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Abstract Obtaining the location of an unknown node
accurately is a key problem of a locating service under a ubig-
uitous computing environment. The paper proposes and
proves three theorems of location reference node placement
according to the analysis of the location error produced
during location using a polygon location method and three
important characteristics of chaos dynamics. Based on the
three theorems, the location reference node selection (LRNS)
algorithm is proposed by improving on the traditional poly-
gon location algorithm. The simulation results indicate that
the reference node placement theorems and the LRNS algo-
rithm can meet the requirements of a ubiquitous terminal’s
real-time location and possess a preferable precision in
location.

Keywords ubiquitous computing, locating service, loca-
tion error, reference nodes placement theorems, location
reference node selection algorithm

1 Introduction

In ubiquitous computing, context perception can provide
users with relevant information of their environment, and
nearly 80% of it is relevant to the location [1,2]. Therefore,
location services have become a key service among ubiqui-
tous computing services, which means that the location algo-
rithms designed to obtain the user’s position have become an
important topic in ubiquitous computing fields [3].

The most common procedures of existing location
algorithms can be divided as follows.
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1) Measure the distance between the reference nodes and
the unknown mobile node;

2) Estimate the unknown node’s position;

3) Optimize and update the unknown node’s position
through iteration [4—7].

These algorithms can obtain the node’s position with a
certain degree of accuracy. However, if ranging errors exist
in the first step, an accumulation of errors will occur in the
succeeding steps. How do we reduce the accumulated error
and obtain the smallest possible location error? The related
studies and algorithms for reducing location errors are few.

Some important conclusions are proved in mathematics
in this paper. If the reference nodes are placed as equilateral
triangles, the location errors will be reduced to the smallest
number, and what’s more, the reference nodes are placed as
Sierpinski triangle [8] based on the polygon dynamic geo-
metry, so the errors may be even smaller. Hence, the LRNS
algorithm is presented. As simulation results indicate, the
algorithm has several strong points such as high location
accuracy, fewer calculations, and good real-time performance,
which can be applied to the ubiquitous terminals’ real-time
locating and tracking, and meets ubiquitous computing
location requirements.

2 Reference nodes placement theorems
2.1 The principle of polygons location

Definiens 1 The unknown nodes are termed as positioning
nodes only if they need to be located, and they are either users
with a ubiquitous terminal or wireless communication termi-
nals. The reference nodes are nodes (sensors or base stations)
that have data on their own position.

In two-dimensional space, if the reference node’s two
coordinates are known, the node’s location can be calculated
by the distances among the nodes, but the positioning node’s
coordinate may be uncertain. The reason is that two circles
will bring two intersection points but will not be able to deter-
mine the location coordinate. Therefore, an unknown node
needs to use at least three reference nodes to locate itself in
two-dimensional space.
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Assuming that there are three different reference nodes,
pi=(x, ) (i=1,2,3), in order to get the location of posi-
tioning node’s coordinate p(x, y), the distance », =d (p, p,)
between p and p; needs to be measured by using time of
arrival (TOA) method [9].

According to the polygon location algorithm, we know the
following equations

(x_x1)2 +(y_y1)2 = rlz
(X—X2)2 +(y_yz)2 = rzz
(x_xs)z +(y_y3)2 :’32

Get the equations’ root

1

x:E(le(yl =) =20y, —»,))
1

yZE(ZTz(x] —x,) =27 (x, — x;))

where Ty, = > —r?—x2+x2 =y +y % T =r —r2—x2+
X2 =y i, A = 4((x —x) (1 —3) — () —x3) (1 —)»)) and
A? is called location operator.

If p,, p,, and p; are in the same line, location operator
A?>=0, at this moment, the root of the equations above is
infinite, which means node p could not be located by those
three reference nodes p; (i = 1, 2, 3). Therefore, in an actual
location situation, the value of operator A? can be used to
judge whether the node could be located or not. Furthermore,
we should avoid making the three reference nodes in a line.

Based on the same principle, in three-dimensional space,
the position of a node’s coordinates can be obtained accord-
ing to the distances between the positioning node and the four
different reference nodes. But mostly, in ubiquitous com-
puting, two-dimensional coordinate is commonly used. In
this way, this paper is focused on the placement of the refer-
ence nodes in two-dimensional coordinate, aiming at a better
positioning service for ubiquitous computing.

