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Abstract The single-input single-output (SISO) j-step-
ahead predictor for generalized predictive control (GPC) 
controllers was traditionally derived using the polynomial 
approach through the Diophantine equations. An equivalent 
version of the predictor in a state-space form is available in 
the literature. In this paper, a z-domain analysis of the multi-
ple input multiple output (MIMO) extension of the state-
space predictor is carried out, and then an MIMO  j-step-ahead 
predictor in polynomial form based on the controlled auto-
regressive moving average model is derived. The predictor 
enables us to simplify the GPC algorithm design for 
multivariable systems. In the SISO case the predictor is just 
the traditional GPC predictor, therefore this paper gives rigor-
ous proof of the equivalence between the traditional GPC 
predictor and the state-space predictor. 

Keywords generalized predictive control, multivariable 
control, controlled autoregressive moving average model

1 Introduction

The earliest predictive control schemes called the dynamic 
matrix control (DMC) and the model algorithmic control 
(MAC) are based on the step and impulse response models 
of the plant. Therefore, they are only applicable to stable 
plants. In contrast, the generalized predictive control (GPC) 
proposed by Clarke et al. [1] uses a  j-step-ahead predictor 
based on the transfer function model of the plant, and is 
thus applicable to unstable plants as well. Therefore the 
j-step-ahead predictor is the cornerstone of the GPC.

The GPC j-step-ahead predictor is traditionally 
designed for the SISO systems, and uses an input-output 
formulation (also called the polynomial formulation or the 

transfer function formulation). Some authors have pro-
posed MIMO extensions and/or state-space formulations 
of the GPC [2−6]. However, among these works, Refs. 
[3−6] used predictors that are not equivalent to the tradi-
tional GPC predictor in the single-input single-output 
(SISO) case, and the only equivalent state-space formula-
tion given in Ref. [2] is still for the SISO case and came 
without rigorous proof of its equivalence to the traditional 
GPC j-step-ahead predictor.

In this paper, we will generalize the SISO state-space 
j-step-ahead predictor proposed in Ref. [2] to the multiple-
input multiple-output (MIMO) case, and then based on 
the z-domain analysis of this predictor, we will obtain 
a controlled autoregressive moving average (CARMA)-
model-based MIMO j-step-ahead predictor in polynomial 
form, which leads to a simplified GPC algorithm design 
for MIMO systems. In the SISO case, the predictor is 
completely equivalent to the traditional GPC predictor. 
Finally, we will give a rigorous proof of the equivalence 
between the traditional GPC predictor and the state-space 
predictor.

2 The model of the plant

In this paper we adopt the CARMA (also referred to as 
ARMAX) model as the input-output model of the plant. This 
model has the following form

A y B u C v[ ] ( ) [ ] ( ) [ ] ( )z k z k z k− − −1 1 1= +  (1)

where y(k) is the qx1 output sequence, u(k) is the px1 
control input sequence, v(k) is the qx1 disturbance input 
sequence, which is assumed to be a discrete-time white noise 
with zero expectation. z, z −1 are the forward-shift and the 
backward-shift operators, respectively. A[z −1], B[z −1], C[z −1] 
are qxq, qxp, qxq polynomial matrices in z −1. They can be 
written as

A I A A A[ ] ...z z z zn
n− − − −1

1
1

2
1= + + + +  (2)

B B B B[ ] ...z z z zn
n− − − −1

1
1

2
1= + + +  (3)
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C I C C C[ ] ...z z z zn
n− − − −1

1
1

2
1= + + + +  (4)

where I is the identity matrix. Note that B0 = 0, because we 
assume the system to be strictly proper. When q = p = 1, 
Eq. (1) reduces to the SISO CARMA model.

We remark that the original GPC Ref.  [1] used the 
CARIMA model which is of the form

A y B u C v[ ] ( ) [ ] ( ) [ ] ( )z k z k z k− − − −1 1 1 1= + ∆  (5)

where ∆=1- z −1. So ∆−1 is the discrete integration operator 
and ∆−1v(k) is the white noise integrated. However, we may 
operate both sides of Eq. (5) with ∆ to turn it into the 
following CARMA form

( ) [ ] ( ) ( ) [ ] ( ) [ ] ( )1 11 1 1 1 1- = - +z z k z z k z k− − − − −A y B u C v
 
(6)

Therefore, Eq. (5) is a special case of Eq. (1). In the sequel 
only the CARMA model will be used. 

The CARMA model Eq. (1) is an operator description, and 
we can write down its transfer function description as

Y G U T V( ) ( ) ( ) ( ) ( )z z z z z= +  (7)

where Y(z), U(z), V(z) are the z-transforms of y(k), u(k), v(k), 
respectively. 

