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Abstract The ant colony optimization algorithm has been
widely studied and many important results have been
obtained. Though this algorithm has been applied to many
fields, the analysis about its convergence is much less, which
will influence the improvement of this algorithm. Therefore,
the convergence of this algorithm applied to the traveling
salesman problem (TSP) was analyzed in detail. The conclu-
sion that this algorithm will definitely converge to the optimal
solution under the condition of 0 <g,<1 was proved true.
In addition, the influence on its convergence caused by the
properties of the closed path, heuristic functions, the phero-
mone and g, was analyzed. Based on the above-mentioned,
some conclusions about how to improve the speed of its
convergence are obtained.

Keywords ant colony optimization algorithm, convergence
analysis, heuristic function, TSP

1 Introduction

Originally proposed by Dorigo et al., the ant colony optimiza-
tion (ACO) [1] has been applied widely in many fields.
Although this algorithm has been one of the focuses of the
studies, the ACO algorithm is a new bionic approach, whose
theoretical study attracted less attention. In most of the
researches, only algorithms and application methods are
shown, whereas the analysis about the convergence is not
given. Until recently, some scholars have given the conver-
gence proof of certain algorithms [2-5], but the relevant
researches and papers are still much fewer. The serious lack
of theories has become the bottle-neck in the improvement
and development of the algorithms. The convergence
property of the algorithm is proved in previous papers [2—5],
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which analyzed the convergence property of different
methods. For example, in Ref. [5], the basic idea is to utilize
random processes, which is used to prove the convergence of
the algorithm, to develop a branching ant algorithm according
to the number of ants, paths, etc. In Refs. [3] and [4] the
convergence proof of the graph-based ant algorithm is given,
whose foundation lies in the pheromone intensity on the
optimal routes, which is described as a non-homogeneous
Markov random process based on discrete time. In this
algorithm, there is a single optimal solution to which only
the global pheromone can be updated, and there is no
updating of local pheromone and all ants are first positioned
at the same node. In Ref. [2], the convergent property is
analyzed through the pheromone. In this paper we take
the convergence property of this algorithm applied to TSP
for example, and consider sufficiently the influence on its
convergence caused by heuristic functions, the pheromone, ¢,
and the properties of the path, etc. Then we produce a new
analysis of the ant colony optimal algorithms applied to TSP.
Based on this, some improvement measures are suggested in
the conclusion.

2 Description of problem and definition

For the purpose of discussion without loss of generality, we
apply the ACO algorithm to TSP for example. We have the
following definitions for the convenience of illustration.

Let AS be a finite convexed polygon region in which n
cities are distributed. C = {c,, ¢,..., ¢,} is a set of these cities
where R = {1, 2,..., n} is the city sequence number. Assume
we have a Cartesian coordinate Y, in AS. V¢,e C, ieR has a
definite coordinate (x,, ;) in Yo, which is marked as c/(x;, y,).
The link-line between any two cities forms an edge which is
marked as e, i, jeR.

Definition 1 Let d(c,, c;) (simply d;) be the distance
or side length between any two cities ¢; and ¢; determined by
Eq. (1), simply d; and we have d; = d,;, i, je R
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Definition 2 Let ant = {1, 2,..., k,..., m} be a set of m
ants, Vk e ant is an ant, m is the total number of ants in the set,
then 7,(7) is the amount of pheromone information on a route
e;(i,j € R) due to some ants at ¢ instant.

Definition 3 Let ant & be at location P in AS at a random
time instant. VP has a definite coordinate (x, y) in Y, we have
P(x(t), y(t,)) (simply P; or P(t,)). If the coordinate of P, is
equal to c(x;, y)€AS, the P, is equivalent to ¢, which is
marked as P,—c;. Let tabu, be the node set where the ant has
already travelled. Obviously tabu, is a dynamic set including
the nodes that ant & has already covered. If a node has already
been in the set, it cannot be chosen by ant & in the future,
tabu,, is hence referred to as forbidden table, and V' = C-tabu,
is the node set from which the future destination node can be
chosen.