2.2 Reference nodes’ placement theorems

The distance between the nodes is calculated under the
assumption that the measurement is reliable; however, mea-
surement errors are really inevitable. In the following state-
ments, we will assume that the errors are in the range (0,
+¢), in which ¢ > 0. That is, if the actual distance between the
two nodes is 7, the actual measurement is between (7, +¢). In
the case of existing errors, the three circles will no longer
intersect at a point, but will form a small area. As is shown in
Fig. 1.

The small area enclosed by the three circles in Fig. 1 is
noted as C,. The size of C, shows the degree of the location
error. In order to identify the location node P’s coordinate
(x, v), we should first find the three reference nodes’ coordi-
nates (x,, y,), i = 1, 2, 3, then measure the distance between
the positioning node and the reference node r;, and get the
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Fig. 1 The location error area with distance measurement errors

error of distance measurement ¢;. Finally, we can obtain the
following equations

C, ={ ) |(xr—x) +(y—y)'<(;+8),

(xfxi)z'f'(y*yi)z)(riisi)z} (1)
Cp={(x,y)|xeﬂcp‘,yencp’} 2)
S, ={»)|x*+y* =g’ >0} €)

As each reference node is measured independently, we can
simplify the program by assuming that the distance measure-
ment error is equal, that is ¢, =¢, i =1, 2, 3. In this way, if
£=0, points set C, will become one point in Eq. (2), while if
£>0, C, will be a small protruding region and the size of C,
means value of location error.

Suppose [, is a line passing through point p and point p;,
intersects the circle S, in Eq. (3) at two points ¢,/ = 1, 2. Let
S,’s tangent l~qij cross q;;, then the region C,, will be a hexagon
between line ,;, and [,,,. Set C,, = C,iNC,2NC,5 as Fig. 2
shows. If the measurement error ¢ is tiny, C,’s edging region
can be linearized, and can be estimated as C,. Thus, the loca-
tion problem of positioning mode in two-dimensional space
could be translated into how to place three reference nodes to
make the area size of C,, interpreted as S( C,), minimized.

Fig.2 An analysis of the location errors



Definiens 2 Suppose subset SCR”, V X,€S,X,€ S, X, # X,
where V A€[0, 1], we can approve that AX, +(1 —A)X,eS is
true and S is a convex set.

Definiens 3 Assume S is a convex set, VX, €S, X,€S,
X, # X, YA€[0, 1], and f(AX,+(1—=D)X)<fX)+(1—12)
f(%,) is true, we define f(X) as a convex function in convex set
S.

Lemma 1 Suppose S is a convex set, f(X) is a smooth
function based upon S, V X€ S, 3 f"(X) =0, then f(X) is called
as a convex function in convex set S.

Lemma 2 For the convex function f(X), defined in
subset S, Vm points X, X,, X5, , X,,, 3 f{(Um)Q+X,+X5
+. ) <(Um) {fX)+fQ)+f0G)+...+f(X,)}, the
inequalities become equality only if X, =X, = ... =X,,.

Theorem 1 Suppose ¢ is the angle (acute angle) between
vector pp; and p;p, if a;, = 0y = ay; = /3, §( (N,’p) achieves
the minimum value. That is, if the three reference nodes form
an equilateral triangle, the positioning node’s location error
will be the smallest. At the same time, the three reference
nodes shape a smallest location unit in the two-dimensional
space.

Proof Based on Fig. 2, we can draw all six tangents for
circle S, and gain Fig. 3, for convenience in the arrangement;
we make some minor adjustments in alphabetical labeling.

P

Legend:

Fig.3 The error area in location

Since the region constructed by C , 1s a circumscribed
hexagon S,, we can know that the following polygons are
congruent using simple primary geometry

pbeaiby=pbsasby; pba,b,=pb,asbs; pbrasbs=pbsasbg
thus
S(Cy) = 28(baaashs)

As Apbga,=Apa,b,, the length of line pb, is exactly rang-
ing error ¢; therefore, the following equations are established

lahy [=stan 225 S(Apab) =~ | pb | ah |= ~o tan 2
2 2 2
S(pb,ab)=2S(Apah,) = ¢ tan %
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Similarly

S(pha,b,) = &’ tan %; S(pb,a,b,) = ¢’ tan %

Thus

S(Cr) = 2S(b,a,a,ab,)
= 2(S(Pb6a1b1 ) + S(pb1a2b2 ) + S(pb2a3b3 ))