G A B( ) [ ] [ ]z z z= − − −1 1 1  (8)

T A C( ) [ ] [ ]z z z= − − −1 1 1  (9)

Note that in Eqs. (8) and (9), A[z −1], B[z −1], and C[z −1] are 
viewed as functions of z .

The CARMA model, as an input-output description of the 
plant, has its state-space realization

x x u v( ) ( ) ( ) ( )k k k k+ = + +1 W C L  (10)

y Hx v( ) ( ) ( )k k k= +  (11)

where W, C, L, H are mxm, mxp, mxq, qxm matrices. 
And they verify

H I A B( ) ( ) [ ] [ ]z G z z z- = =W C− − − −1 1 1 1  (12)

I H I A C+ - = =( ) ( ) [ ] [ ]z T z z zW L− − − −1 1 1 1  (13)

3 Derivation of the MIMO state-space 
j-step-ahead predictor

In the SISO case, Ordys and Clarke in Ref. [2] gave a state-
space  j-step-ahead predictor equivalent to the traditional GPC 
j-step-ahead predictor, but concerning the equivalence only 
an informal explanation is given. In this section we will 
derive an MIMO state-space j-step-ahead predictor based on 
Ref. [2]. A rigorous proof of the equivalence result will be 
given in the next section.

The core of the predictor is the following state-observer

j j( ) ( ) ( ) ( ) ( )k k k k+ = - + +1 W L C LH u y  (14)

It follows from Eqs. (10), (11) and (14) that

j j( ) ( ) ( )[ ( ) ( )]k k k k+ - + = - -1 1x H xW L  (15)

This implies that if the eigenvalues of W-LH are all 
inside the unit disk, then Eq. (14) constitutes an asymptotic 
state observer of the plant. The prediction of x(k+1) at time  
k can be obtained by extrapolating Eq. (14).

x k k k k kf( | ) ( ) ( ) ( ) ( )+ = - + +1 W L C LH u yj  (16)

Then, we predict x(k+ j) based on Eq. (10), using the prin-
ciple that the optimal prediction of a future disturbance is its 
expectation 0.

x x

u

f f( | ) ( | )

( )

k j k k k

k j i

j

i

i

j

+ = +

+ + -

-

-

=

-

W

W C

1

1

1

1

1

∑  (17)

From Eqs. (11), (16) and (17) we obtain the prediction of 
y(k+ j) at time k.

y H H H y

H u

f( | ) ( ) ( ) ( )

( )

k j k k k

k j i

j j

i

i

j

+ = - +

+ + -

- -

-

=

W W L W L

W C

1 1

1

1

j

∑ (18)

Equation (18) is just the  j-step-ahead predictor in the 
state-space form. Since the state observer is the only part of 
the predictor that requires explicit online computation, it 
needs to be stable to ensure the stability of the entire control 
system. This is an important problem that is not discussed in 
Ref. [2].

Theorem 1  If C[z −1] (as a function of z) has all its zeros 
inside the unit disk, then we can always find a realization 
(W, C, L, H   ) of Eq. (1) such that all the eigenvalues of 
W-LH are inside the unit disk.

Proof  Let
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Then it is not difficult to verify that (W, C, L, H   ) is 
a realization of Eq.  (1). Furthermore, we have
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It can be proved (the detailed proof is omitted due to 
limitation in space) that the eigenvalues of W-LH are the 
zeros of C[z −1] (as a function of z) and 0. Therefore, according 
to the hypothesis we have, all the eigenvalues of W-LH are 
inside the unit disk. 

In the sequel it will be assumed that C[z −1] (as a function 
of z ) has all its zeros inside the unit disk. From Theorem 1 
and Eq. (15) we also find that the convergence rate of the 
state observation error depends on the positions of the 
zeros.

4 The unified MIMO CARMA model 
j-step-ahead predictor

In this section we will obtain a unified j-step-ahead predictor 
for the MIMO CARMA model, based on the z-domain 
analysis of the state-space predictor we just derived. As a 
by-product, we will show the equivalence between the 
state-space and the traditional GPC predictors.

The Matrix Inversion Lemma of linear algebra (see Ref. 7 
[Appendix B.2]) is instrumental in the derivation in this 
section.