Definition 4 Let T= {¢, t,..., ty..., L1} <, <...
<t;<...<t,., and t,,, be a finite time instant, VPe AS,
Vp(t)€FS, ieR, the continuous mapping f: 7—AS makes
S W) =Py, [ (1) =Preves f (t) = Py f (6) = Py, i, jER.
We refer to fas the map of a close route starting from P, and
returning back to P, The mapping set f'(7) is referred to as
a close path from P, to P,, which is also a continuous curve
connecting node P, and P, in AS. The length of this route is
marked by L(P,, P,) or simply L calculated by Eq. (2), where
d, is from Eq. (1)

e+l

L=Yd;d =d(c,c, ) c.,c,eC, i jeR )
1=1

Definition 5 Let BR,(¢(x,,y,)) ={c|ceC,d(c,c)<
d,...} be the neighbouring node set of node ¢;, where d,.;, is the
distance threshold determined by the concrete problem and
required size of neighbouring node set. If z represents the
travelable node set in the neighbouring domain of node ¢;, we
have z = (C —tabu, )(1BR,.

Definition 6 1, =1/d(c;,c,) is the heuristic function,
which causes an ant to choose the next node j as it is at
node i.

3 ACO algorithm

In order to prove conveniently, according to the above
description and definition integrated with the ACS algorithm,
the steps of the ant algorithm are described as follows.

Step 1 Initialization. Assign m ants to # cities randomly,
and these cities are included in the forbidden table tabu,. Also
set a numeric counter NC = MAX, and preset the values of
B.xand p, let Vr, =75 i, € R.

Step 2 Vk, take the current city i as the center, and select
the next city j € R. According to Definition 3, select |V| virgin
Cities {1, Jasees o ju} from n—1 cities, i.e. j, & tabu,.

Step 3 Select the next city j from the candidate city.
Set V according to Egs. (3) or (4)

 Jarg max{r, 010, OF): i g<q,

J (3)

S otherwise
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In this equation, 0<qg,<1 is the initial parameter,
q€(0, 1) is a random number, and S is a stochastic variable
defined by Eq. (4)

[z, )1,

~ . J¢&tabu,
V;
p: (t) = he;bu' [Tih (] ['/Iih] 4
0; Jj € tabu,

In this equation, p,/(f) represents the transferring probabil-
ity that ant £ move from node i to node j and f is the degree
of importance of the heuristic information. If ¢ > ¢g,, then the
transferring probabilities p,* of | V| cities are computed and the
next city j is selected according to the roulette wheel rule.

Add  to the forbidden table tabu,.

Step 4 Local pheromone update.

We use parameter 1 — p to denote the degree of evapora-
tion of the pheromone. As an ant passes an edge between two
nodes, the local pheromone trail on that edge will be updated
according to Eq. (5).

T,(t+D)=(1—p)t, () +pAr,; At =) At (5)
k=1
9. .
; when ant & passes edge(i, j)
ATI-I;- = ljb
0; otherwise
ifr, (t+1) <t,,, thent, (1 +1) =1,

Here, Q is a constant, [, is the distance k has passed during
this time, Az, is the quantity of pheromone trail released
by ant k on edge (i, /) in this circle, and At is the pheromone
increment on edge (i, j) in this cycle. 7, is the least
pheromone intensity of limits, which is a small constant as
well.

Step 5 After m ants have selected their nodes, make the
newly selected nodes as the starting nodes and the algorithm
returns back to Step 2 for the next nodes till all ants have
passed all the nodes.

Step 6 After m ants have passed all the nodes, the route
length L, passed by ant £ is calculated with Eq. (2). The min-
imal value of L,, which is marked as L,,,;,, = min L,, is further
found and kept in memory.

Step 7 Global pheromone update.

