Pi-cj. Let tabuk be the node set where the ant has 
already travelled. Obviously tabuk is a dynamic set including 
the nodes that ant k has already covered. If a node has already 
been in the set, it cannot be chosen by ant k in the future, 
tabuk is hence referred to as forbidden table, and V = C-tabuk 
is the node set from which the future destination node can be 
chosen.

Definition  4 Let T = {t0, t1,…, ti,…, tn+1} t0<t1<…
<ti<…<tn+1, and tn+1 be a finite time instant, ∀P ∈AS, 
∀p(ti) ∈FS, i ∈R, the continuous mapping f: T→AS makes 
f (t0) = P0, f (t1) = P1,…, f (ti) = Pi,…, f (tn) = P0, i, j ∈R. 
We refer to f as the map of a close route starting from P0 and 
returning back to P0. The mapping set f (T) is referred to as 
a close path from P0 to Pe, which is also a continuous curve 
connecting node P0 and Pe in AS. The length of this route is 
marked by L(P0, Pe) or simply L calculated by Eq. (2), where 
dl is from Eq. (1)

L d d d c c c c C i j Rl
l

e

l i j i j= =
=

+

∑ ∈
1

1

; ,  ),  ( , , ,∈  (2)

Definition  5 Let BR i i i i ic x y c c C d c c( ( , )) { | , ( , )= h∈  
dmin} be the neighbouring node set of node ci, where dmin is the 
distance threshold determined by the concrete problem and 
required size of neighbouring node set. If z represents the 
travelable node set in the neighbouring domain of node ci, we 
have z C tabuk i= -( ) ∩ BR .

Definition  6 gij i jd c c=1/ ( , ) is the heuristic function, 
which causes an ant to choose the next node j as it is at 
node i.

3 ACO algorithm

In order to prove conveniently, according to the above 
description and definition integrated with the ACS algorithm, 
the steps of the ant algorithm are described as follows.

Step  1 Initialization. Assign m ants to n cities randomly, 
and these cities are included in the forbidden table tabuk. Also 
set a numeric counter NC = MAX, and preset the values of 
b,a and r, let ∀ ∈t tij i j R= 0 ;  , .

Step  2 ∀k, take the current city i as the center, and select 
the next city j ∈R. According to Definition 3, select |V | virgin 
cities { j1, j2,..., jp, jv} from n-1 cities, i.e. j tabup k∉ .

Step  3 Select the next city j from the candidate city. 
Set V according to Eqs. (3) or (4)

 j
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In this equation, 0<q0h1 is the initial parameter, 
q ∈(0, 1) is a random number, and S is a stochastic variable 
defined by Eq. (4)
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In this equation, pij
k(t) represents the transferring probabil-

ity that ant k move from node i to node j and β is the degree 
of importance of the heuristic information. If q>q0, then the 
transferring probabilities pij

k of |V | cities are computed and the 
next city j is selected according to the roulette wheel rule.

Add j to the forbidden table tabuk.
Step 4 Local pheromone update. 
We use parameter 1-r to denote the degree of evapora-

tion of the pheromone. As an ant passes an edge between two 
nodes, the local pheromone trail on that edge will be updated 
according to Eq. (5). 

t r t r t t tij ij ij ij ij
k

k

m

t t( ) ( ) ( )+ = - + =1 1
1

D D D;   
=

∑  (5)
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=
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00;                           otherwise                 

⎧
⎨
⎪

⎩⎪

if  then t t t tij ijt t( ) , ( )min min+ < + =1 1

Here, Q is a constant, ljb is the distance k has passed during 
this time, Dtij is the quantity of pheromone trail released 
by ant k on edge (i, j) in this circle, and Dtij is the pheromone 
increment on edge (i, j) in this cycle. tmin is the least 
pheromone intensity of limits, which is a small constant as 
well.

Step  5 After m ants have selected their nodes, make the 
newly selected nodes as the starting nodes and the algorithm 
returns back to Step 2 for the next nodes till all ants have 
passed all the nodes.

Step  6 After m ants have passed all the nodes, the route 
length Lk passed by ant k is calculated with Eq. (2). The min-
imal value of Lk, which is marked as Lkmin = min Lk, is further 
found and kept in memory.

