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Abstract Many physical systems such as biochemical
processes and machines with friction are of nonlinearly
parameterized systems with uncertainties. How to con-
trol such systems effectively is one of the most chal-
lenging problems. This paper presents a robust adaptive
controller for a significant class of nonlinearly param-
eterized systems. The controller can be used in cases
where there exist parameter and nonlinear uncertainties,
unmodeled dynamics and unknown bounded distur-
bances. The design of the controller is based on the
control Lyapunov function method. A dynamic signal is
introduced and adaptive nonlinear damping terms are
used to restrain the effects of unmodeled dynamics,
nonlinear uncertainties and unknown bounded distur-
bances. The backstepping procedure is employed to
overcome the complexity in the design. With the pro-
posed method, the estimation of the unknown parame-
ters of the system is not required and there is only one
adaptive parameter no matter how high the order of the
system is and how many unknown parameters there are.
It is proved theoretically that the proposed robust adap-
tive control scheme guarantees the stability of nonline-
arly parameterized system. Furthermore, all the states
approach the equilibrium in arbitrary precision by
choosing some design constants appropriately. Simula-
tion results illustrate the effectiveness of the proposed
robust adaptive controller.
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1 Introduction

Much progress has been made recently in the research on
adaptive control of nonlinear systems with uncertainties.
Many approaches, such as adaptive feedback linearization,
adaptive backstepping and adaptive switch control etc.,
have been presented. With some important results obtained
in the research on the adaptive control of nonlinear systems
with linear parameterization that are linearizable by feed-
back, the more difficult and practical problem, the adaptive
control of nonlinearly parameterized systems, has been re-
ceiving great attention.

Based on the ideas of adding a power integrator and the
separation principle, LIN and QIAN presented some impor-
tant results in the adaptive control of a class of nonlinearly
parameterized systems [1-3]. However, the adaptive control
schemes presented in Refs. [1, 2] are not robust to distur-
bances and unmodeled dynamics. Although the control
scheme given in Ref. [3] can be used in the case of systems
with unmodeled dynamics, the adaptive law is of switch
type, which may cause undesirable behavior such as chat-
tering.

Since many physical systems are so complicated that it is
impossible to describe them precisely by models, unmod-
eled dynamics are inevitably presented in almost all practi-
cal systems. It is pointed out in Refs. [4, 5] that unmodeled
dynamics have serious effects on the stability and the per-
formances of the systems. To enhance the robustness of the
systems, unmodeled dynamics must be considered in the
design of the controllers such as in Refs. [6—9]. However,
the control schemes proposed in Refs. [6, 7, 9] only deal
with the nonlinear systems with linear parameterization.
The scheme presented in Ref. [8] can be used to control the
nonlinearly parameterized systems, but it is for the nonlin-
ear systems represented by input-output models.

This paper presents a robust adaptive state feedback con-
trol scheme for nonlinearly parameterized systems by
combing control Lyapunov function method, backstepping,
adaptive nonlinear damping [7, 8] and the nonlinear pa-
rameter separation technique. The scheme can be used in
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the cases where there exist parameter and nonlinear uncer-
tainties, unmodeled dynamics and unknown bounded dis-
turbances. Estimation of the unknown parameters of the
system is not required with the proposed method. No matter
how high the order of the system is and how many unknown
parameters there are, there is only one adaptive parameter.
It is proved theoretically that the proposed robust adaptive
control scheme guarantees the stability of nonlinearly pa-
rameterized system. Furthermore, all the states approach the
equilibrium in arbitrary precision by choosing some design
constants appropriately. Since many physical systems such
as biochemical processes, mechanical systems with frictions
etc., are of nonlinearly parameterized systems [1, 2], the
proposed scheme has widely potential uses in practice.

