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Abstract Rough set axiomatization is one aspect of rough
set study to characterize rough set theory using dependable
and minimal axiom groups. Thus, rough set theory can be
studied by logic and axiom system methods. The classical
rough set theory is based on equivalence relation, but the
rough set theory based on similarity relation has wide ap-
plications in the real world. To characterize similarity-based
rough set theory, an axiom group named S, consisting of 3
axioms, is proposed. The reliability of the axiom group,
which shows that characterizing of rough set theory based
on similarity relation is rational, is proved. Simultaneously,
the minimization of the axiom group, which requests that
each axiom is an equation and independent, is proved. The
axiom group is helpful to research rough set theory by logic
and axiom system methods.

Keywords rough set theory, axioms, minimization

1 Introduction

As a new effective mathematical tool to deal with vague-
ness and uncertainty, the rough set theory was first pro-
posed by Pawlak. On the basis of classification, rough set
theory is considered as knowledge expressed as a partition
of data using equivalence relation, which has been success-
fully applied in many fields such as machine learning, pat-
tern recognition, decision support and data mining [1].
Lower approximation and upper approximation are two
basic concepts in rough set theory. Pawlak derived many
interesting properties of upper and lower approximations [2],
while some researchers studied the reverse problem.
Namely, can we characterize the notion of rough sets in
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terms of those properties? Lin and Liu studied this problem
from the viewpoint of topology and proposed an axiom
group consisting of six axioms of rough set and presented
the concepts of rough set axiom group and axiomatic rough
set theory [3]. Zhu and He [4] and Sun et al. [5] discussed
the redundancy of rough set axiom group. But these rough
set axiom groups are used to characterize the classical rough
set, which is defined by equivalence relation. Dai studied
the axiomatization problem of quasi-ordering-based rough
set model [6]. In fact, we can find that there exist indis-
cernibility relations which are not transitive. For example,
city A is not far from city B, and city B is not far from C,
but A can be far from C. This makes it necessary to study
similarity-based rough set model.

To characterize rough set based on similarity, an axiom
group named S, consisting of 3 axioms, is proposed. The
validity of the axiom group, which shows that characteriz-
ing of rough set theory based on similarity is rational, is
proved. Simultaneously, the minimization of the axiom
group, which requires that each axiom is an equation and
each equation is independent, is proved. The axiom group is
helpful for researching rough set based on similarity by
logic and axiom system methods.

2 Preliminaries
2.1 Pawlak rough set model

Let U={u,, up, ***, u,} denote a finite and non-empty set of
objects called the universe, and let R — U xU denote an
equivalence relation on U. The pair (U, R) is called an ap-
proximation space. The equivalence classes partitioned by R
are called as elementary sets of (U, R).

The equivalence relation and the induced equivalence
classes may be regarded as the available information or the
knowledge about the objects under consideration. Given an
arbitrary set X c U, it may be impossible to describe X
precisely using the equivalence classes of R. That is, the
available information is not sufficient to give a precise rep-
resentation of X. In this case, one may characterize X by a
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pair of lower and upper approximations:

L_APPRX) =Ul[x]y [[x]; = X} 1
U_APPR(X) =U{[x]g |[x]g N X # @} 2
where [x]z is the equivalence class containing x. The lower
approximation L APP(X) is the union of all the elementary
sets that are subsets of X. It is the largest composed set con-
tained in X. The upper approximation U APP(X) is the un-
ion of all the elementary sets which have a non-empty in-
tersection with X. It is the smallest composed set containing X.

2.2 Similarity based rough set model

Some researchers generalized the classic rough set by re-

placing equivalent classes with neighborhood [7]. Suppose

that RcUxU is a binary relation on U, xeU , then

R-neighborhood of x is defined as:

Np(¥)={y|(x,y) € R} 3
Based on Eq. (3), the lower and upper approximation of

the objects set X c U can be defined as:

L_APPA(X) = {x| N, (@) < X} @

U APPRX) ={x|N,(x)N X = D} %)

In order to get similarity based rough set model, the relation

R in Egs. (3)—(5) is supposed to be reflexive and sym-
metric.