22(82 tan 234 ¢ tan 2B 4% tan aﬁ)
2 2 2
That is
~ o o o
S(C,)=2¢"|tan —*+tan —= +tan = 4
() ( 2 5 5 4

Regarding a,,, a,;, 0,3, the following relational formula
exists

a12+0623+0!13 =T

When 0<x<n/2, (tan x)”" =2tan x(1+tan x)>0, the
following formula can be derived by Lemma 1 and Lemma 2

= 1
S(CP) = 632 —| tan Ocl + tan aﬁ + tan O‘i >

66 tan Oy + 0y + 0y

—6¢’ tan =~ 5)
6

When a,, = a,; = a; =n/3, the equality happens in
Eq. (5). When the three reference nodes’ positions form
an equilateral triangle, the error of the positioning node is
minimized. Meanwhile, since the location needs at least three
reference points in two-dimensional space, the reference
nodes that form the equilateral triangle become the smallest
location unit in the two-dimensional space.

Theorem 2 If the distance between the reference nodes
and the positioning node is beyond the signal transmission
scope, it needs to increase the number of reference nodes
around the original reference nodes in order to form new
equilateral triangles. The coordinates of the new-added refer-
ence nodes can be calculated with the original ones. It is obvi-
ous that the reference node’s coordinates are topologically
replicative.

Proof 1t is easy to calculate that the reference nodes can be
topologically replicated as Fig. 4 shows. Assume that 4, B, C
are the original three reference nodes, and arrange them as an
equilateral triangle whose edge length is equal to 2a. Take
AABC as the original triangle seamlessly duplicates in turn.
Let AABC’s gravity O be the origin point of coordinates, we
could get the coordinate system as in Fig. 4

Dot 4, B, C are reference nodes with known position
and their coordinates are 4 (—a/2, \/ga/3), B(a/2, \/ga/3),
C(o, —Zx/ga/3) respectively. The points 4,, B, C, are the
unknown points obtained by A4BC’s edges first topological
duplication. The coordinates of 4,, B, and C, can be easily
obtained by studying the relations between the equilateral
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Fig. 4 Topological duplication of the reference nodes

triangle’s edge and angle, and denoted as 4,(a, —2\/561/3),
Bi(—a, -2\[3a/3), C,(0, 4v/3a/3) respectively. Analyzing this
in sequence, other unknown nodes’ positions could be gained.
It can be seen that placing the reference nodes in the indoor
environment, as long as we know the coordinates of an equi-
lateral triangle, we could then determine the other reference
nodes’ coordinates by topological duplication. Fig. 4 only
shows the partial duplication results. To satisfy the actual
need, the reference nodes may be extended further.

Theorem 3 7 (integer n > 1) equilateral triangles are used
to compute the positioning nodes’ position. As n increases,
the unknown node location error will decrease. If n makes an
unlimited increase which tends to be infinite, the location
error tends to be a constant ne? (¢ for the ranging error). So the
location error is convergent.

Proof

1) If n =1, by Theorem 1, the reference nodes placed
equilateral triangle constitutes the smallest unit of the plane’s
location, which means the smallest of the positioning errors.
Let C, be the possible region that unknown node exist, the
positioning error is about S (G, )=2+/3 .

2) If n=2, by Theorem 2, we can see that the reference
nodes’ topological layout can be duplicated, and the rules of
topological duplication is uniquely determined. When n = 2,

€

(b

around the positioning point, a new error region is formed and
denoted as C, . Therefore, the region that the unknown node
may exist in can be denotedas C, =C, N C,.here C,cC,

and C,cC, If n>2, followed by analogy,
C—CﬂCﬂﬂCﬂﬂC,andCc{

C, ..., C, }.So,seen from the area, the formula S(C )<m1n
{S(C ) S(C,,),.s S(C,),..., S(C, )} is right. That is to

say, the processmg of an equilateral triangle topological
duplication, the positioning node’s error will decrease cease-
lessly.

3) Due to the ranging error &, no matter how 7 increases,
the area error of the positioning node would not decrease
continuously, but in a trend towards a constant value. The
constant will be given as follows. First, the topological dupli-
cations have been done respectively according to the three
edges of the equilateral triangle. Changes of error area are
shown in Fig. 5. Among them, Fig. 5(a) shows that three new
equilateral triangles are added to locate the unknown node,
and also three new reference nodes 4,, B,, C, added through
first topological duplication. The different location error
regions of the two reference nodes placement methods are
shown in Fig. 5(b), which is in Fig. 5(a) A4BC internal map
partial enlarged to show the error regional intersection.
The respective error regions and its intersection geometry
are shown in Fig. 5(c). The regions’ formal descriptions are
given, too.