2 Problem statement

Consider nonlinearly parameterized system
X =x,+¢ (xl,H, w,d, (t))

1
X, ,=x,+¢,, (xl,n-,xnfl,H, w,d,_, (t)) M
0,0.d,(t))

where u € R, x € R" are the control and the state of the system,

X, =u+g, (xl,---,x

n?

respectively; @ € R" is the unknown parameter, d,(¢)is the
unknown bounded disturbance; ¢, (xl,---,xi,é’,a),dl. (t)) repre-

sents the uncertain nonlinearity and the uncertainty related
to the unmodeled dynamics @ and the disturbance

d,(t), w € R’ is the state of unmodeled dynamics described
by

w=q (a), X ) 2
where ¢(®,x,) is an unknown Lipschitz continuous func-

tion.

The objective of this paper is to design a robust adaptive
controller for system Eq. (1) such that the closed-loop sys-
tem is stable. We need the following assumptions:

Assumption 1 ¢, (xl,---,x[,ﬁ,a),d,. (t)) , i=1,2,,n,
are unknown Lipschitz continuous functions satisfying

|¢, (xl,---,xl.,@,a),di (t))|
<a,(x,.x,0)+c, ||a)||+é,.)2|d,.(t)| 3)
4,(0,-+-,0,0,0,d,(1)) =0 4)
where @, (x,,++,x,,0) isanonnegative function, ¢, ,¢,, 20,
i=1,2,---,n are unknown constants.
Assumption 2 The unmodeled dynamics @ =g(w,x,) is

exponentially input-to-state practically stable (exp-ISpS) [6],
1.e., there exists an exp-ISpS Lyapunov V,_ (@) satisfying

o (o) <V, (@) < e, (o)) )

v, (o)

ow
where «,(+),a,(-) are k, functions, o () is known;

g(w,x,)<—cV, (a))+p(|xl|)+d0 (6)

¢, >0,d, =20 are known constants. Without loss of the
generality, we assume that p has the form p(h)=
tho(hz), where p, is a nonnegative smooth function.
Otherwise, it suffices to replace p(-)by x/p,(x7)+5,
with & >0 being a sufficiently small real number [6].

Generally, unmodeled dynamics are immeasurable and
unavailable for feedback control. To dominate the unde-
sired effects of the ummodeled dynamics on the stability
of the system needs to generate the following dynamic
signal
s':—Eos+sm(xl),s(O):s0 >0 @)

where ¢, €(0,¢,), s, (x)=x 0,(x)+d,. It can be shown

that the dynamic signal has the following property [6]. That
is, forall >0

Vo (1) <s(1)+D(1) ®)
and there is a finite 7° such that D(f)=0 for all
12T°20.

By Lemma 2.1 introduced in Ref. [1], there exist two
smooth functions 5, (6)>1 and y,(x,,---,x,)>1 such that

a,(x,,,%,0) <, (%, %,)b,(0) ©)
Let @:ibi (0). Then, inequality Eq. (3) can be re-

written as a

18, (x5, 0,0,d, (1)) |

s;/,.(xl,---,xl.)@+cl.,l||a)||+é,.,2|d,.(t)| (10)

3 Design of the robust adaptive controller

In this section, the adaptive controller is constructed by the
control Lyapunov function method and the backstepping
procedure.

Step 1 Define @=0"-0(t), where O(¢) is the adap-
tive parameter of the controller; @ >0 is an unknown
constant representing the desired value of @, i.e., when

© =6, the control system has the desired performance.
Choose the Lyapunov function candidate as

1 | QN
|4 =Exf+5r '®’ (11)
where /7~ > 0is a design constant. Then,
V=x% —-1"'0(1)6(t)

=x,(x, + ¢ (x.0.0.d, (1))~ 6 (1) (1)



Using Eq. (1) obtains

Vl < x.x, +|xl|7/1 (x1 )@+|xl|<cL1 ||a)||+él’2 |d1 (Z)|) 12)
~Ié(1)0(1)