2.3 Minimum of rough set axiom groups

Theorem 1 Rough set axiom formulas are defined as fol-
lows:
1) n arbitrary set X c U is a rough set axiom formula;

2)If « is arough set axiom formula, then so are ~o., L(@)

and H();
3) If «,p are rough set axiom formulas, then so are
aUp and aNp;

4) The only rough set axiom formulas are those obtained
by finite application of (1)—(3) in the above.
Definition 1 The conception of rough set axiom formula
(RSAF) is not used to describe rough set, which is an oppo-
site concept to definable (crisp) set. Normally, a rough set
axiom formula is not a rough set. One can find that L(« )
and H( ) are surely crisp sets in classic rough set theory.
In fact, a rough set « is described by a pair of definable
sets {L(a ), H(a)}.
Definition 2 If «, S are rough set axiom formulas, then
ac fand fca arerough set inequalities.
Definition 3 The rough set axiom group satisfying the
follow conditions is called minimal rough set axiom group:

1) Each axiom in the axiom group is a rough set inequal-
ity;

2) Each axiom in the axiom group is independent of oth-
ers.

We adopt here the concept of minimization of rough set

axiom group from Sun et al. from which three definitions
above can be found [5].

3 Minimal axiom group of similarity based rough set
model

We now propose a minimal axiom group of rough set based
on similarity, named rough set axiom group S, as follows:
SHL(~XUY)c~ LXOHULY)
S)LX)c X
(83) X < L(~ L(~ X))

3.1 Reliability of axiom group S

Lemma 1 For the pair of rough operators L and H,
X2 (H(X), L(X)), which satisfy the following axioms:

L) LU)=U

L2)LXNY)=LXNLY

H) H(®)=®

H2)HXUY)=HX)UH(Y)

(LHYHX) =~ L(~ X)

M) X c HX)

M2) HL(X) = X

There exists a reflexive and transitive relation R on U sat-
isfying H(X)=R™ (X) and L(X) = R_(X).
Proof The lemma is easily proved by Theorem 3 and
Theorem 6 of Yao [7].
Lemma 2 [7] Under the condition L(U)=U, we have
LXNY)=LX)NLY) <
L(U) = U& L(~ X UY) =~ LX) UL(Y)

Theorem 2 For the rough operator

X-> L(X), which satisfies the axiom (S1) through (S3), there is
a reflexive and symmetric relation on U such that

LX)=R (X).
Defining the dual operator of L by H(X)=~L(~X), we
have

HX)=R (X).

Proof From axiom (S3), we have
X € L(~ L(~ X)) (©6)
thenlet X =U, we get
Uc L(~ L(®)) (7

From axiom (S2), we have
LX)c X (3)
Thenlet X =@, we get
L(®)co )
Equation (9) means that
L(®)=® (10)
From Egs. (7) and (9), we know
L(U)=U (11)



Namely, we get (L1) in Lemma 1.

With Egs. (11) and (S1), we have the following by
Lemma 2
LXNY)=LX)NLY)
Namely, we have L2 in Lemma 1.

From Egs. (11) and (LH), we can get (H1). And we can
have (H2) from Egs. (12) and (LH).

From (S2), we know

(12)

Xc~L(~X) (13)
Then from (LH), we get
XcHWX) (14)

Namely, we get (M1).

Similarly, we can get (M2) from (S3) and (LH).

Thus, {(S1), (S2), (S3), (LH)} = {(L1), (L2), (H1), (H2),
(LH), (M1), (M2)}

In fact, axiom (LH) is the mutual defining method be-
tween lower approximation operator and upper approxima-
tion operator. From Lemma 1, we get Theorem 2.

3.2 Minimum of axiom group S

Theorem 3 Rough set axiom group S is a minimal
similarity based rough set axiom group.

Table 1 Validation table showing that (S1) is independent of (S2), (S3)
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Proof It is obvious that each axiom in S is a rough set
inequality, so axiom group S satisfies the first condition in
Definition 3.

We then prove that S also satisfies the second condition
in Definition 3 as follows:

1) Suppose that U={a, b, c} is the universe. L(U)={a, b},
L({a, b})={a, b}, L({a, c})={c}, L({b, c})={b, c}, L({a})=
{a}, L({b})=®@, L({c})={c}, L(®)=®. Then we get the
following validation Table 1 showing that axiom (S1) is in-
dependent of (S2) and (S3).

