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Abstract This paper studied the bifurcation and chaos
phenomenon in a multi-parallel-connected current-mode
controlled boost DC-DC converter system with the use of
nonlinear mapping bifurcation theory of two dimensions,
and the changing rules of the bifurcation charts with the
increase of the control parallels and control parameters were
concluded. The method of discrete mapping modeling was
utilized to construct the difference equations of the system
operating in continuous conduction mode (CCM). Analyses
and computer emulations were made.
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1 Introduction

Modern power technology is based on DC-DC converters.
In some cases, sub-harmonics, bifurcation and chaos
phenomenon may appear in the DC-DC converters because
of their strong nonlinearity, which make the systems
unpredictable and uncontrollable. We are used to using
small-signal modeling method to analyze and evaluate the
design performance of the feedback loop while designing
the control scheme of a new type of DC-DC converters, but,
at the same time, some nonlinear dynamics and latent
operation modes were neglected. So, some researchers
turned their steps to that area. Deane and Hamill discussed
the theory of chaos phenomenon that happen in
current-mode controlled boost DC-DC converters in
Continual Conduction Mode (CCM) [1]. Banerjee studied
the chaos phenomenon of the PWM Buck converter in
CCM [2]. Some other articles analyzed the chaos
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phenomenon in the power systems [3—10]. The modeling
methods they adopted include average or quasi-average
modeling methods, sample data modeling and discrete time
modeling based on nonlinear mapping. The discrete
mapping modeling, which can be used to predict the
dynamics in the time domain, is most suitable for the
observation and analysis of the nonlinear dynamics of the
switched converters [11].

2 Mapping formulas for the construction of the multi-
parallel-connected current-mode controlled boost
DC-DC converter system based on the discrete time
modeling principle

2.1 System circuit and operation current waveforms

During the design process of the DC-DC conversion, several
DC-DC converters have to be parallel connected to decrease
the current value across the semiconductor switch. Fig.1(a)
shows the typical circuit diagram, from which we get to
know that every converter module is a simple current
feedback controlled converter and every switch is controlled
by the output of a comparator. On the assumption that the
system is operating in the CCM and the modules are
controlled synchronously, the current across the inductor i,

(i=1,2, ***,m) can be shown in Fig. 1(b).

2.2 Discrete time mapping formulas of the system in CCM

For a single DC-DC converter, the difference equation can
be written as [12]:

=S, ) Q)

where x,=(v,,i,)", is the state vector of the converter,

xn+l

and the subscript n stands for the initial state of the nth
conversion cycle. The difference equation (Eq. (1)) connects
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Fig. 1 The block diagram and current waveforms of parallel connected
DC-DC converters

the state vector of the (n+1)th cycle (v

si ) to that of
the nth cycle (v,,,,i,,,), and the following analyses are

based on it. For the m -module parallel connected DC-DC
converter system, as all the modules share the same input
voltage, so the state vector can be set as:
x,=(v, sbr 3 9 Vskup, )

Suppose that state 1 is the state of switch-on, and state 2,
switch-off, and the duty cycle of switches is d, and the
system is operated in the CCM, this means the current

across the inductor is above zero. Then, the state equations
of the system can be written as:

x=Ax+BE, nT <t<(n+d)T
X=Ax+B,E,n+d)T <t<(n+1T

’

where
A=[4, - A, 4,71,
BI:[B” Blj Blm]'

1 [-1 0O 0
A;=— > B,=
RC,[0 0 1L,

1 -1 R 10
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By using iteration techniques, x,,, can be expressed as the

functionof x, and d,:

nT+d,
% =0, (T-dT)d(dT)- |:x [ @or - r)BlEdr]

+0,(T=d,7)- [ &7 +d,T - )B,Edz @)

where
Q=1+ AL (=12)
k=1 K

Having derived the discrete time mapping formulas of
the system, we can now use numerical simulation methods
to view the chaos phenomenon in the parallel connected
DC-DC converters. The exhibited dynamic characteristics
of the system can also be studied as the control parameter
I . changes. Then, the method of the Jacobian matrix can

be used to analyze the chaos accurately [13].

ref

3 Bifurcation and chaos with designated control
parameters

3.1 Bifurcation charts with the reference current as the
control parameter

First of all, we will put forward the vivid bifurcation charts
through calculation, from which some principles can be
gained. Circuit parameters of the system will be chosen as
follows to ensure the system is operating under CCM.

Clock period: T =100 us; input voltage: E=10V ; load
resister: R=20Q; L, =1mH;C, =10uF (i=1,2,---,m).

