
Abstract As the strain sensing element of a structural health 
monitoring, the study and the application of the fibre-optic 
bragg grating (FBG) have been widely accepted. The accu-
racy of the FBG sensor is highly dependent on the physical 
and the mechanical properties of the strain interface transfer-
ring characteristics among the layers of bare optical fibre, 
protective coating, adhesive layer and host material. In 
this paper, firstly, the general expression of the multilayer 
interface strain transferring mechanism is derived. Secondly, 
based on the defined average strain, the error-modified 
equation of the FBG sensor is obtained. Finally, in the light of 
the embedded tube-packaged FBG and the fibre reinforced 
polymer-optical fibre bragg grating (FRP-OFBG) strain 
sensors, developed in the Harbin Institute of Technology 
(HIT), the corresponding strain transferring laws have been 
studied, and the corresponding error modification coefficients 
have also been given, which are validated by experiments. 
The research results provide theories for the development and 
application of the embedded FBG sensors.

Keywords FBG, strain sensor, strain interface transferring, 
error modification

1 Introduction

The structure of the fibre-optic strain sensors commonly 
includes the fibre-optic, a protective coating and an adhesive 
layer, but according to the different demands of installation 
techniques, other encapsulated materials can be added.

The influences to the strain transferring of every layer are 
different. In a mechanical structure, the biggest difference 
between the fibre-optic bragg grating (FBG) sensors and 
the fibre-optic strain sensors is that the former doesn’t have 
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protective coating, namely, the FBG is a bare optical fibre. 
While in application, encapsulations or protections are usu-
ally adopted. The material properties and dimension effects of 
the layers will certainly result in a discrepancy between the 
respondent strains of the FBG sensors and the practical ones, 
which are the main source of the system errors in an FBG 
sensor. The multilayer interface strain transferring mecha-
nism and the error modification are the bases of researching, 
developing and applying in FBG sensors.

The interface transferring properties of the fibre-optic sen-
sors have already brought correlative scholars to pay attention 
to this field, and some useful accomplishments have been 
gained. In 1991, Antonio Nanni [1] roughly gained the rela-
tionship between the testing strains of the fibre-optic sensors 
and the concrete strains, which is expressed as

e eoptical fibre concrete
protective coating

concrete pro

=
+

2E

E E ttective coating

Although Ansari [2], Duck [3] et al. also presented the cor-
responding fibre-optic sensing mechanical model, they didn’t 
consider the influence of the adhesive layer thickness and the 
encapsulated materials. Hence it is difficult to analyze the 
encapsulation and the installation techniques of the fibre-
optic sensors. The fibre-optic sensing model given by Lau 
et al. [4] ignored the effects of the shape of the host material 
and the practice applications while the optical fibre is longer 
though the influence of the adhesive layer was considered. So 
the problems induced by the protective coating, encapsulation 
and adhesive could not be well accounted for either. In the 
field of experiment and theory, there are a lot of works that 
have been done by some scholars in China [5−8].

This paper aims at the common situation of FBG strain 
sensing, and focuses on the strain sensing problem of the 
FBG sensors with protective coating embedded in the struc-
ture via an adhesive layer to derive the general expression 
of the multilayer interface strain transferring mechanism. 
Besides, based on the defined average strain, the error 
modified equation of the FBG sensor is obtained. Finally, in 
light of the embedded tube-packaged FBG and FRP-OFBG 
strain sensors developed in HIT, the corresponding strain 
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transferring laws have been studied, and the corresponding 
error modification coefficients have also been given and 
validated by experiments.

