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Abstract  In this paper the average power pattern of the 
side-fed offset Cassegrain (SFOC) dual reflector antenna is 
analyzed, and the effect of the random surface error on ra-
diation characteristics of the antenna is introduced. Here, 
the random surface error is defined as the error of the stan-
dard reflector in its normal direction and the errors in a 
small zone of the reflector are considered as equal. We also 
assume that the phase error on the aperture led by the ran-
dom surface error obeys a Gaussian distribution with zero 
mean, under which the expression of the average power 
pattern is deduced. Finally, the data related to the radiation 
characteristics of the antenna are calculated and the corre-
sponding curves are presented. The obtained results can be 
used for the user to determine the manufacturing accuracy 
of the reflector of the SFOC antennas. 
 
Keywords  reflector antenna, average power pattern, ran-
dom surface error, Gaussian distribution 

1  Introduction 

Reflector antennas usually work at the higher frequency 
band, and its radiation characteristics are greatly affected by 
various errors [1, 2]. These errors mainly include the ran-
dom installation error and the random surface error. The 
latter is due to the technology level for manufacturing and 
testing the reflectors [3−5], which is an error source that 
should be considered in the production of the reflector an-
tennas. High accuracy requirement may guarantee the per-

formance of the reflector antennas, but it will raise the 
manufacturing costs. Sometimes the accuracy requirement 
is unrealistic, since it is restricted by the technology level 
and the practical working environment. Therefore, in the 
design of the reflector antennas, the effect of various errors 
on the antennas performance must be analyzed, and the 
reasonable tolerance requirements according to the desired 
performance should be provided. In this paper, the average 
power pattern of the SFOC reflector antenna is calculated. 
The effects of the random surface error on the antenna’s 
gain and side lobe level are also analyzed by the numerical 
method, and some simulation data as well as curves are 
presented, which will be helpful for determining the rea-
sonable tolerance requirements for manufacturing the re-
flector antenna. 

2 Geometry of the SFOC antenna 

The geometry of the SFOC antenna [6] is shown in Fig. 1, 
in which the main reflector is the paraboloid (focal length 
f ), and the subreflector is the hyperboloid (interfocal 

distance 2c). In the configuration of the SFOC antenna, the 
far focus of the hyperboloid and the focus of the paraboloid 
coincide, the angle between their axes equals to π− β, and 
the feed is located at the near focus of the hyperboloid. For 
convenience, the coordinate systems of the main reflector 
and the subreflector are defined. In the coordinate system of 
the main reflector, the origin is at the parabolic focus, the 
axis mz  is defined as the axis of the paraboloid, and the 
axis my  perpendicularly points out of the paper. In the co-
ordinate system of the subreflector, the origin locates at the 
center of the two focuses, the axis sz  is chosen as the axis 
of the hyperboloid, and the axis sy  perpendicularly points 
out of the paper. Moreover, the projected region of the main 
reflector is a circle with diameter D  on the plane 0mz = , 
and the offset angle of the main reflector is 0θ . 
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Fig. 1  Geometry of the side-fed offset Cassegrain system 

 

3  Calculation of the average power pattern for SFOC 
antenna 

The root mean square (RMS) error, also called the tolerance, 
is a standard parameter for measuring the manufacturing 
precision of the reflector. Ruze [7] presented a useful statis-
tical model for determining the effects of the surface toler-
ance on the average pattern. During his analysis, the random 
surface error at any point is defined as the deviation of the 
error surface from the standard surface in the normal direc-
tion, and the error quantity of the point is related to the error 
status of its neighbor region. The bigger the error quantity 
of the point is, the larger the error of its neighbor region is. 
Thus, in the process of analysis, the reflector aperture is 
partitioned into M small regions with the same size, and the 
error quantity in each small region is assumed to be identi-
cal. Based on this idea, the manufacturing tolerance RMSε  
of the reflector is then expressed by: 
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ε ε
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where iε  is the surface error in the ith small area. 
Assuming that a ray emanated from the feed intersects 

with the main reflector at the point mP (or mP′ ) after being 
reflected at the point sP (or sP′ ) on the subreflector. Figure 2 
shows the effect of the random surface errors at the points 

sP  and mP  in the normal directions on the path length of 
the ray, where the dot line represents the standard case in 
which two reflectors have no surface errors, while the solid 
line denotes the practical case in which the surface errors 
are introduced. Symbols sn  and mn  are unit vectors in 
the normal directions at the points sP  and mP , respectively, 
while sε  and mε  are the corresponding error quantities. 