The math toolbox of the software MATLAB will be used
to realize the calculation and draw the bifurcation charts.
First of all, a control parameter [ and the initial state

will be designated according to Eq. (2), and then through
iterating calculation thousands of times with front part
results omitted, the bifurcation charts of single-module,
two-module, three-module and four-module systems can be
drawn as Fig. 2(a)—(d). The charts on the top left corner are
their magnified parts.

From Fig. 2, we can see that the parallel connected
DC-DC converter systems go through a stable state to
chaos with the increase of the parameter / but the

processes of the different number of modules under the
same circuit parameters are different from each other, which
pushes us to analyze the systems particularly with the use of
bifurcation theory of two-dimensional discrete mapping
system.

ref 2

3.2 Bifurcation theory of two-dimensional discrete mapp-
ing system

For the m-module parallel connected DC-DC converter
system, let

Only the first three items of @,(&) in Eq. (2) are

retained for simplicity, and the function
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Fig. 2 Bifurcation charts of the parallel connected DC-DC converters with
reference current as the control parameter. (a) Single module system; (b)
Two-module system; (c) Three-module system; (d) Four-module system

dn :Iref _ln/ET/L

can be used to get the expression as Eq. (1), which can be
expanded to be a two-dimensional discrete map:

vn+l :f(vn’in’lrsf)
in+l = g(vn ’in ’Iref)
We can also use the bifurcation theory of two-dimen-

sional discrete mapping system to analyze the m-module
parallel connected DC-DC converter system based on Eq. (3).

3)

185

Bifurcation theory is a modern math theory that is used to
investigate the characteristics of the solutions of nonlinear
equations. It is initially used to indicate the qualitative
change in features of the system, such as the number and
the type of solutions, under the variation of one or more
parameters on which the considered system depends. When
bifurcation occurs, the different states of the system begin
to transit to one another discontinuously, which brings about
more bifurcations, and finally, chaos occurs. The state space
is composed of state variables and control parameters, and
the states of the system change in the state space. The point
where the change happens is called bifurcation point. There
exists a fixed point (balance point) in the difference
equation as Eq. (1), whose multiplier

A :f,(xllref)

can be used to judge the stability of the fixed point [14].
According to the bifurcation theory of two-dimensional
discrete mapping system [14], the multiplier A4 of

a9 I

ov, 0i,
J=

g %

ov, 0i, |,

has to be calculated to judge the stability of the fixed point
P, and the multiplier 1 can be determined by the solution
of
det(AI —J)=0
where I is an identity matrix.
Orbits near the fixed point take the form of :
P =c A" +¢,4"
where, 4, and A, are two multipliers.

The fixed point is stable when |11| <1 and |/12| <1,
while is unstable when either of the absolute values is larger
than 1. The value of 4, and A, corresponds to extension
or shorten times in their own direction, which keeps to the
flowing rules:

o If 0<A4 <1 and 0<A4 <1, then, the fixed point is
stable;
If 2,>1 and A4, >1, then, the fixed point is unstable;
If 0<A4 <1 and A4, >1, then, the fixed point is a

saddle point;
If 4 and A, are conjugate, which it is to say,

A =ae”, A, =ae“(0<a<mn), the fixed point is a
stable focus when a <1, an unstable focus when
a>1,acentre when a=1.

o If a/m is a rational number, the orbits are periodic,
else, quasi-periodic.

When [, <1.60, the absolute values of 4, and 4,
are both less than 1, and the single-module DC-DC
converter system is stable under given parameters. When
I,=1.60, 4 =1.000 and A, =0.437 are real numbers,
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we can see that the multiplier transits the Floquet circle and
transcritical bifurcation occurs. With the increase of I

ref
cyclic-fold bifurcations occur frequently and finally, the
system turns into chaos state, at the same time, calculation
of the multipliers becomes more difficult. Lyapunov
indexes of the whole bifurcation process were figured out in
Ref. [4], and it pointed out that there are quasi-periodic
orbits before chaos. For the m-module parallel connected
DC-DC converters with the same circuit parameters, we
can draw the conclusions:

1) In the bifurcation chart with 7/, as the control
parameter, we can see that the double-period bifurcation
point moves backward when m increases. For example, in
the two-module parallel connected DC-DC converter
system, double-period bifurcation occurs when 7 ; ~1.91
(4 and A4, are -1.000, 0.571

three-module system, double-period bifurcation occurs
when [ ; ~2.02; in the four-module system, double-period

respectively); in the

bifurcation occurs when [ . ~2.08.

2) Double-period bifurcation occurs less with the
increase of m. A single-module system goes through
period-2, period-4, period-8 and period-16 bifurcation orbits
to chaos, and two-module system goes through period-2,
period-4 and quasi-period-8 bifurcation orbits to chaos, and
when m is greater than 3, system goes through period-2 and
quasi-period-4 bifurcation orbits to chaos.