Based on Eq. (5), Eq. (8) and the properties of %, func-
tions, we get
¢ |o|<c o (s+D(1))

<c 0, (28)+c o (ZD(t)) (13)
where ' (-) is the inverse function of ¢ () and is
again a function of class K ; Since D(¢) =0, V> T", we
have o '(2D(t))=0, Vt=T". Let

€, = sup{cuocf1 (2D(t))+é]’2 |d] (t)|}

Then, Eq. (12) becomes

. oY
V] lexz_@* (|x1|71 (xl)_ﬁJ

2 2
cl,l cl,2 @ - 2
S O () (o (29))
+xf—a@—F_]@ )(@ @)+@( xf]/f(xl)

(14)

Choose virtual control
X, (x],@,s) = —%xl -0Ox, ( 7 (x )+(0:f1 (2s))2 +l) (15)
Then
: 1 X
V, < —xf —Exlz + X, (x2 —xz)

+(¥1 (xl,@,s)—F"é(t))(@(t)ﬂpl)

+N, +c06 (16)

CZ 2 2

L €2 4 e
40" 40" 40
constant. In Eq. (16)

5”1(xl,@,s):xfyf(xl)+xf(afl (2s))2+x12—o-@ 17

Step k (2<k<n-1) Assuming that a series of virtual

where N, = —, ¢, =0, 0 >0 isadesign

controllers had been developed before step &, x; =

* A * * A
X, (xl’@’s)’”" X1 :xk+l(x1"”’xk’@’s)

Define & =x,,& =x,—x;,, &, =%, — X, . Thus
V=1/2E +1/2I"'@*, and
~ k 1 1~
Vk(;,.--,gk,@)zzgff +o '@’ (18)
Jj=1

It is also assumed that in Step k, similar to Step 1, by
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choosing an appropriate virtual controller x;,,, we had
obtained

(g )28 4 ()

+(5Uk (517'"ﬂ‘fkaé,s)_r_l@)(@(t)_i_(ok) (19)
+N, +c06
where N, =N, +& /40" +& , /40" +k@’[40", k=],

2,++, Ny=0, ¢,20, ¢, =0 are unknown constants,
and ¢, =¢,,¢ , =c_,.In the following, we will show that
inequality Eq. (19) also holds in Stepk+1 by choosing
virtual controller x;,, appropriately, which also gives the

design procedure and the general form of the controller.
Define

~ ~\ 1
Vi (Gomees€, O) = Vi (6500006,0) + 2 &1 (20)
Then
k+] = (‘fl +- +§k )__fk +§k ('xk+l x;+1)
+(l//k (flv""égka@’*g)_rH @)<@(t)+¢k)
+ & (xmz + P (xls'“axkﬂag’a’vdkﬂ (t)))
k. oyt
—Sin (; ;;:1 (-xjﬂ +¢j ())
6xk+] 6 k+] -
20 T @ kel 3 SJ+N +0 00 21
We have
Gl (- 2 22, )
k+1 k+1 = 6)(:‘/.
& ax/tﬂ . @
|§k+l|{7/k+l +; ox, 7/‘()]
< 6x:+] ~ 7
+|E 1"’2 6_ (Ckﬂ,l |w||+ck+l,2 dk+1(t)|) (22)
1| O
where ¢, :max{cl,l,--- Crs, 1} , Cke,2 :max{él,z,---,
ék+1,2} , |d~k+l (t | =sup { d |dk+1 |}

Treating ||a)|| as in Step 1 gives

5k+1,1 ||a)|| < Ek+1,la;1 (ZS)+Ek+l,la;1 (2’D(t))’

(l—i_jz]il: aax.:_“ ](5k+],l ||a)||+ck+l,2 |d~k+l (t) |)

§k+l

k a *
<l 1035 o

Jj=1 Jj

J(Ekn, a’ (2S) +Cp s )

where ¢, , =sup {Ekﬂ,lal’l (2D(1))+ ¢y |alk+1 (t)|}
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In addition

