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Abstract  In this paper, an image edge detection method 
based on multi-fractal spectrum analysis is presented. The 
coarse grain Holder&& exponent of the image pixels is first 
computed. then, its multi-fractal spectrum is estimated by 
the kernel estimation method. Finally, the image edge 
detection is done by means of different multi-fractal 
spectrum values. Simulation results show that this method is 
efficient and has better locality compared with the 
traditional edge detection methods such as the Sobel 
method. 

 
Keywords Image edge detection, Multi-fractal spectrum, 
Holder&& singular exponent, Kernel estimation 

1 Introduction 

Multi-fractal, also called multi-resolution fractal or complex 
fractal [1–3], is a good mathematical tool for depicting 
singular signal structures, and is always used to describe a 
singular probability distribution that cannot be depicted by a 
single fractal indicator parameter only (fractal dimension). 
Multi-fractal analysis of signals has good performance on 
both local characteristics and global characteristics, which 
depicts signals’ local characteristics, geometric characteristics 
and probability distribution (multi-fractal spectrum) 
describing the signals’ global characteristics. Multi-fractal 
analysis has good performance on both local and global 
ability. It is a good tool for processing and analyzing images 
that are irregular and difficult to model. Multi-fractal 
analysis provides a new way for image edge detection. 

Some basic definitions and concepts of multi-fractal 
spectrum are covered in Sect. 2. In Sect. 3, multi-fractal 

spectrum estimation based on the kernel estimation method 
is discussed. Image edge detection algorithm based on 
multi-fractal spectrum analysis, image edge detection 
simulation results and analysis are presented in Sect. 4. Sect. 5 
concludes this paper. 

2 Multi-fractal analysis basics 

Definition 1 Assume ( )f x  is a function of :f R R→ , 
and 

( ) ( )0 0f x P x x C x x α− − < −　    (1) 
where 0α > , P is a polynomial with the order not great 
thanα , and C  is a constant greater than 0. 
Let: 
( )

00 sup{ }: xx f Cαα α= ∈         (2) 

( ) { }sup : xx f Cαα α= ∈          (3) 

We call ( )0xα  as the Holder&& exponent of function 

( )f x  at the point 0x , and ( )xα  as the Holder&&  function 

of ( )f x . 
From the above definition, we can see that Holder&&  

exponent α  is a good description of ( )f x with excellent 
local characteristics. 

Definition 2 [1] suppose Eα is a point set with Holder&&  
exponentα , and let: 

( ) ( )dimh hf Eαα =           (4) 

where ( )dimh Eα is the Hausdorff dimension of Eα . Then 

we call ( )hf α as the Hausdorff spectrum of Eα . 

Definition 3 [1] Let ( )nc c= as a capacity sequence 

defined on [ )0 1, , with values on [ )0 1,　 . Let µ be a 

non-atomic reference probability measure. k
nI is a right 

semi-open interval on the interval of [ ) [ )0 1 0 1, ,×　 , which 
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meets 
0

lim max 0
n

k
nn k v

I
→∞ ≤ ≤

= . 

Let ( )( )0 1n

k
n k v n

P I
≤ ≤ ≥

=  be a partition sequence of 

[ ) [ )0 1 0 1, ,×　 　, nv be an increasing positive integer sequence. 

Suppose ( ),nI x y is an interval of k
nI  including ( ),x y . 

The coarse grain Holder&&  exponent is defined as: 

( )
( )( )
( )( )

log ,
,

log ,
n n

n
n

c I x y
x y

I x y
α

µ
=  

And its point Holder&&  exponent is: 
( ) ( )lim, ,nn
x y x yα α

→∞
=          (5) 

When the limitation of Eq. (5) exists, let: 
{ }( , ), , [0,1) [0,1) ( , )E x y x y x yα α α= ∈ × =　 　，  

Then the Hausdorff singularity spectrum of c related 
to µ  is defined as: 

( ) dim ( )hf Eµ αα =            (6) 
Definition 4 [1] Let 0n N ε∈ >， , ( ) {{# 0,1, ,nN kε α = ∈ L  