For the initial equilateral triangle A4BC, error region of
positioning p is marked as C, . the area of which can be
obtained by Eq. (5) in Theorem 1’s proof

S(Cp) =243

By topological duplication, three new triangles A4,BC,
AAB,C, AABC, are added to the location. Since the original
reference nodes 4, B, C make no new contributions to locate
the positioning node, we add a new 4,, B,, C, to make contri-
butions, and the newly added 4,, B,, C, constitute a new equi-
lateral triangle A4,B,C,. Import a new error region C,, and
intersecting with C, . The Circle S, is a common part of
both. Outside of the §,, seen from Flg. 5(b), the six small
regions of C, separated by S, are re-intersected by C,.
Suppose that outside the round, the common region obtained
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Fig. 5 Location error area decreases after topological duplication



through each small region intersection is 1/c of the original
C,’s small region, where ¢ >1 and c is a constant. By deduc-
tion, the area of C,=C, ﬂCpl, named as S(C,, ), can be
obtained as follows:

236 — e . 2438 N
c

S(E’p,)zf—kns = el e

e

c

L@+ e (6)
c c
Regard AA4,B,C, as an equilateral triangle again, we
topologically duplicate the three edges respectively, three
new vertices 4,, B,, C, are then introduced, and what’s more,
we introduce a new error region C,, so that the area of

¢, =C,NC, NC,, named as § (C,) can be obtained as
follows

1{ 24362 + (c—mne? B

S((prz)z— ne’ |+ me’
¢ ¢
24/3¢? —Dmé’ —1
_ \/} +(c 2)1'[8 +c e
c c ¢
1, ~ —1
:ZS(C,,,)+CC ne? 7

By iterative topological duplication, we can deduce the
next iterative relationship according to Egs. (6) and (7)

S(Cp) =243

- 1.~ —1
S(Cr)==S(Cp )+ e’ (8)
¢ ¢
Solve the difference equations
2 J— J—
S(Cp,)= 2\/58 + < - lnsz + Cn_ll ne’ + ...
c c
-1 —1
+< —me’ + o ne )
¢ ¢
If n tends to infinity, limit Eq. (9), we will get
2 — —
lim S(C,,) = lim (z‘ffg + e e
n—>+oo n—>+oo C C
- -1
+ c—21 e’ + S e )
¢ ¢
c—1
=X ng’ =g’ (10
1
1_ —
¢

The physical meaning of Eq. (10) is that after the intro-
duction of countless equilateral triangles, contributions to the
error region are concentrated in the exterior circle S, until six
small error regions are all eliminated due to iteration. But
owing to the ranging error &, no matter how many reference
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nodes are added, there would be no contribution to the
interior of the circle S,. Therefore, after repeated topological
duplication, the error tends to be a constant ¢2. That is to say,
the location error converges.

An iteration of topological duplication is presented theo-
retically in Theorem 3. In fact, due to the influence of the size
of the indoor space, the medium of communication between
nodes and other factors, the number of new added reference
nodes is limited. In this instance, during each iteration, the
initial equilateral triangle is termed as the basic unit for
topological duplication, which constitutes the seamless tiled
structure around the initial equilateral triangle. Then, the new
reference nodes grow and occupy small space, which are
more suitable for actual applications.

2.3 Chaos Dynamics implied the theorems

In ubiquitous computing, a key problem of location is how to
place the reference nodes. Theorem 1 shows that an equilat-
eral triangle constitutes the basic location unit in a two-
dimensional space, that is to say location “initial sensitivity”.
Theorem 2 indicates that the mobile positioning nodes can be
tracked efficiently. And the “replicable topology” can be used
to add new reference nodes. Theorem 3 proves that the loca-
tion error of positioning nodes will not reduce infinitely, but
to a constant, which is interpreted as a “period astringency”.
These are exactly in agreement with the three key character-
istics of a chaotic dynamical system.

Equation (8) gives the initial condition and the iterative
difference equations according to the location error, which
are regarded as chaos dynamics equations. The long status of
the dynamic equations enables the location error to be a con-
stant we?. The evolution process of the dynamic system is
directly expressed in Fig. 4 in view of geometry; it is shaped
as a Sierpinski triangle, which means self-similarity, see
Ref. [10], we can get the fractal dimension of the topology
shown in Fig. 4, whichis D =1n 3 /1n 2 = 1.584 96.