Lemma 1  (Matrix Inversion Lemma) If A, I+DA−1B are 
nonsingular, then

( ) ( )A BD A A B I DA B DA+ = - +− − − − − −1 1 1 1 1 1  (19)

We first use this lemma to show an interesting and deep 
result

Theorem 2  If Eqs. (12) and (13) hold, then

H I H C B( ) ( ) ( )z z z- + =W L C− − − −1 1 1 1  (20)

H I H I C A( ) ( ) ( )z z z- + = -W L L− − − −1 1 1 1  (21)

Proof The proofs of Eqs. (20) and (21) are similar, so 
here, we only give the proof of Eq. (20). Using the Matrix 
Inversion Lemma, we have

(zI-W+LH  )−1 = (zI-W)−1

-(zI-W)−1L[I+H(zI-W)−1L]−1H(zI-W)−1, 

therefore,

H(zI-W+LH)−1C = H(zI-W)−1C

-H(zI-W)−1L[I+H(zI-W)−1L]−1H(zI-W)−1C 

= G(z)-[T(z)-I]T-1 (z)G(z)
= T   −1(z)G(z) = C  −1(z −1)B(z −1). 

Now, denote the z-transforms of j(k), yf(k + j | k) by J(z), 
Yf(    j; z), respectively. Then it follows from Eq. (14) that

J ( ) ( ) [ ( ) ( )]z z z z= - + +I H U YW L C L−1  (22)

From Eq. (18) we obtain

Y H I H Y

H H I H

f( ; ) ( ) ( )

[ ( )( )

j z z z z

z

z

j

j

j

= - +

+ - - +

+

W W L L

W W L W L C

− −

− −

1 1

1 1

−− −∑ i i

i

j

zH UW C1

1

] ( )
=

 (23)

Let Gi  , Ti be the Markov parameters of G(z), T(z), 

respectively, i.e., G G( )z zi
i

i

= −

=

∞

∑
1

, T I T( )z zi
i

i

= + −

=

∞

∑
1

. This 

implies that for all i

G Hi
i= W C−1  (24)

T Hi
i= W L−1  (25)

We have the following lemmas:
Lemma 2  If Eqs. (12), (13), (24) and (25) hold, then

H I G GW W Cj j
i

i

i

j

z z z z( ) [ ( ) ]- = -− −

=
∑1

1

 (26)

H I T I TW W Lj j
i

i

i

j

z z z z( ) [ ( ) ]- = - -− −

=
∑1

1

 (27)

Proof  The proofs of Eqs. (26) and (27) are almost identical, 
so we only need to give the proof of Eq. (26). 

H I H
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H
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j i j i
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j i

z z

z z
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=

+ -

+ - -
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=

∞

∑

∑

1 1

1

1

1

1CCz z z zi

i j

j
i

i

i

j
−

= +

∞
−∑ ∑

1 1

= -
=

[ ( ) ].G G

Lemma 3  If Eqs. (12), (13), (24) and (25) hold and 
ji1, then

z z

z z z z

j

j
i

i

i

j

H I H

T I T T

W W L-

=

-

- +

= - -

1 1

1

1
1

( )

[ ( ) ] ( )

L −

− −∑
 

(28)

Proof  Using the Matrix Inversion Lemma, 

(zI-W+LH  )−1=(zI-W)−1

-(zI-W)−1L[I+H(zI-W)−1L]−1H(zI-W)−1. 

Therefore,

zHW   j−1(zI-W+LH  )−1L = zHW   j−1(zI-W)−1L

-zHW   j−1(zI-W)−1L[I+H(zI-W)−1L]−1H(zI-W)−1L

= - + -

= - -

z z zH I I H I

T I T T

W W L W Lj
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z z z
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Lemma 4  If Eqs. (12), (13), (24) and (25) hold and j i 1, 
then

H H I H

H

I T T G

W W L W L C

W C

j

j i i

i

j

j
i

i

z

z

z z z

-

- -

- - +

+

= +

1 1

1

1

1

( )( )

( ) ( )

−

=

− −

∑

(( )z
i

j

=

-

1

1

∑  (29)

Proof  The first term on the left side of Eq. (29) 
consists of two terms: H I HW W L Cj z( )- + −1  and 
− − −H H I HW L L Cj z1 1( )- +W . By Matrix Inversion 
Lemma,

H I H H IW W L C W W Cj jz z( ) ( )- + = -− −1 1

- - + - -H I I H I H IW W L W L W Cj z z z( ) [ ( ) ] ( )− − − −1 1 1 1

= - - - -
= =

z z z z z z z zj
i

i

i

j
j

i
i

i

j

[ ( ) ] [ ( ) ] ( ) ( )G G T I T T G− − −∑ ∑
1 1

1 .