2 Interface transferring mechanism of an 
embedded FBG strain sensor

2.1 Cylindrical model and displacement relationship

First, in Figs. 1 and 2, given a rectangular section beam, under 
the basic sensing mode of a bare optical fibre, protective coat-
ing, adhesive layer and a host material, the FBG strain sens-
ing characteristics are analyzed mechanically. The deriving 
methods of the other form sections are similar. Fig. 3 (for the axial symmetry, showing a four-cylinder 

model), the relative displacements D are given by

u x x x u xh a p c( ) ( ) ( ) ( )= + +D D  (1)

Da a h a apx u r x u r x( ) ( ) ( )= -, ,  (2)

Dp p ap p cx u r x u r x( ) ( ) ( )= -, ,  (3)

where the symbols u xc ( ), u r xp ( , ), u r xa ( , )  and u xh ( )  rep-
resent the displacement of the optical fibre, protective coat-
ing, adhesive layer and the host material respectively. When 
x=0, the strains for all layers are mathematically identical, 
i.e.,

e e e eh a ap cr r r r, , , ,0 0 0 0( ) ( ) ( ) ( )= = =  (4)

2.2 Balance equation for infinitesimal element

1) Balance equation of fibre-optic infinitesimal element
Since the optical fibre is insensitive to the transverse 

stresses [9], the effects of the transverse normal and shear 
stresses are therefore ignored, and only the lengthwise normal 
and shear stresses are considered. By considering the axial 
forces equilibrium for an element of the optical fibre at arbi-
trary point x , shown in Fig. 4, we can obtain an equation 
simplified as

d

d 
c pc c

c

s tx

x

r x

r

( ) ( )
=-

2 ,
 (5)

Because the optical fibre is embedded in the host material 
and with the same axial symmetry, the circular cylindrical 
coordinates are shown in Fig. 2. Thereinto x  is the axial 
coordinate and r is the radial coordinate with the symbols rh, 
rap, rc and b represents the inner radii of the host material, the 
outer radii of the protective coating and bare fibre, which are 
respectively measured from the centre of the fibre core; 2 lf is 
the effective working length of the FBG sensors.

We introduce the following basic hypotheses. 
1) The optical fibre, proactive coating, adhesive layer and 

host material are in linear elastic isotropy.
2) All of the adhesive interfaces are continuous and satisfy 

the displacement compatibility. 
3) Without regard to the temperature effect. 
According to the hypotheses of displacement continuous-

ness, there is a relative displacement between the optical 
fibre and the host material, which results from the shear 
deformations of the protective coating and adhesive layer. In 

Fig. 1 Rectangular beam with the embedded optical fibre sensor

Fig. 2 Cylindrical model of optical fibre strain sensing

Fig. 3 Relationship of deformation for cylindrical model

Fig. 4 Infinitesimal element of optical fibre

2) Balance equation for infinitesimal element of 
protective coating and adhesive layer



94

Figure 5 is the infinitesimal element of the protective 
coating. According to the relationship of deformation com-
patibility, an approximate expression [10] can be obtained 
by

t tr x
r

r
r x r r r, ,( ) ( )= h hap

ap ap c ap,        (6)

t tr x
r

r
r x r r r, ,( ) ( )= hhap

ap ap ap h,        (7)

Considering the Fx =0∑ , we can obtain
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When r = rc, by Eq. (6), there is t tpc c c ap ap  r x r r x r, ,( ) ( )= , 

then the last equation becomes d

d
ps x

x

( )
=0, namely,

s sp aconstant, constantx x( ) ( )= =
 

(8)

and the axial displacements of the host material and the opti-
cal fibre and the relative displacements of the adhesive layer 
and the protective coating are given by
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Substituting Eqs. (12) and (13) into Eq. (1), making use of 
Eqs. (6) and (7), differentiated two times about x , and let
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We can obtain
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Considering Eqs. (5) and (10), noticing Eq. (7), when 

r = rh, t tr x
r
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then we obtain
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Let l = (l1, l2), consequently, Eqs. (15) and (17) can be 
unified as
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2.3 Solutions to equations

The complete solution to Eq. (18) is given by

t l lap apr x A x B x, cosh sinh( ) ( ) ( )= +  (19)

3) Relationship between normal and shear stress at a need 
testing point of the host material.