After all ants have passed all the nodes, the global
pheromone trail on the path will be updated according to

Eq. (6)

7" = (-1 +aAr, (6)
1 .
—;  if ¢; € global-best-tour
At =11
0; otherwise
new : new __
when 7, < . setting ;™ =1,
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where a is the volatility coefficient of the global pheromone;
[, the distance of optimal path in this circle; e;e global-
best-tour means that the side e; ant & has passed belongs to the
optimal path.

Step 8 Compare L,,,;, of the current iteration with the
optimal route length [, which has already been obtained, /, is
replaced by Ly, if /min <!, and meanwhile the optimal route
table will be updated.

Step 9 If the counter value minus 1 is not equal to zero,
then reset and initialize the tabu table and repeat the whole
process until the counter is zero.

4 Analysis of convergence

Definition 7 Assume that there is a closed route f;, V1,
te(t, t,], where t, =t,+At, At is the time ant £ needs
to travel from the current node to the next one. If we
always have d(P(t,) , P(t,)) =min {d(P(t,),P),P eV} and
L(P(t,), P)< L(P(t,), P), then f; (%) =P(t,) is a node
which monotonically approximates node P,, and f; is a closed
route, which monotonically approximates P, from P;,. We
include all the monotonically approximated routes in a set
marked as £,, and all the non-monotonically approximated
routes, f,, in another set marked as F,.

Lemmal Ve, we have 7, <r1,<rt,, ,wheret, =
l—a)p+
max T—’",T—m (=znptp s Ty = max (pAt;,0AT;)
ppl—o)p+a

Proof Set the optimal path of some generation as f;.
According to arithmetic steps and Egs. (3)—(6), the following
three cases can be classified as follows.

1) The side e; has not been passed by ant k and the phero-
mone on it only clears off without increasing. According to
Eq. (5), there is

min _ t —
T ) =1A—=p)'1,, t—oo, ‘Eij—>0, Ty = Tpin
(confined to 7,,;,)

O]

2) k moves across ¢, € f; and e; & f,, so the pheromone

i

on it is locally updated. According to Eq. (5) there is
t(1) = (1—p)t(0) +7,;; where 7, = pAt,
1(2)=(1—p)yt()+1, = (1—p)’«(0)+(1~-p)z, +1,
1) =1—p)1(0)+1—p) ', +(1—p) 1, +7,

=(1—p)(0)+,1—p)"1,

i=1
! .

() = (1= p)' 1, + 3, (1—p) 1,5 7, = pAT,,
i=1

1o, T (1) > —1,

t
where 2(1 —p)' " is a geometric series with ratio 1 minus p,
and the'sum of their first  items is 1— 1—p))/A—Q1-p))
so we get

t
T =01—p) 1+ ,(0—p) 7,
i=1

T, = pAt;, t—oo, ’L';m(l‘)—)l‘fm ®)
where 1(0) ,z(1) ,...,7(z) represent the pheromone intensity
of the initial state after the first generation of search till ¢
generation of search respectively.

3) k moves across e; and e; € f, then the pheromone on
this side will be updated locally and globally. According to
Egs. (5)—(6) the following can be obtained

T (O =01—p)(1—a) 7, +
Z A—p) " (1—)"[Ad=0)T, +7,];
s fl[(l—oc)pw]

Ti' g
Topld—a)pta

)

[—o0,

thereinto 7, = max (pA‘L’i/.,O(A‘C;;)

Comparing the above three cases, as to all V1, all have
Tinin < Ty < Ty (End of proof).

Lemma2 whenq,=1Ve, € f,f €F, Ve, ef,f €
F,, wehave 7,<1,.

Proof When ¢, =1, ant £ will always use Eq. (3) to
choose its next node. We get the following cases according to
the algorithm process and Egs. (3), (5)—(6).

1) Ve,(k,leR)¢ f,,e, € f,, in the travelable edge set,
Je, (i, j € R) € f which has 1; <#,,. Since in the initializa-
tion V1, (i, j € R) = 1, thus the probability that ant k selects
and passes the edge e, using Eq. (3) is zero, therefore
Tt = Tinin®

2) Ve, € f,e, ¢ fy, 7, is calculated by Eq. (8).