. 1 1
‘ék ('xk+1 _'xk+1)‘SE§k2 +E§k2+l (24)
Substituting Egs. (22)—(24) into Eq. (21) obtains
: 1
Vea S (& 44 &)+ 2 6+ v
k| ox;
+|§k+1|[7k+1 ()""Z % e ()J@
Jj=1 xj
L ox,, ox;,, A Oxp, .
- . a N x
§k+1 [; axj xj+l+ 6@ + 8s s
(v ()-r6)(6()+0,)
L |ox; . _ .
+|§k+1| 1+Z - (Ck+l,lall(2’s)+ck+l,2)
7T Ox,
+N,+5600 (25)
Take
k a * 2
R X
'Pkﬂ (51""5§k+l’@"g) = SUk ()+ k2+1 I+Z{ akﬂ J
J=1 X
k a * 2
; 2 X,
'((all(Zs)) +1)+§k2+1 7/11(')"';[?;7/' ()J (26)
ox;
— +_1* krl
(pk+] (pk §k+l a@
£ ox; ox; ox;
* =_2 k+1 ) I k:—l "4 k+1 g
xk+2 §k+1 +JZ:1: axj xj+1 + a@ k+1 + aS s
O, | 1+3| Zia 2 (5" (29)) +1)
+1 = 6xj 1
2
A 2 ¢ 6x;+1
=085 7ia () 2] =517, () 27)
J=1 axj
As in Step 1, from Eq. (25) we get
. 1
Vea = (&4 48l ) -2 8
+§k+l (xk+2 _‘xlt+2)+(¥lk+l (')_F%@A)(@(t)‘l' ¢k+1)
+N,, +066 (28)
~2 ~2 1 2
where N,_, =Ck+1,*1 Ck+1,*2 (k+ )*@ N,
46 40 40

Hence, it has been proved that inequality Eq. (19) also
holds in Stepk +1 by choosing virtual controller x; , to be
as Eq. (27) which gives the general form of the controller.
Step n It can be seen from Eq. (1) that equations Egs.
(19), (26) and (27) also hold in Step n provided that x ., is

n+l1

replaced by u. Let k=n

v, <§1""’§"’@)Zi%§f +%r*léz (29)

Choosing the adap{cive controller

u=u'=x,(&,.&,0,5) (30)

we obtain

. 1 .

e R ) B Caly
+(t//n(~)—F’lé)(@(t)+¢,l)+Nn +0 00 (31)

Let the adaptive law for the parameter of the controller
satisfy

O=rY, (;,---,gn,é,s), 6(0)>0 (32)
Then
. 3 , , . -
V(& 8.0)<—(& ++E))+ N, +5 6O (33)
n 52 2 2
where N, = ck’l* Ck’z* k@* .
“~ 40" 40° 40

4 Analysis of the stability

Since @=0" -6, inequality Eq. (33) can be rewritten as

. 1 1 ~
V<~(E++E)+ N, +—00” ——06’
n (é; é? ) n 2 2

(34)
<-¢gV,+N
where &=min{2,07}
n G2 &2 2
N:Nn+lo'@*2 :lo_@*z+z k,l* + k,Z* +k@* (35)
2 2 40" 407 40

Thus, the Lyapunov function V, (fl,m,fn,@) of the

system decreases monotonically until (fl,---,fn,@)

reaches the compact set

C, ={(&&.0) e R' xRV, (£,-.£,,0) <& N} (36)
This shows that §1,---,§n,@~ are uniformly bounded.

Thus, @ is bounded due to that @" being a constant.
Since & is bounded and x,=¢&, x, is bounded. It can

be seen from Eq. (7) that s is bounded. Equation (15)
shows that x, is bounded due to the boundedness of

&, o, x,,s.Since &, is bounded, x,=¢&, +x, is bounded.
Repeating the above procedure leads to the conclusion that
X,,++, x, are bounded.