In actual application, the reference nodes of the initial
equilateral triangle should be placed subject to the size of the
indoor space and the wireless transmission medium among
the nodes. Considering the location of the positioning node,
it is impossible to make all the reference nodes added by
the topological duplication participate in location at one time.
The selection of reference nodes is concerned with the
following factors.

1) The threshold value of the location error. The more
iteration, the slower the error area decreases. Therefore, we
can set a threshold of the location error, beyond which the
topological duplication stops;

2) Convergence delay. As the number of reference nodes
increases, the location costs increase, and the real-time
performance weakens;

3) Complexity of the calculation. Limited to ubiquitous
terminals’ capacities; the amount of the location computing
should be as small as possible. In general, we can look for the
reference nodes around the positioning node as Fig. 6 shows.
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Six reference nodes can then be obtained by topological
duplication based on the initial triangle, which constitutes the
optimal computing unit of LRNS algorithm.

B C 4,

Fig. 6 The optimal computing unit of the LRNS algorithm

3 The location reference selection
algorithm

In ubiquitous computing, the location algorithms aim at how
to use the existing reference nodes to the position, to track a
mobile terminal and obtain its movement track [11,12]. Ordi-
nary ubiquitous terminals work under a resource-constrained
environment, which means limited computing power, storage
capacity and communications capability. However, the tradi-
tional polygon location algorithm requires much time and
space costs, so it is extremely difficult to apply to a resource-
constrained ubiquitous terminal [13]. Based on the reference
nodes’ theorems, the LRNS algorithm is presented to replace
traditional algorithms.

3.1 The traditional polygon location algorithm

To compare with the LRNS algorithm presented in this paper,
we will describe a traditional polygon location algorithm as
follows.

1) Each reference node sends broadcasting packets,
including location information denoted as {ID, T, (a, b)}.
ID is identification of the reference node. T, is time when
the message is sent and (a, b) is its coordinate;

2) In virtue of the received multiple broadcasting packets,
the parameters 7,4 and 7, can be updated. Then, the dis-
tance between the two nodes can be computed according to
Tyt = Tec — Tiena- Consequently, the unknown node’s position
can be approximated with the first three packets;

3) For all N received packets, take 3 packets out of N, we
will get C; combinations. Calculate the distance between the
two nodes respectively and decide whether they are in a line
or not;

4) For each group’s nodes which are not in a line, com-
puting the unknown node’s position respectively, we will get
estimated positions {L,, L, ...};

5) Average elements of the estimated positions set, get
estimated position of the unknown node L,,. Then, the
algorithm comes to an end.

avg*

Obviously, the traditional polygon location algorithm
roughly calculates the unknown node’s position at first, and
then improves the locating precision through multiple similar
iterative processes. With the interests of the reference nodes’
amount, the algorithm will exponentially increase. In con-
clusion, the traditional algorithm is unable to meet the
requirements of real-time positioning.

3.2 The location reference nodes selection algorithm

Based on theorems presented above, it is essential to place
reference nodes as multiple equilateral triangles, which spread
out seamlessly in the possible region of positioning node. The
LRNS algorithm is described as follows.

1) Each reference node sends broadcasting packets,
including location information denoted as {ID, T...,, (a, b)},
and ID is identification of the reference node. T4 is time
when the message is sent, and (a, b) are its coordinates;

2) The unknown node receives multiple broadcasting
packets. For N received packets, combine Cj times. During
each combination, compute the distance between two nodes
respectively using Tz = Tiee — Tuena» and then judge whether
the three reference nodes can form an equilateral triangle;

3) Roughly compute the unknown node’s position using
the initial equilateral triangle;

4) As for each equilateral triangle, meeting requirements,
we compute the unknown node’s position respectively and
get a location set {L,, L, ...};

5) Average elements in the estimation positions set, termed
as L,,, then L,, is the estimated position of the unknown
node. The algorithm comes to an end.

The LRNS algorithm has several advantages, such as
fewer calculations, high real-time performance, and small
location errors. In this way, it can be used to carry out real-
time tracking to mobile users and meet location needs under
the ubiquitous computing environment perfectly.

4 Location error analyses

Mainly, factors that affect the location error are: 1) measure-
ment error of the distance between the nodes; 2) the number
of reference nodes that are included in the location; 3) the
relative geometric position of the reference nodes.