In Table 1, the items in bold and underline style show
contradiction of (S1). For example, when X={qa, b}, Y={b}, we
can find L(~XUY)={b,c} and ~LX)ULY)=/{c}.
Hence, we know L(~ X UY) ¢~ L(X)U L(Y) which implies
that axiom (S1) is not satisfied, but axioms (S2) and (S3)
are satisfied. So we know that (S1) is independent of (S2)
and (S3). The meaning and function of the validation tables
followed are the same as it, and we just give the validation
tables followed are the same, and we just give the validation
tables without further interpretation in the rest of the paper.

2) Suppose that U={a, b, c} is the universe. L(U)=U,
L({a, b})=U, L({a, c})=U, L({b, c})=U, L({a})=U,
L({b})=U, L({c})=U, L(@)=U. Then we get the following
validation Table 2 showing that axiom (S2) is independent

LExUY), Y
~LOUL(D| U {a b} {a,c} b e} a) b e} ® KO D
U | UU {abl{ab}  {c}ic}  {bc}.{bc} {a}.{a} D, 0 {c}.{c} o, D U U
{a, b} | UU uu {eh{c} {b,c} {b.c} {eh{act bt ic} {eh{c} {eh{c} {ab} {ab}
{a,c} | UU {ab} {ab} uu {b,c},U {a,b},{a,b} @ ,{ab} {b,c},U @ ,{a,b} {c} U
¥ {bcy | UU A{ab}{ab} {c}{ac} vuu {a}, {a} ta.b}, a4} {c}.{a.c} {a},{a} {b.c} {b.c}
@ | UU uu Uibct (b} {bc} uu (belibey bl iber  {bchibel | {a) {a}
by | UU uu {c}, U uu {c},U uu {c}, U {c}, U @ {a,b}
{c¢} | UU  {ab}{ab} uu uu {ab}.{ab}  {ab}{ab} uu {ab},{a,b} {c} {c}
¢ uu uu uuU uu uu uu uuU uu @ @
Table 2 Validation table showing that (S2) is independent of (S1), (S3)
L(~xUr), Y
~L(X)UL(Y) U {a, b} {a, ¢} (b, ¢} (a} (b} ) ° L&) LLX)
U uu uu uu uu uu uu uu uu U U
b} uu uu uu uuU uu uu uu uu U U
ta.c} UU UU UU UuU UuU UuU U U U U U U
ey uu uu uu uu uu uu uu uu u U
X 1a uu uu uu uu uu uu uu uu U U
@ UuU U U UuU UuU UU UuU U U U U U U
i3} uu uu uu uu uu uu uu uu u U
@ uuU uu uu uuU uu uuU uu uu u U
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of (S1) and (S3).
3) Let U={a, b, c} be the universe. Suppose that L(U)=U,
L({a, b, c})={a, b, ¢}, L({a, b})={a}, L({a, c})={a}, L({b,

Table 3 Validation table showing that (S3) is independent of (S1), (S2)

=@, L({ab)={a}, L({b})=@, L({c})=@, L(P )=,
then we get the following validation Table 3 showing that
axiom (S3) is independent of (S1) and (S2).

L(~XUY) Y

~L(X)UL(Y) U {a, b} {a, c} {b, c} {a} {b} {c} @ o e

u v {a}{a}  {a}{a} o, D {a}, {a} o, >, o, U U

{a, b} uu uu {a,U @, {bc} {a},U @, {bc} @, (bec} D, {bc} {a} U

{a, ¢} UU  {a)U uu @ ,{bc} {a},U @, {be} D, (be} D, {bc} {a} U

ib¢ UuU  {alU {a},U uu {a},U {a},U {a),U {a),U @ @

* {a} uu uu uu @, {b,c} uuU @,{be} @, {bc} @, {bc} {a} U

{6} uu UU {a},U uu {a},U UU {a},U {a},U @ @

i} uu {a},U uu uu {a},U {a},U uu {a},U @ D

@ uuU uu uu uu uu uu uu uu @ U

4 Conclusions References

Rough set axiomatization is an aspect of rough set study
aimed at characterizing rough set theory using dependable
and minimal axiom groups. Thus, rough set theory can be
studied by logic and axiom system methods. To characterize
the rough set based on similarity, an axiom group named S,
consisting of 3 axioms, is proposed. The validity of the
axiom group, which shows that characterizing of rough set
theory is reasonable, is proved. Simultaneously, the mini-
mization of the axiom group, which requires that each
axiom is an equation and each is independent, is proved.
The axiom group is helpful for researching on rough set
theory by logic and axiom system methods.
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