Step 7 Global pheromone update.
After all ants have passed all the nodes, the global 

pheromone trail on the path will be updated according to 
Eq. (6)

 t a t a tij ij ij
new old= - +( )1 D  (6)

 Dtij k
ijl
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where α is the volatility coefficient of the global pheromone; 
lk the distance of optimal path in this circle; eij ∈global-
best-tour means that the side eij ant k has passed belongs to the 
optimal path.

Step  8 Compare Lkmin of the current iteration with the 
optimal route length ld which has already been obtained, ld is 
replaced by Lkmin if lkmin<ld and meanwhile the optimal route 
table will be updated.

Step  9 If the counter value minus 1 is not equal to zero, 
then reset and initialize the tabu table and repeat the whole 
process until the counter is zero.

4 Analysis of convergence

Definition  7 Assume that there is a closed route fi, ∀t1, 
t2 ∈[t0, tn], where t2 = t1+Δt, Δt is the time ant k needs 
to travel from the current node to the next one. If we 
always have d P t P t d P t P P V( ( ) , ( )) min { ( ( ), ), }1 2 1   = ∈  and
L P t P L P t Pe e( ( ), ) ( ( ) , )2 1   < , then fi (t2) = P(t2) is a node 
which monotonically approximates node Pe, and fi is a closed 
route, which monotonically approximates Pe from P0. We 
include all the monotonically approximated routes in a set 
marked as Fp, and all the non-monotonically approximated 
routes, fn, in another set marked as FN.

Lemma  1 ∀eij, we have t t t tmin maxh h =ij , where max
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)
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Proof Set the optimal path of some generation as f0. 
According to arithmetic steps and Eqs. (3)–(6), the following 
three cases can be classified as follows.

1) The side eij has not been passed by ant k and the phero-
mone on it only clears off without increasing. According to 
Eq. (5), there is

 t r t t t tij
t

ij ijt tmin
min( ) ( ) , , ,= - m m =1 00    ∞  

 (confined to tmin) (7)

2) k moves across e f and e fij i ij∈ ∉    0 , so the pheromone 
on it is locally updated. According to Eq. (5) there is
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where t t t( ) ( ) ,..., ( )0 1 ,  t  represent the pheromone intensity 
of the initial state after the first generation of search till t 
generation of search respectively.

3) k moves across eij and eij ∈  f 0, then the pheromone on 
this side will be updated locally and globally. According to 
Eqs. (5)–(6) the following can be obtained
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thereinto t r t a tm ij ij
k=max ,D D( )

Comparing the above three cases, as to all ∀tij all have 
tminhtijhtmax. (End of proof).

Lemma  2 when q e f f F e f fij i i p kl n n0 1= , , , ,∀ ∈ ∈ ∀ ∈ ∈
FN kl ij, .we have t th

Proof When q0 = 1, ant k will always use Eq. (3) to 
choose its next node. We get the following cases according to 
the algorithm process and Eqs. (3), (5)–(6).

1) ∀ ∈ ∉ ∈e k l R f e fkl i kl n( , ) , , in the travelable edge set, 
∃ ∈ ∈e i j R fij ( , )  which has g gij kl< . Since in the initializa-
tion ∀ ∈t tij i j R( , )= 0, thus the probability that ant k selects 
and passes the edge ekl using Eq. (3) is zero, therefore 
t tkl = min.

2) ∀ ∈ ∉e f e fij i kl ij,  0 , maxt  is calculated by Eq. (8).
3) ∀ ∈ ∈e f e fij i kl ij,  0 , mt  is calculated by Eq. (9).
We always have t t tij kli = min

 in all the above three cases.
Theorem  1 If there exists a global optimal solution 

f0 ∈fi, when q0 = 1, the algorithm can always converge to the 
optimal solution.