3) Ve, € f, e, € f,, 7 is calculated by Eq. (9).

We always have 2Ty = Ty in all the above three cases.

Theorem 1 If there exists a global optimal solution
Jfoef,, when g, = 1, the algorithm can always converge to the
optimal solution.

Proof WhenV t,€[t, t,], let the current position of ant &
be P(t,), P(t)—c,, from c,, k chooses and proceeds to the next
node ¢;, ¢; —=P(t;, ). Because the global optimal solution is
fo€f, according to the Definitions (4), (7), there must exist a
monotonically approximate node P(¢,. ,), that is, VP(¢,, )€ V,

3P(t,,,) which makes

d(P(t,), P(t,,)) = min {d(P(:,),P)P €V}

and satisfies that L(P(t,,),P,) is minimum, marked as P(Z).
Suppose the probability that ant & chooses P(z) from P(t,) is
p, because g, =1, then the algorithm will always choose ¢;
with Eq. (3). From Eq. (3) and Lemma 2 we can have p=1.
Thus we can conclude that in ¢ times node selection the



probability of getting a global optimal solution is p,=1—
(1—pry=1.

From the proof of Theorem 1 it is shown that the algorithm
can rapidly converge to the optimal solution if the global
optimal solution is f-type.

Proposition 1 If there exists an objective global optimal
solution f, € f;, the convergence time on the condition of ¢, < 1
must be longer than ¢, = 1.

This proposition is quite obvious, which can be proved
with the method of Theorem 2. The proof is omitted here.

Proposition 2  If there exists an objective global optimal
solution f; ¢ f,, when g, = 1, the algorithm cannot converge
to the global optimal solution.

Proof Since there exists an objective global optimal
solution f; ¢ f,, Je, € f,, according to Lemma 2, when
q, =1, the probability of choosing a non-approximate node
with Eq. (3) is zero. Suppose f, comprises x approximate
nodes and y non-approximate nodes. Then suppose that the
probability of choosing an approximate or a non-approximate
node is R and r respectively, and thus the probability that k&
selects f; at any generation is p = R*7 = 0. (End of proof).

Theorem 2 If there exists an objective global optimal
solution f, ¢ f,, when 0<gq,<1, the algorithm can always
converge to the global optimal solution after a sufficiently
long time.

Proof Suppose that a non-optimal F, comprises x
approximate nodes and y non-approximate nodes. Then
suppose that the probability of choosing an approximate or a
non-approximate node is R and r respectively, then R and r
can be estimated as follows.

According to the algorithm, when ¢<gq,, k will select
nodes based on Eq. (3). Otherwise, it will rely on Eq. (4).
These nodes are either approximate or non-approximate.
Setting p; and p; as the probability of selecting an approxi-
mate and a non-approximate node when ¢g<g,, p; and p;
are respectively the probability when ¢ > ¢,, according to the
algorithm

R=q,p; +(1—qy)p;;r=q,p; +(1—q,)p;

Based on Lemmas 1, 2, Definition 6 and Eq. (3), p; =0,
py=1,Vt>r1, >0,n,. >0, therefore, the minimal limit-
ing probability of choosing any nodes on path F, by Eq. (4)
is

B
1:min nmin

p min 2 i B
2 Tmax nmax + Tmin nmin

he(M—l)

>0

Therefore, when ¢>gq,, the probability calculated by
Eq. (4) is p;>0, then p; >0, p; >0, while 0 <g,<1, hence
we get R>0, > 0. The probability that & selects the optimal
solution at least once after generation ¢ is

p()=1—(1—Rr”)'; when t > oo, P(t)—1 (10)
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Namely, when ¢ = ¢, is a relatively big value, we get

p)=1—¢e=1 (11)

(End of proof).

This theorem guarantees that, under the condition of
0<g,<1, the algorithm can always converge to a global
optimal solution after a sufficiently long time no matter how
the pheromone changes.