If the effective testing length of the optical fibre is less, we 
can regard

sh constantx( )=  (9)

On the contrary, if the effective testing length of the optical 
fibre is not less, according to material mechanics, we can 
realize
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where SZ
* represents the geometrical moment of inertia.

4) Balance equations of displacements and stresses
Due to the physics equations, we can learn
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Fig. 5 Infinitesimal element of protective layer



95

where A and B are integral constants decided by the boundary 
conditions. Considering Eq. (4), ec (rc, 0) = eh (rh, 0) and when 
x l= f  the fibre-optic axial force is zero, then

N r
E

E
N lc h c

c

h
c f,    0 02( ) ( )=s p =  (20)

where lf is the distance measured from the mid-beam (x=0) 
to the point of zero axial load of the fibre. Using the above 
boundary condition, constants A and B are obtained by

A
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Combining Eqs. (21) and (19) yields the final form of the 
shear stress distribution between the adhesive layer and the 
protective coating
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Further, the axial stress of the bare optic fibre sc x( ), can 
be determined by
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Considering the compatibility condition (Eq. (11)), the 
axial strain, ec x( ), in the fibre core region is given by
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where eh (0) is the axial strain of the host material at x=0.
From Eq. (24), it is clearly shown that the fibre-optic strain 

distribution along the axial direction is determined by the 
constant λ. This parameter is a function of the material prop-
erties, the geometric shape of the bare optical fibre, protective 
coating, adhesive layer, and host material (when the length of 
FGB sensor is not less). These properties and factors are the 
basic complications that affect the strain sensing rules. Con-
veniently these properties can be used to analyze the interface 
transferring mechanism of the FBG sensor.

2.4 General expression of multiplayer interface stain 
trasferring mechanism

Considering n-layer mediums between the optical fibre and 
the host material shown in Fig. 6, the analysis method and the 
solution format of the strain interface-transferring rule are 
completely the same. The only difference is in the eigenvalue 

λ. Based upon the above analysis, the eigenvalue λ can be 
written as the following unified expression
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The symbols r0, E0, ri and Gi represent the outer radii 
and the elastic modulus of the optical fibre, and the outer radii 
and the shear modulus of the ith layer encapsulated material, 
respectively.

3 Average strain of the FBG sensor

From Eq. (24), it is clear that there is a difference at the testing 
point between the axial strain of the optical fibre ( ec x( )) and 
the host material (eh(0)). If and only if x=0, then ec (0) = eh (0). 
While monitoring, we can not obtain the strain of every x  
where the FBG sensor is set up. Hence, in order to estimate 
the error between the testing strain of the FBG sensor and the 
practical strain of the host material and modify it, the average 
measured strain of the FBG sensor and the host material are 
defined as
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In addition, let e eh h= ( )0 , noticing Eq. (24), then the 
relationship of average strains is
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We define the error rate g and modified coefficient k as
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Fig. 6 Sketch of n-layer coating for optical fibre
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k=
1

1-g
 (29)

then

e eh c=k  (30)

This equation gives the relationship between the FBG 
sensor testing strain and the practical strain of the host mate-
rial, as well as affords the theory base for the analysis and 
modification of the system error.

4 Error analysis and modification

From the basic expressions Eqs. (42) and (43) of the FBG 
strain transfer, it is obvious that the FBG sensors have system 
errors, which are induced by the material properties and the 
geometry of the adhesive layer, protective coating and the 
bare optical fibre. Hence, it is a basic thing for us to accu-
rately estimate the testing errors as well as efficiently modify 
them correctly, applying available FBG sensors and develop-
ing a new type of sensor. Following that, we will analyze and 
research the interface strain transferring errors and modifica-
tion of the embedded tube-packaged FBG and FRP-OFBG 
sensors developed by us as well as give the influence on 
the interface strain transferring errors resulting from the geo-
metric factors and the physical properties of the sensors and 
modify them.