Proof When ∀ ti ∈[t0, tn], let the current position of ant k 
be P(ti), P(ti)−ci, from ci, k chooses and proceeds to the next 
node cj, cj −P(ti+1). Because the global optimal solution is 
f0 ∈fi, according to the Definitions (4), (7), there must exist a 
monotonically approximate node P(ti+1), that is, ∀P(ti+1) ∈V, 
∃ +P ti( )1  which makes

d P t P t d P t P P Vi i i( ( ), ( )) min { ( ( ), ) }+ ∈1 =  

and satisfies that L P t Pi e( ( ), )+1  is minimum, marked as P(tj). 
Suppose the probability that ant k chooses P(tj) from P(ti) is 
p, because q0 = 1, then the algorithm will always choose cj 
with Eq. (3). From Eq. (3) and Lemma 2 we can have p ≡ 1. 
Thus we can conclude that in t times node selection the 
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Namely, when t = tm is a relatively big value, we get 

 p t( )= -1 e ≈ 1 (11)

(End of proof).
This theorem guarantees that, under the condition of 

0<q0<1, the algorithm can always converge to a global 
optimal solution after a sufficiently long time no matter how 
the pheromone changes.

It is also obvious that the convergence time will be quite 
long if some nodes of the optimal solution are not in fi and the 
effect of pheromone is not considered.

The most serious effect of pheromone variation on conver-
gence speed when q0<1 will be discussed in the following 
text. Setting g as the ratio of the maximum and minimum 
pheromone, according to Lemma l, we get

g m
m= =

- +
- +
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⎠⎟

Let the maximum probability of k choosing P(ti+1) ∈f0 
from P(ti) be pmax and pmax

t , where the former is the one 
without considering pheromone, then we get
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here, g  is the average of the heuristic function, bg gb b= max
. 

Then pmax
t , the maximum probability of selecting an optimal 

node when considering pheromone will be estimated, 
setting ∀ ∈ ∀ ∉e f e fij ij ij0 0, , ,max all have t t=  all have tij =
 tmin, accor ding to Eq. (4) we get

p
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Actually, the pheromone on the sides of the non-optimization 
solution is not all tmin, hence, the probability is the ultimate 
maximum. The ratio of the two probabilities is 

 p

p

V b
V

g
b

max

max

| |
| |

t

=
- +
-

+
>

1
1

1  (14)

Generally, g>>1, and | |V b- >>1  in most cases, hence, 
we get

( / )max maxp pt >>1 .

From Eqs. (10), (13)–(14), with the effect of pheromone, the 
convergence speed can be largely improved.

Proposition  3 The convergent speed must be improved 
by adopting the nearest neighbour strategy.

probability of getting a global optimal solution is pl = 1-
(1-pn)t ≡ 1.

From the proof of Theorem 1 it is shown that the algorithm 
can rapidly converge to the optimal solution if the global 
optimal solution is fi-type.

Proposition  1 If there exists an objective global optimal 
solution f0 ∈fi, the convergence time on the condition of q0<1 
must be longer than q0 = 1.

This proposition is quite obvious, which can be proved 
with the method of Theorem 2. The proof is omitted here.

Proposition  2 If there exists an objective global optimal 
solution f fi0 ∉ , when q0 = 1, the algorithm cannot converge 
to the global optimal solution.

Proof Since there exists an objective global optimal 
solution f fi0 ∉ , ∃ ∈e fkl n ,  according to Lemma 2, when 
q0 = 1, the probability of choosing a non-approximate node 
with Eq. (3) is zero. Suppose f0 comprises x approximate 
nodes and y non-approximate nodes. Then suppose that the 
probability of choosing an approximate or a non-approximate 
node is R and r respectively, and thus the probability that k 
selects f0 at any generation is p = Rxry = 0. (End of proof). 

Theorem  2 If there exists an objective global optimal 
solution f fi0 ∉ , when 0<q0<1, the algorithm can always 
converge to the global optimal solution after a sufficiently 
long time.

Proof Suppose that a non-optimal Fpi
 comprises x 

approximate nodes and y non-approximate nodes. Then 
suppose that the probability of choosing an approximate or a 
non-approximate node is R and r respectively, then R and r 
can be estimated as follows.