Compare the location error introduced by the reference
nodes placement according to the three theorems with error
brought in by random placement, we know performances of
the placement theorems and LRNS algorithm.

First, compute the location errors introduced by placing
the reference nodes based on the theorems. Seen from
Theorem 1, the location error will be the smallest if the loca-
tion reference nodes are placed as an equilateral triangle. By
computing Eq. (5) in Sect. 2.2, minimum value of location
error can be obtained as follows

S(Cp) =238 (11)



According to Theorem 2 and Theorem 3, use the topology
duplication to introduce new reference nodes. Then, we can
further reduce the location error, which tends to be we? as the
reference nodes increase.

Secondly, compute the location error introduced by the
random reference nodes placement. This error is related to the
triangle composed reference nodes. Now compute the math-
ematical expectation of error E[S ( C,,)], namely the average
error area. Integrated with and substitutes Eq. (4) in Sect. 2.2,
E[S(C,, )] is expressed as

E[S(épo )] = 252E[tan %—i— tan %4— tan %]

For convenience of the calculation and deduction, we
replace 0, , 0, @13 by X, ¥, z, then x, y, zand x+y+z = m.
Eliminate the unknown variable z, we have

E[S(C,,)]=2¢E| tan =+ tan 2 + cot Xty (12)
2 2 2
Since the variable x, y follows the uniform distribution
in region D, D = {(x, y)|]x>0, y>0, x+y<n}, the joint
probability density function of x, y is

foy) =2

2
T

Substitute it into Eq. (12), we get

E[S(apu)]=282E[tan %+tan %Jrcot x—;—y:l

4¢?
= iz”(tan g—Han %-H:ot x—;y)dxdy
T D

4 ((pnpa-x X ¥ x+y
=— tan —+ tan =+ cot dydx
2 Uoj-o ( 2 2 2 4

4’ (¢ n X T X
=?(J'O(n—x)tande—4j‘olnsm5dx)

(13)
Through the previous deduction of Eq. (13) we have

J;(Tc—x)tan %dx=—2((n—x)lncos§|g
n X n X
+_[0 lncoszdx)z—Z_[o lncosde(14)

Substitute the result of Eq. (14) into Eq. (13), and do
suitable variable replacement and the computation, we can
know
4¢’

2

T

= (ﬁln 2) ¢’
T

Introducing new reference nodes can further improve
location error. At the same time this error will tend to be ne?
as the reference nodes grow. Undoubtedly, it requires more
calculation and consumes more processing costs.

E[S((pr0 )] = (—2_[21ncos§dx—4j§lnsin§ dx)

(15)
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Finally, compare Eq. (11) with Eq. (15), the result indi-
cates that placing reference nodes according to the reference
nodes placement theorems can reduce the location error and
improve the location precision. The improvement in location
precision is termed S, and computed as

(24 In 2) 2 — 2432
T

(241n 2)82
T

After computing the location error in an improved
situation, we have noted that the location accuracy can be
improved by 34.9% based on an equilateral triangle accord-
ing to the three theorems. The errors will be further reduced
through equilateral triangles topology duplication. By the
way, the above analysis is on the assumption that the distance
measurement error is . However, in the actual location, there
are all kinds of uncertain factors, which means that the ideal
value for location accuracy is unattainable. What’s more,
placing reference nodes with a purpose can improve the
location accuracy of the unknown node effectively.

=34.9%

B =

5 Simulation experiments and the
algorithm evaluation

5.1 Simulation environment and test methods

Three methods have been used in the test of reference nodes
placement theorems and the LRNS algorithm.

1) Using MATLAB to compute for the location error, and
inspect the changing tendency as of reference increase;

2) Test the real-time performance on the platform of
Webit5.0;

3) Simulate the wireless environment of a polygon loca-
tion algorithm by ns-2, and validate the performance of the
LRNS algorithm proposed in this paper by importing noises
or other interference factors such as distance measurement
error.

Webit5.0 is a ubiquitous terminal. It is developed indepen-
dently by the embedded technology laboratory of Liaoning
Province. Its master control chip is 8-bits micro controller
AVR Atmegal28. WebitOS5.0 is an embedded real-time
operating system based on priority preempted. WebitOS5.0
has a light TCP/IP protocol stack, and supports hard real-time
application and communications between equipment. The
reason that we chose this platform for testing is to argue
whether the location algorithm can run in the equipment with
limited resources and whether it can satisfy the mobile users’
real-time tracking and location services.