By Eq. (25) and Theorem 2, we have 
−H H I H T T GW L W L Cj

jz z z− − −−1 1 1( ) ( ) ( )- + = . By 
Eq. (24), the second term on the left side of Eq. (29) 

z z zj i i

i

j
j

i
i

i

j
- -

= =

=H GW C1

1 1
∑ ∑ − . Hence, the left side of Eq. (29) 
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To simplify notation, for each j i1, we define the follow-
ing polynomial in z  −1

E I Tj i
i

i

j

z z[ ]− −∑1

1

1

= +
=

-

 (30)

Combining Lemmas 3 and 4, we arrive at the following 
z-domain characterization of the state-space j-step-ahead 
predictor

Theorem 3  If Eqs. (12), (13), (23) (25) and (30) hold, 
then

Y T E T Y

E T G U

f( ; ) [ ( ) [ ]] ( ) ( )

[ ] ( ) ( ) ( )

j z z z z z z

z z z z z

j
j

j
j

= -

+

− −

− −

1 1

1 1  (31)

In fact, Theorem 3 gives a unified MIMO j-step-ahead 
predictor using the frequency (input-output) domain lan-
guage. Although in this section this predictor is derived via 
the state-space predictor, it can also be derived using the pure 

input-output approach, which is omitted here due to the space 
limitation. To facilitate the use of this predictor, let us now 
express the right side of Eq. (31) in terms of A[z  −1], B[z  −1], 
C[z  −1]

Y I E C A Y

E C B

f ( ; ) ( [ ] [ ] [ ]) ( )

[ ] ( )

j z z z z z z

z z z

j
j

j
j

= -

+

− − − −

− − −

1 1 1 1

1 1 1 (( ) ( )z z−1 U  (32)

The polynomial-operator form of Eq. (32) is

y I E C A y

E C B

f( | ) ( [ ] [ ] [ ]) ( )

[ ] [ ]

k j k z z z z k

z z

j
j

j

+ = -

+

− − − −

− − −

1 1 1 1

1 1 1 [[ ] ( )z k j−1 u +  (33)

Likewise, we can express E  j[z  −1] in terms of A[z  −1], C[z  −1]. 
Note that since E  j[z  −1] is the partial sum of the power-series 
expansion of T(z), to compute it we need only to compute 
each Ti. From T(z) = A−1[z  −1]C[z  −1] it follows that for i i1

T C A Ti i i s s
s

i

= - -
=

-

0

1

∑  (34)

Thus, Eq.  (33) and its auxiliary Eqs.  (30) and (34) 
constitute a unified input-output j-step-ahead predictor for 
the CARMA model. This predictor is in explicit form, where-
as the predictor given in Ref. [8, Lemma 7.4.3] for the same 
purpose is in implicit form, hence the predictor given here is 
more convenient to be used.

In the SISO case, Eq. (33) reduces to

y
C E A

C
y

E B

C

f( | )
[ ] [ ] [ ]

[ ]
( )

[ ] [ ]

[

k j k z
z z z

z
k

z z

j j

j

+ =
-

+

− − −

−

− −

1 1 1

1

1 1

zz
k j−1]

( )u +  (35)

It is easy to see that Eq. (35) is exactly the traditional GPC 
j-step-ahead predictor derived using Diophantine equations, 
and we have thus completed a rigorous proof of the equiva-
lence between the state-space, CARMA-model-based, and 
traditional  j-step-ahead predictors.

5 Conclusions

Based on the state-space formulation given in Ref. [2] of the 
SISO GPC predictor, an MIMO extension is proposed. Then 
we carry out a frequency domain analysis of the predictor 
using the Matrix Inversion Lemma, and finally we obtain a 
complete CARMA-model-based  j-step-ahead predictor. This 
predictor is important for the MIMO systems in that it allows 
us to express the prediction directly in terms of the CARMA 
model and thus helps to simplify the GPC algorithm design.

Acknowledgements This work was supported by the National Natural 
Science Foundation of China (Grant No. 60404010).



103

References
 1. Clarke D W, Mohtadi C, Tuffs P S. Generalized predictive control, 

part I: the basic algorithm. Automatica. 1987, 23(2): 137−148
 2. Ordys A W, Clarke D W. A state-space description for GPC 

controllers. International Journal of Systems Science. 1993, 24(9): 
1727−1744

 3. Bitmead R R, Gevers M, Wertz V. Adaptive Optimal Control, the 
Thinking Man’S GPC. Sydney: Prentice Hall, 1990

 4. Albertos P, Ortega R. On generalized predictive control: two 
alternative formulations. Automatica. 1989, 25(5): 753−755

 5. Zhu K, Gorez R, Wertz V. Alternative algorithms for generalized 
predictive control. Systems and Control Letters, 1990, 15(2): 
169−173

 6. Warwick K, Peterka V. Optimal observer solution for predictive 
and LQG optimal control. In: Proceedings of IEE Conference on 
Control ’91. Edinburgh: IEE, 1991, 768−772 

 7. Astrom K J, Wittenmark B. Computer Controlled Systems. 3rd 
edition. Englewood Cliffs: Prentice Hall, 1997

 8. Goodwin G C, Sin K S. Adaptive Filtering Prediction and Control. 
Englewood Cliffs: Prentice Hall, 1984



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