In addition, sθ  and mθ  represent the angles of incidence 
at the points sP  and mP , respectively. Because both sε  
and mε  are usually small, the aperture phase error of the 
ray emanated from the feed and reflected by the main re-
flector as well as subreflector can be expressed as Ref. [8], 
namely: 

[ ]4 cos coss s m mδ ε θ ε θ
λ
π

= +  (2) 

 
Fig. 2  Effects of random surface errors on the path length of the ray 

emanated from the feed and arriving at the aperture 

According to the aperture integration method, one can 
obtain the far field of the antenna [9, 10]: 

j j( , )e e dk

A
E f sδ ρϕ ′′ ′ ′= ∫∫ rρ   (3) 

where the function ( , )f ρ ϕ′ ′  is the electric field on the 
aperture. Assuming that the reflector aperture is partitioned 
into M  small regions with the same size, then Eq. (3) can 
be rewritten as the following summation: 
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where 
j sin cos ( )( , ) ( , )e i ik

i i i iE f sθ ϕ ϕθ ϕ ρ ϕ ′ ′−′ ′= Δρ    (5) 

isΔ  is the area of the i th small region. Then, from Eqs. (4) 
and (5), the power pattern of the antenna is expressed by: 
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Assuming that the phase errors iδ  and lδ  are uncor-
related with each other and have a Gaussian amplitude dis-
tribution with zero mean and standard deviations iσ  and 

lσ , respectively, then the average values of je iδ  and je lδ−  
can be calculated by: 
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According to Eq. (2), the standard deviation iσ  in Eq. (7a) 
( lσ  in Eq. (7b) is similar) can be obtained by: 

( ) ( )rms rms
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π ⎡ ⎤= +⎣ ⎦     (8) 

where RMS( )i
sε  and RMS( )i

mε  are the RMS surface errors 
corresponding to the ith small regions on the aperture of the 
main and subreflector, respectively. From Eqs. (7a) and (7b), 
we can obtain the average value of the function j( )e i lδ δ−  
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Equation (2) is used to judge whether iδ  is equal to lδ  
or not. 

Finally, from Eqs. (6) and (9), the average power pattern 
of the SFOC antenna can be expressed by 
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and the variance of the power pattern can be obtained from 
Eqs. (6) and (10), 
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where ( )*

i
EE and ( )*

i
EE  represent the values of the power 

pattern and the average power pattern in the ith sample di-
rection, respectively, and N is the number of total sample 
directions. 

4  Numerical results 

In this section, a general computer program has been writ-
ten for analyzing the average power pattern of the SFOC 
antenna whose main parameters (refer to Fig. 1) are given in 
Table 1. Like the simulation results, the related data and 
curves are also presented in the following, which demon-
strate the effects of surface random errors on the antenna’s 
gain and side lobe levels. We hope that these results would 
be helpful for the designers to determine the manufacturing 
accuracy of the reflector. In our analysis, the feed is 
x -polarized, and its E- and H-plane patterns are approxi 

Table 1  Main parameters of the SFOC antenna 

Aperture ( D ) 100 λ  

Offset angle of the main reflector ( 0θ ) 58.3  
Focal length of the main reflector (f) 429.08 λ  
Half focal length of the subreflector (c) 295.98 λ  
Eccentricity of the subreflector (e) 2.239 3  
Angle β  70.0  

mated by 72cos θ  (In the case, the level in the edge of the 
subreflector is –15 dB). 