5.2 Analysis and validation of the three theorems

The location error of the positioning node is affected by
factors such as distance measurement error ¢ and the number
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Fig. 7 The effects of ¢ and n to location errors

of reference nodes participating in location n. Consider that
the location errors vary with ¢ and n, values respectively by
MATLAB. As we know, indoor distance measurement error
varies from several centimeters to dozens of centimeters. To
discuss, we select four different measurement errors: 20 cm,
15 cm, 10 cm, and 5 cm. The test results are shown in Fig. 7.

Seen from Fig. 7, the distance measurement error greatly
influences the location error area. In addition, they follow a
square relationship. So during actual location computing, we
should do our best to improve the accuracy of the distance.
Also, the number of reference nodes has a great influence on
the location error. When the reference nodes increases, the
location error decreases exponentially. If the number of refer-
ence nodes is larger than 6, the error decreases slowly. It is
worth noting that the location error tends to be a constant if
the number of reference nodes increases unlimitedly, which
validates Theorem 3.

In the instance of the same distance error, decreasing the
location error can result in the increase of reference nodes,
and then the growth in communication and computing
between nodes. That is to say, the real-time performance and
the success rate of locating will get worse. In Fig. 8, we chose
200 nodes, each node has been located 500 times, and the
average location error is computed as well as the success rate
of locating. To reflect the reality better, three kinds of simula-
tion tests have been taken: 1) with location signal, but no
noise and disturbance; 2) adding noise a bit; 3) Join a few
noise and disturbance signal. The result is shown in Fig. 8.
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Fig. 8 Location error area vs. location success ratio

As seen from the left top figure of Fig. 7, when ¢ = 20 cm,
the location error s = 0.129 1 m?, the number of the reference
nodes n = 6, as the abscissa indicates. In Fig. 8, set the area
of location error 0.129 1 m?, viz. choose 6 reference nodes to
locate, the average success rate of location is about 85%,
which seems really high. When the location error is smaller
than this value, viz. more reference nodes participating in the
iterative operation, the success rate of location descends
rapidly since the computation becomes very complex or the
delay in computation gets too large. This validates the optimal



computation unit of LRNS algorithm shown in Fig. 6.
Assume that the side length of the equilateral triangle com-
posed of the reference nodes is 4.6 m; the distance of signal
transmission between nodes is in the range of [5.3 m, 7.1 m].
6.2 m in the simulation ensures the 6 reference nodes sur-
rounding the location node can communicate with each other,
but cannot communicate with other nodes randomly.

5.3 Comparison between the LRNS algorithm and the
traditional algorithm

The LRNS algorithm proposed in this paper is an improve-
ment of the traditional polygon location algorithm according
to the theorems. Now compare the LRNS algorithm with the
traditional algorithm in three different aspects: location error,
location real-time performance and position tail track.

5.3.1 Location error

For simulation, 21 nodes have been built randomly by ns-2,
select two placement modes, and their communication dis-
tance is 6.2 m. The placement of reference nodes has two
solutions, one is the method according to the reference node
placement theorems, and the other using random placement.
The relationship between the location error and the number of
reference nodes is shown in Fig. 9.
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Fig. 9 Location error area compared between the both algorithms

As seen from Fig. 9, with the increase of reference nodes,
the location error of an unknown node decreases. The
decrease seems to be smart in the beginning and slows down
later. When the number of reference node is about 6, there is
a great difference of the location error area between the two
algorithms, and the LRNS algorithm performs better. When
the number of reference nodes number goes beyond 10, the
traditional polygon location algorithm behaves better. Why?
Because the number of equilateral triangle grows slower than
the in-equilateral triangle with the increasing of reference
nodes, and the number of the new reference nodes participat-
ing in the location is less. At the same time, the calculations
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of the traditional polygon location algorithm increases expo-
nentially, which means getting a higher location precision by
increasing computation.

5.3.2 Real-time performance

On the platform of the Webit5.0, we can compare the perfor-
mances of the two algorithms with various numbers of refer-
ence nodes 7, especially the real-time performance. In this
experiment, only 12 reference nodes are used because of
the capacity limitation of Webit5.0. The result is shown in
Fig. 10.
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Fig. 10 Reference nodes vs. cost positioning time

From the experimental results, when the number of refer-
ence nodes is about 6, the time cost of LRNS algorithm is
about 66.0 ms, and the traditional polygon location algorithm
is about 216.0 ms. Especially, along with the increasing of
reference nodes, the time cost of the latter will increase
according to power law, while the time cost of LRNS algo-
rithm tends to be linear. In other words, to guarantee the
real-time positioning with a small location error in an indoor
environment, we shouldn’t take many into location comput-
ing. Once the optimal computing unit is formed, location
costs would only be tens of milliseconds. Thus, the LRNS
algorithm meets the requirements of real-time positioning.