It can be seen from Egs. (35)—(36) that the size ¢'N of
the compact set can be made arbitrarily small by choosing
Iand @' (O is a virtual and desired value) appropriately
large and o appropriately small, ie. &,--, &, 6 can

approach zero in arbitrary precision. By a procedure similar
to the above and using Egs. (15)—(27), it can be shown that



X+ x, approach the equilibrium in arbitrary precision.
Thus, the control scheme proposed in this paper guaran-

tees the stability of the closed-loop system consisting of Egs.

(1)s (2), (7) and (32), and the boundedness of all the signals
in the closed-loop system. Furthermore, the states of the
system can approach the equilibrium in arbitrary precision
by choosing some design constants appropriately.

5 Simulation study

Consider nonlinearly parameterized system
%, = x, +sin(6,x,)x] + 06, sin (x,)o +6,x,d, (t)
2

% =u+0,x + 95;2 +0,(1-cos (x, )+ 0,x,d, (£)

2
61

where 6,i=0, 1,---, 8 are unknown parameters, @ is

the unmodeled dynamics described by @ =-@+x +0.5

Obviously, 7, (0)=0’, «(|o])= lof o' (s)=+s
We design the dynamic signal [6, 8] to be §=—s+x;

+0.625.
With

the proposed control scheme,

71(x1):x12’
7, (x,%,)=x" +x;.
b4 (x],@,s) =x777(x)+x (afl (25))2 +x7 —00

X, =~1.5x - Ox, (712 () + (" (29)) +1
1

'i/z(élafzséss): ()+ 22[1+[Z_fj2]

-85, {75 ('){Z—f% (')H

The simulation was performed using MATLAB with the
following disturbances d,(¢) =sin (), d,(t)=cos (r) and
the parameters 6, =2, 6,=2, 6,=05 6,=5, 6,=06
6,=2, 6,=1, 6,=0.5. The conditions  are
5 (0)=1 x,(0)=1, @0)=1 s(0)=1, &(0)=1. The
design constants are /" =0.5, ¢ =0.001.

It can be seen from the simulation results shown in Fig. 1

initial
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that with the control scheme proposed in this pape, the
states of the system approach the equilibrium in arbitrary
precision regardless of the presence of unknown parameters
and nonlinear uncertainties, unknown disturbances and un-
modeled dynamics. The simulation results demonstrate that
the proposed robust adaptive controller has a strong robust-
ness against the parametric and nonlinear uncertainties, un-
known disturbances and unmodeled dynamics. The results
coincide with the conclusions obtained from the theoretical
analysis.

Xy

IS

w
T

0 0.5 1.0 1.5 2.0
t/s

(a)

X
|
—
o

0 0.5 1.0 1.5 2.0
tls

(®)

Fig. 1 States of the system approach the equilibrium in arbitrarily

precise. (a) State x;; (b) State x,

6 Conclusions

A robust adaptive control scheme is proposed for an impor-
tant class of nonlinearly parameterized systems. The control
scheme can be used in the case of systems with unknown
parameters, uncertain nonlinearities, disturbances and un-
modeled dynamics. It is shown by the Lyapunov stability
theory that the proposed robust adaptive control scheme
guarantees the uniform boundedness of all the signals in the
closed-loop system with unknown disturbances and unmod-
eled dynamics. Furthermore, the state of the system ap-
proaches the equilibrium in arbitrary precision by choosing
some design constants appropriately. The scheme does not
need to estimate the unknown parameters. No matter how
high the order of the system is and how many unknown pa-
rameters the system has, there is only one adaptive parame-
ter. Simulation results illustrate the conclusions obtained



264

from the theoretical analysis. Since many physical systems
such as biochemical processes, mechanical systems with
frictions etc. are of nonlinearly parameterized systems, the
proposed scheme will have widely potential uses in prac-
tice.
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