Figure 3 shows the average power pattern of the SFOC 
antenna with the standard main reflector (paraboloid) and 
various subreflector surface errors. In Fig. 3, every value is 
normalized to the directivity of the antenna in the case 
where the main reflector and the subreflectors are absent of 
surface errors. In order to reveal clearly the effects of the 
random surface errors on the gain and the side lobe levels, 
Fig. 4 presents the corresponding peak gain loss and side 
lobe level increase versus the subreflector surface errors. In   
Fig. 4, the peak gain loss is the difference between the gains 
of the actual antenna and the standard antenna (free of sur-
face error), and the side lobe increase is the difference be-
tween the side lobe levels of them. Similarly, Fig. 5 shows 
the average power pattern of the SFOC antenna with the 
standard subreflector (hyperboloid) and various main re-
flector surface errors. Figure 6 presents the corresponding 
peak gain loss and side lobe level increase versus the main 
reflector surface errors. 

 

Fig. 3  Average power pattern of the SFOC antenna with the stan-
dard main reflector (paraboloid) and various subreflector 
surface errors 

From Fig. 3−6, one can see that the random surface er-
rors result in the peak gain loss and the side lobe level in-
crease, and the effect is evident for the second and third side 
lobe levels. Furthermore, from the relation of the tolerance 
value with the side lobe level, we can clearly see that as the 
side lobe level decreases, the manufacturing accuracy of the 
reflector increases, and its dependence on the surface error 
becomes much stronger. For a specified tolerance level, a 
considerably smaller surface error is required to maintain 
the low side lobe levels within the required bounds. In addi-
tion, we draw a conclusion from Fig. 3−6 that the effect of 
the subreflector surface error on the antenna performance is 
a little stronger than the main reflector surface error, which 
is comprehensible from the configuration of the SFOC an-
tenna. As the feed of the SFOC antenna is mounted above 
the main reflector, the angle of incidence of a specified ray 
for the subreflector is smaller than that for the main reflec-
tor. Thus, according to Eq. (2), the subreflector surface error 
has a greater effect on the total path length of the ray than 
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the main surface error. However, for the main reflector and 
subreflector surface errors, the difference of their effects on 
the peak gain loss and the side lobe level increase is not 
evident. 

 
Fig. 4  Peak gain loss and sidelobe level increase versus the subre-

flector surface error for the SFOC antenna with the standard 
main reflector (paraboloid) 

 
Fig. 5  Average power pattern of the SFOC antenna with the stan-

dard subreflector (hyperboloid) and various main reflector 
surface errors 

 
Fig. 6  Gain loss and sidelobe level increase versus the main re-

flector surface errors for the SFOC antenna with the stan-
dard subreflector (hyperboloid) 

Taking the main reflector surface error as / 40λ , Fig. 7 
shows the peak gain loss and the side lobe level increase 
versus the subreflector surface error. Figure 8 presents the 

peak gain loss versus the subreflector surface error when the 
main reflector surface error is chosen as some given values. 
These curves can be readily employed by the user to deter-
mine an appropriate accuracy requirement according to the 
realistic situation on the SFOC antenna’s reflector. 

 
Fig. 7  Peak gain loss and sidelobe level increase versus the subre-

flector surface error for the SFOC antenna when the main 
reflector surface error is set to / 40λ  

 
Fig. 8  Peak gain loss versus the subreflector surface error when the 

main reflector surface error is chosen as some given values 

5  Conclusions 

Among various errors which affect the reflector antenna’s 
radiation performance, the reflector random surface error is 
an error source that should be considered in the production 
of the reflector antennas. In this paper, the average power 
pattern of the SFOC antenna is analyzed by the numerical 
method, and the effects of the main reflector and subreflec-
tor surface errors on the peak gain loss and the side lobe 
level increase are introduced. Some simulation data and 
curves are also given, which will be helpful for determining 
the reasonable tolerance requirements for manufacturing the 
reflector antennas. 
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