5.3.3 Positioning track

To compare performances between the proposed LRNS algo-
rithm and the traditional polygons location algorithm, we use
ns-2 to simulate a 21.0 m x 15.0 m indoor environment.
We place 21 reference nodes and one mobile positioning node
by random placement and by the above reference nodes place-
ment theorems respectively. The results show that mobile
speed of the positioning node is about 0.7 m/s, which is the
average indoor walking speed. With the movement of the
node, the number of reference nodes within its communica-
tion radius changes correspondingly, and also the reference
nodes in the positioning. Therefore, we can do some
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comparisons between the positioning tracks by the two
algorithms and the real mobile track. Error is on the level of
centimeter. Easy to display, we only give part of the results in
Fig. 11.
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Clearly, the proposed LRNS algorithm is more accurate
than the traditional polygon algorithm. Furthermore, the
positioning track by LRNS algorithm is close to the actual
walking track.

6 Conclusions

It is obvious that positioning of an unknown node accurately
is a key problem of location services in ubiquitous comput-
ing. To sum up, the paper is organized in the following way.
First, reducing the location error is analyzed. Also, three theo-
rems about reference nodes placement are presented and
proved. The three theorems accord with the chaotic dynamic
system and provide a theoretical basis for reference nodes
placement in two-dimensional space. Secondly, the reference
nodes selection algorithm is presented on the basis of the
improvement to the polygons location algorithm according
to the three theorems. It is proved that it cannot only reduce

location error but meet the real-time location requirements.
Finally, the placement theorems of reference nodes and the
location reference nodes selection algorithm are validated
through simulation.

Acknowledgements This work was supported by the National Natural
Science Foundation of China (Grant No. 69873007), the Hi-Tech Research
and Development Program of China (No. 2001 AA415320).

References

1. Steer D, Fauconnier D. Location services architecture for future
mobile networks. IEEE VTC’2000-Spring. Tokyo: IEEE Press,
2000, 1362—-1366

2. Cabri G, Leonardi L, Mamei M, et al. Location-dependent
services for mobile users. IEEE Transactions on Systems Man and
Cybernetics, Part A, 2003, 33(6): 667-681

3. Hightower J, Borriello G. Location systems for ubiquitous
computing. IEEE Computers, 2001, 34(8): 57-66

4. Niculescu D, Nath B Ad-hoc positioning system. IEEE GLOBE-
COM 2001. New York: IEEE Press, 2001, 2926-2931

5. Savarese C, Langendoen K, Rabaey J. Robust positioning algo-
rithms for distributed Ad-hoc wireless sensor networks. Proceed-
ings of the USENIX Technical Annual Conference. Monterey:
USENIX Association, 2002, 317-328

6. Savvides A, Park H, Srivastava M. The bits and flops of the N-hop
multi-lateration primitive for node localization problems. Pro-
ceedings of the first ACM International Workshop on Wireless
Sensor Networks and Application (WSNA’02). Atlanta: ACM
Press, 2002, 112—121

7. Langendoen K, Reijers N. Distributed localization in wireless
sensor networks: a quantitative comparison. Elsevier Computer
Networks, 2003, 43(4): 499-518

8. Ding J, Hitt L R, Zhang X M. Sierpinski pedal triangles. Linear
Algebra and its Application, 2005, 1-15

9. Choi W J, Tekinay S. Location-based service provisioning for next
generation wireless networks. International Journal of Wireless
Information Networks, 2003, 10(3): 127-139

10. Hitt L R, Zhang X M. Dynamics geometry of polygons. Elemente
der Mathematik, 2001, 56(1): 21-37

11. Dearle A. Toward ubiquitous environments for mobile users. IEEE
Internet Computing, 1998, 2(1): 22-32

12. Doherty L. Algorithms for position and data recovery in wireless
sensor networks. Master’s Thesis. UC Berkeley, 2000, 1-54

13. Priyantha N B, Chakraborty A, Balakrishnan H. The cricket
location-support system. In: Proceedings of ACM MOBICOM.
Boston: ACM Press, 2000, 32—43




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