4.1 Interface transfer and error modification of embedded 
tube-packaged FBG sensor

Figure 7 is the sketch map of the tube-packaged FBG sensor 
embedded in the structures.

the adhesive layer, inner and outer radii of the metal tube and 
the outer radii of the fibre.

From Eq. (31), it is clear that because Ec and rc are con-
stants, the other variables, Ec, rc, rma and rh, are the main factors 
affecting the strain transferring errors. According to Eqs. (28) 
and (31), the function between the error rate η and the shear 
modulus is descending. Commonly, Gm>>Ga, from Eq. (31), 
the influence resulting from the metal tube (first item in the 
bracket) is much smaller than the one from the adhesive 
layer (second item in the bracket). Hence, while choosing the 
capillary metal tube, we especially research the influence on 
the strain transfer due to the shear modulus of the adhesive 
layers.

We chose the metal tube that has a shear modulus of 
80  GPa and an outer radius of 1.2  mm as the encapsulation. 
The shear modulus of the adhesive changes from 20 to 1 000  MPa, 
inner radius (adhesive layer) respectively is 0.2  mm, 0.4  mm, 
0.6  mm and 0.8  mm. Using Eq. (31), the numerical results of 
the error rate g caused by the shear modulus of the adhesive 
layers can be obtained and shown in Fig. 8, where dma = 2rma. 
Choosing an inner radius from 0.062  5−0.6  mm, the shear 
modulus of the adhesive layer are respectively 30, 50, 100, 
300 and 1  000  MPa, then the results of error rate g induced 
from the inner radius of the metal tube are shown in Fig. 9.

From Figs. 8 and 9, the theoretical predictions reveal that 
the strain transfer error rate g of the tube-packaged FBG drops 

According to Eq. (25) and the conformation of the tube-
packaged FBG sensor embedded in the structures, we can 
obtain λ as
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where the symbols Ec, Gm, Ga, rma, rh and rc represent the elastic 
modulus of the FBG, the shear modulus of the metal tube and 

Fig. 7 Tube-encapsulated FBG embedded in structure

Fig. 9 Influence of tube radius on strain transfer error rate

Fig. 8 Influence of adhesive shear modulus on strain transfer error rate
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against the shear modulus and rises against the thickness of 
the adhesive. For the shear modulus of the adhesive in 
30−200  MPa and inner radius between 62.5 and 200  µm, the 
error rate is about 5%−10%, and as a result, the error modifi-
cation must be considered in application. For the tube-
packaged FBG we chose, the shear modulus of the adhesive 
is 39  MPa and an inner radius of 77.5  µm, the error rate 
g = 9.92% and the modification coefficient k = 1.09  8.

4.2 Strain transfer errors and modification of embedded 
FRP-OFBG

The sketch map of the FRP-OFBG embedded in the structure 
is shown in Fig. 10. As a strain sensor, usually the FRP-
OFBG is shorter than the others, so the influence of the host 
materials can be ignored.

the same analysis, we can find that the CFRP-OFBG’S error 
rate is less than 2.5% under a radius of 1–10  mm and the shear 
modulus is 30, 20, 15 and 12.8  GPa, shown in Figs. 13 and 
14.

Fig. 10 FRP-OFBG embedded in structure

According to Eq. (25), taking i = 1, E0 = Ec, r0 = rc, r1 = rh 
and G1 = GFRP, then eigenvalue l of FRP-OFBG can be 
expressed as

l2

2

2
=

G

E r
r

r

FRP

c c
h

c

ln
 (32)

Similarly, because Ec and rc are constants, GFRP and rh are 
the main factors that affect the strain transferring errors.