According to the algorithm, when qhq0, k will select 
nodes based on Eq. (3). Otherwise, it will rely on Eq. (4). 
These nodes are either approximate or non-approximate. 
Setting px

3 and p y
3  as the probability of selecting an approxi-

mate and a non-approximate node when qhq0, px
4 and p y

4  
are respectively the probability when q>q0, according to the 
algorithm 

R q p q p r q p q px x y= + - = + -0 3 0 4 0 3 01( ) ; (1 ) 4
y

Based on Lemmas 1, 2, Definition 6 and Eq. (3), p y
3= 0, 

px
3=1, ∀t> > >t gmin min0 0, , therefore, the minimal limit-

ing probability of choosing any nodes on path Fp by Eq. (4) 
is

p

h v

min
min min

max max min min

i
+

>
t g

t g t g

b

b b

∈ −( )
∑

1

0

Therefore, when q>q0, the probability calculated by 
Eq. (4) is pij>0, then px

4>0, p y
4>0, while 0<q0<1, hence 

we get R>0, r>0. The probability that k selects the optimal 
solution at least once after generation t is

p t R r t P tx y t( ) ( ) ; , ( )i- - m m1 1 1when ∞  (10)



272

Proof Each time ant k only needs to choose nodes in z 
which is the travelable node set in the nearest neighbour node 
set, and then let |z| replace |V | in Eqs. (12)–(13). Since 
|z|<<|V |, from Eqs. (10) and (13) the convergent speed is 
greatly increased. From the viewpoint of the algorithm, the 
employment of the nearest neighbour strategy can reduce 
the load of computation, which also leads to the speed 
improvement. (End of proof).

Proposition  4 The convergent speed will improve if the 
pheromone on the optimal routes are increased in a suitable 
range.

Proof According to Eqs. (13)–(14), in a suitable range 
a bigger g will lead to a bigger probability of choosing 
an optimal neighbouring node, hence from Eq. (10) the 
convergence speed will be increased. (End of proof).

The simulation experiments verified the analytical results 
in the present section, and the experimental results match well 
with these analytical results. The readers can see the relevant 
simulation experiments in Ref. [6].

5 Conclusions

In this paper, we analyze the convergence of the ant colony 
optimization algorithm applied to TSP. The conclusion is that, 
if the global optimal solution is a strictly approximate closed 
route, when q0 = 1, the algorithm will surely converge to the 
optimal solution; when q0<1 the convergence will slow 
down. If the global optimal solution is not a strictly approxi-
mate closed route, when q0 = 1, the algorithm cannot con-
verge to the optimal solution; when 0<q0<1 it will take a 
much longer time for the algorithm to converge to the optimal 
solution. However, the convergence process will be acceler-
ated by adding more pheromone to the optimal routes. Based 

on the conclusion, in the design, we should estimate or ana-
lyze the property of the optimal solution, and reasonably set 
q0, then increase the pheromone on the optimal routes in a 
suitable range to improve the convergence speed.

To sum up, it is revealed, through the convergence analy-
sis, that the two major factors that influence the convergence 
speed of ACO are pheromone and heuristic function. A 
suitable heuristic function is crucial for accelerating the con-
vergence. If the value of the heuristic function is too large, it 
will restrict the effect of pheromone while conversely it will 
lead to a slow convergence. Moreover, the convergence speed 
can be significantly improved by adopting the nearest neigh-
bour strategy, which is demonstrated by the convergence 
analysis.

Acknowledgements This work was supported by the National Natural 
Science Foundation of China (Grant No. 60673102) and the Natural Science 
Foundation of Jiangsu Province of China (Grant No. BK2006218).

References

 1. Colorni A, Dorigo M, Maniezzo V. Distributed optimization by 
ant colonies. In: Varela F, Bourgine P, eds. Proceedings of ECAL91 
European Conference of Artificial Life. Paris: Elsevier 
Publishing, 1991, 134–144

 2. Thomas S, Dorigo M. A short Convergence proof for a class of 
ant colony optimization algorithms. IEEE Transactions on 
Evolutionary Computation, 2002, 6(4): 358–365 

 3. Amr B, Ahmed F. A proof of convergence for ant algorithms. 
Information Sciences, 2004, (160): 267–279

 4. Walter J G. A graph-based ant system and its convergence. Future 
Generation Computer Systems, 2000, (16): 873–888

 5. Walter J G. ACO algorithms with guaranteed convergence to 
the optimal solution. Information Processing Letters, 2002, (82): 
145–153

 6. Zhu Qingbao,Yang Zhijun. Ant colony optimization algorithm 
based on mutation and dynamic pheromone updating. Journal of 
Software, 2004, 15(2): 185–192 (in Chinese)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