3.3 Bifurcation chart with input voltage as the control
parameter

Now we take the input voltage as the control parameter to
observe the influence of the input voltage to the multi-
parallel connected DC-DC converters.

Let I ,=3.0, with E increasing from 10 V to 22 V,

and other parameters are as the same as mentioned above,
bifurcation charts with input voltage as the control
parameter of single-module, two-module, three-module and
four-module parallel connected DC-DC converter systems
are shown in Fig. 3(a)—(d).

As can be seen from the charts above, the systems go
through stable state to chaos with the decrease of the input
voltage when the input voltage is taken as the control
parameter, and the changing principles are identical as those
with reference current as the control parameter.

4 Conclusions

Firstly, the method of discrete-time mapping modeling was
used to construct the difference equation of the multi-
parallel connected DC-DC converter system operating in
continual conduction mode. Secondly, bifurcation charts
with reference current and input voltage as the control
parameters were drawn by using the math toolbox of the
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Fig. 3 Bifurcation charts of the parallel connected DC-DC converters with
input voltage as the control parameter. (a) Single-module system; (b)
Two-module system; (c) Three-module system; (d) Four-module system

MATLAB respectively. Thirdly, analyses were made on the
systems with the wuse of bifurcation theory of
two-dimensional discrete mapping system. Finally,
changing conclusions were made with the increase of m
under the same circuit parameters.

Though small-signal modeling is the main method of
designing a DC-DC converter, nonlinearity dynamics are
inevitable. Chaos happens frequently as the DC-DC



converters were presented in the world [15]. Analyses and
forecasting can be made conveniently on the multi-module
parallel connected DC-DC converter system by using the
methods presented in this paper.

References

. Deane J. H. B., Hamill D. C., Chaotic behavior in current mode
controlled DC-DC converter, Electron. Lett.,, 1991, 27(13):
1172-1173

. Banerjee S., Bifurcations in two-dimensional piecewise smooth
maps-theory and applications in switching circuits[J], IEEE
Trans. Circuits Syst. 1, Fundam. Theory Appl., 2000, 47(5):
3100-3113

. Jia Hong Jie, Yu Yi Xin, Wang Cheng Shan, Chaotic phenomena
in power systems and its studies, Proceedings of the CSEE (in
Chinese), 2001, 21(7): 26-30

. Yao Jian Gang, Chen Liang, Dai Xi Jun, Academic research of
load modeling with network chaotic neural, Proceedings of the
CSEE (in Chinese), 2002, 22(3): 99-102

. Deng J. X., Zhang F., Study of transient stability boundary using
unstable limit cycle, Proceedings of the CSEE (in Chinese), 2002,
23(7): 46-50

. Kennedy M. P., Three steps to chaos-Part I: evolution, IEEE
Trans. Circuits Syst., 1993, 40(10): 640-656

187

7. Rabinowitz M., Power systems of the future (Part 2), IEEE
Power Eng. Rev., 2000, 20(3):10-15

8. Tan F. D., Middlebrook R. D., Unified modeling and measure
ement of current-programmed converters, IEEE PESC Record,
1993, 380-387

9. Liu Jian, Wang Yuan Bin, Low frequency ripple behavior of
pwm switching DC-DC converters Proceedings of the CSEE (in
Chinese), 2004, 24(4): 174-178

10.Banerjee S., Bifurcations in two-dimensional piecewise smooth
maps-theory and applications in switching circuits., IEEE Trans.
Circuits Syst. 1, Fundam. Theory Appl., 2000, 47(5): 3100-3113

11.Hamill D. C., Deane J. H. B., Jefferies D. J., Modeling of chaotic
DC-DC converters by iterated nonlinear mapping, IEEE Trans.
Power Electron., 1992, 7(1): 25-36

12.Chan, W. C. Y., Tse C. K., Study of bifurcations in current-
programmed DC-DC boost converters: from quasi- periodicity to
period-doubling, IEEE Trans. Circuits Syst. 1, Fundam. Theory
Appl., 1997, 44(12):1129-1142

13.Zhang Bo, Li Ping, Qi Qun., Methods for analyzing and
modeling bifurcations and chaos in DC-DC Converter in
different operation modes, Proceedings of the CSEE, 2002,
22(11): 81-85

14.Huang R.. S., Chaos and its applications (in Chinese), WuHan
University Press, 2000

15.Yuan G. H., Ott E. York, Banerjee S., Anomalous bifurcations in
DC-DC converters: borderline collisions in piecewise smooth
maps, IEEE Trans. Power Electron., 1997, 7(3): 635-647




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
    /CHS ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [1417.323 1133.858]
>> setpagedevice