It is also obvious that the convergence time will be quite
long if some nodes of the optimal solution are not in f; and the
effect of pheromone is not considered.

The most serious effect of pheromone variation on conver-
gence speed when ¢,<1 will be discussed in the following
text. Setting g as the ratio of the maximum and minimum
pheromone, according to Lemma I, we get

1—
s _ ( /p,w) .
T pld—o)p+a]

Let the maximum probability of &k choosing P(,,,)€f,
from P(t;) be p,, and p_ ., where the former is the one
without considering pheromone, then we get

g:

min

R S .
Prax< z ﬁﬂ—l—}’]fmx 2 ﬁ/j+bﬁﬁ |V|_1+b (12)

he(V]-1) he(V|-1)

here, 7 is the average of the heuristic function, bip” =’ .
Then p’_, the maximum probability of selecting an optimal
node when considering pheromone will be estimated,
setting Ve, € f, allhave t, =7 . Ve, ¢ f;, all have 7, =

Tmin, according to Eq. (4) we get

max 2

pT < Tmax [nmax ]/j
- 2 Tmin ﬁﬂ + Tmax [’/Imax ]ﬂ
he(V)-1)
=B
_ ARG - & 3
Y G /O +r b VI 148D
he(lV)-1)

Actually, the pheromone on the sides of the non-optimization
solution is not all t,;,, hence, the probability is the ultimate
maximum. The ratio of the two probabilities is

P _ |V =140

pmax 7|V|_1+b
g

>1 (14)

Generally, g>>1, and | V' | — 1 >> b in most cases, hence,
we get

(p;ax/pmax)>>l'

From Egs. (10), (13)—(14), with the effect of pheromone, the
convergence speed can be largely improved.

Proposition 3 The convergent speed must be improved
by adopting the nearest neighbour strategy.
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Proof Each time ant £ only needs to choose nodes in z
which is the travelable node set in the nearest neighbour node
set, and then let |z| replace |V| in Eqs. (12)—(13). Since
|z| << |V, from Egs. (10) and (13) the convergent speed is
greatly increased. From the viewpoint of the algorithm, the
employment of the nearest neighbour strategy can reduce
the load of computation, which also leads to the speed
improvement. (End of proof).

Proposition 4 The convergent speed will improve if the
pheromone on the optimal routes are increased in a suitable
range.

Proof According to Egs. (13)—(14), in a suitable range
a bigger g will lead to a bigger probability of choosing
an optimal neighbouring node, hence from Eq. (10) the
convergence speed will be increased. (End of proof).

The simulation experiments verified the analytical results
in the present section, and the experimental results match well
with these analytical results. The readers can see the relevant
simulation experiments in Ref. [6].

5 Conclusions

In this paper, we analyze the convergence of the ant colony
optimization algorithm applied to TSP. The conclusion is that,
if the global optimal solution is a strictly approximate closed
route, when ¢, = 1, the algorithm will surely converge to the
optimal solution; when ¢,<1 the convergence will slow
down. If the global optimal solution is not a strictly approxi-
mate closed route, when ¢, = 1, the algorithm cannot con-
verge to the optimal solution; when 0 <g,<1 it will take a
much longer time for the algorithm to converge to the optimal
solution. However, the convergence process will be acceler-
ated by adding more pheromone to the optimal routes. Based

on the conclusion, in the design, we should estimate or ana-
lyze the property of the optimal solution, and reasonably set
4o, then increase the pheromone on the optimal routes in a
suitable range to improve the convergence speed.

To sum up, it is revealed, through the convergence analy-
sis, that the two major factors that influence the convergence
speed of ACO are pheromone and heuristic function. A
suitable heuristic function is crucial for accelerating the con-
vergence. If the value of the heuristic function is too large, it
will restrict the effect of pheromone while conversely it will
lead to a slow convergence. Moreover, the convergence speed
can be significantly improved by adopting the nearest neigh-
bour strategy, which is demonstrated by the convergence
analysis.
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