Usually, the FRP-OFBG includes two kinds as GFRP-
OFBG and CFRP-OFBG. For the GFRP-OFBG, the shear 
modulus of the GFRP changes from 3–9  GPa and the diame-
ter of the GFRP bar is w2−20  mm. If the elastic modulus, 
radius and length of FBG are Ec = 70  GPa, rc = 6.25x10−2  mm, 
lf = 10  mm respectively, substituted into Eq. (28), the rela-
tionship between the shear modulus of GFRP and the error 
rate can be obtained and shown in Fig. 11. Similarly, when the 
radius of the GFRP is 1−10  mm and the shear modulus is 10, 
8, 4.9 and 3  GPa, the relationship of the radius and the error 
rate can be given and displayed in Fig. 12.

From Figs. 11 and 12, the theoretical predictions imply 
that the strain transfer error rate g of the GFRP reduces against 
the shear modulus and increases against the radius. For the 
shear modulus of the GFRP in 4−9  GPa and the diameter 
between 6 and 12  mm, the error rate is less than 4%. Consid-
ering the GFRP-OFBG smart composite bar developed by 
ourselves, the shear modulus is 4.9  GPa, and the diameter 
is w4, w6, and w10  mm respectively, and correspondingly, 
the error rate g is 3.11%, 3.29% and 3.5% while the error 
modification coefficient k is 1.032, 1.034 and 1.036. Using 

Fig. 11 Influence of GFRP shear modulus on strain transfer error rate

Fig. 12 Influence of GFRP radius on strain transfer error rate

Fig. 13 Influence of CFRP shear modulus on strain transfer error rate

In a word, whether it is the GFRP-OFBG or the CFRP-
OFBG, the error rate is less than 3.5%, and especially the 
CFRP is less than 2.5%. The main reason is that the shear 
modulus of CFRP is large. Because an error rate of 3.5% is 
allowed in application, the FRP-OFBG bars are not to be 
modified and the testing strain is thought to be precise.
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5 Example of error analysis and 
modification for FBG sensors

According to the above, owing to the low error rate of FRP-
OFBG (less than 3.5%), which meets the precision require-
ment, the strain it measures is exact and need not be modified. 
Moreover, the error rate of the embedded tube-packaged FBG 
sensors is between 5% and 10%, so it must be modified in 
application. 

In order to explain the correctness of the above theories as 
well as validating the results of modifying the FBG error rate, 
we find that there is an obvious difference in testing strains 
between the GFRP-OFBG and FBG sensors put into the same 
location of FRP concrete beam. However, the strain tested 
by the FBG coincides very well with the GFRP-OFBG after 
being modified by the above method. Not only is the correct-
ness of the theory analysis proved, but also the necessity of 
the error modification to the FBG sensors is explained. The 
result is shown in Fig. 15.

Fig. 14 Influence of CFRP on strain transfer error rate

mechanism was derived. Then, based on the defined average 
strain, the error modified equation of the FBG sensor was 
obtained. Finally, in the light of the embedded tube-packaged 
FBG and the FRP-OFBG strain sensors that we developed, 
the corresponding strain transferring error and laws were 
studied, and the corresponding error modification coefficients 
were given too, which were validated by experiments. 
Research indicated the following.

First, the interface transfer error of the fibre-optic sensors 
must be considered in an application.

Second, for CFRP-FBG smart composite bars whose 
shear modulus is more than 12  GPa and the outer diameter is 
w4−w10  mm, the error rate is between 1.92% and 2.16%, and 
the modification coefficient is 1.02−1.022. Moreover, to-
wards GFRP-FBG smart composite bars, when the shear 
modulus is larger than 4.9  GPa and the diameter changes 
from w4  mm to w10  mm, the error rate is 3.11%−3.5% and the 
modification coefficient between 1.034 and 1.036. So they 
need not to be modified.

Third, according to the tube-packaged FBG sensors, when 
the shear modulus of the adhesive ranges into 30−200  GPa 
and the outer diameter is less than 200  µm, the error rate 
is about 5%−10%, and it must be modified and the 
corresponding modification coefficient is 1.05−1.1.
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6 Conclusions

This paper studies an embedded FBG sensor. The general 
expression of a multilayer interface strain transferring 
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