} }1 k
n nv α ε α α ε− − ≤ ≤ +， where {}# ⋅  denotes the element 

number of the set. 
Let: ( ) ( )log logk k k

n n n nc I Iα µ= ,  

( )αε
gf =

( )log
lim sup

log
n

n
n

N
v

ε α
→∞

      (7) 

Then, 
( ) ( )

0

0

lim

log ( )lim lim
log

g g

n
n n

f f

N
v

ε
ε

ε

ε

α α

α
→

→ →∞

=

=
     (8) 

We call ( )gf
ε α and ( )gf α  the coarse grain and deviation 

spectrum of α , respectively. 
Furthermore, when k

nI  is a binominal interval 
( [  2 ,( 1)2 ) [  2 , ( 1) 2 )k n n n n

nI k k k k− − − −= + × +　 　 　 　 ), the reference measure µ  
is a Lebesgue measure. From Eqs. (7) and (8), we can get: 

( ) ( )2log
lim sup n

g n

N
f

n

ε
ε α
α

→+∞
=      (9) 

( ) ( )2

0

log
lim lim sup n

g n

N
f

n

ε

ε

α
α

→ →+∞
=    (10) 

Definition 5 [1] Let 

( ) ( ) ( )( )
( ) ( )

( ) ( ){ }

0
,

log ,
, lim sup

, : , 0

nv x yk k
n n n n

k

n

n

M x y c I I

M x y
M x y

n

x y X x y

µ

Ω

−

=

→+∞

=

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
= <

∑

 

where ( ) ( ) 0k k
n n nc I Iµ ≠ , then there exists a concave 

functionτ , such that: 

( ) ( ){ }2 0x y R y xΩ τ= ∈ < −& , :  

Let τ ∗  be the Legendre multi-fractal spectrum of τ , 
then the Legendre transform of τ can be defined as: 

( ) ( )
( )inf

l

q

f

q q

α τ α

α τ

∗=

⎡ ⎤= −⎣ ⎦
   (11) 

We call ( )lf α the Legendre spectrum of α . If the 

intervals’ sizes ( k
nI ) are all the same and µ is a Lebesgue 

measure, τ can be defined as: 

( )
( )

( )
log

lim sup 0

qk
n

kk
nn

I
q I

n

µ
τ

→+∞
= ≠

−

∑
 

From Eqs. (6), (10) and (11), we can see that hf is a 
Hausdorff dimension for a given point set with 
Holder&& exponentα , and it is a geometry description of 
singular point distribution; gf  is the probability finding a 

point with coarse grain Holder&& exponent ( ),n x yα , and it is 
a probability description of singular point distribution; 
while lf  is a Legendre transform of the Renyi exponent 

( )qτ  of thq moment of measure µ . In some special case 

l g hf f f= = [4-5], but l g hf f f≥ ≥ [6–9] generally holds. 
Definition 6 Suppose G  is a digital image defined 

on [0  1] [0  1], ,× , and { },nP p=  ( )( )0 2 1n n
n kp I k= ≤ ≤ −，　  

is a partition sequence on [ ] [ ]0  1 0  1×， ， . Let ( ),n n
k kx y  be a 

certain point on n
kI . ( )n

kL I  is the gray level sum of n
kI , 

( ),L x y  is the gray level at the point ( ),x y  of G , and 
Ω  is a certain region of G . We can define the following 
three capacity measures of G : 

Sum capacity: 

( ) ( )
( )

s

x y
c L x y

Ω
Ω

∈
= ∑

,
,  

Max capacity: 
( ) ( )

( )
( )

( )
( )

,

max

,

max ,

n

n n n

m k
n n p

k k k
n p n p n p

M

x y

c L I

I x y

c L x y

Ω

Ω

Ω

+

+ + +

∈Ω

=

∀ ∈

=

，  

Isometric capacity: 

( ) ( ) ( ){ }max  :
n

i k
n n p

l
c k x y L I lΩ Ω += ∈ =，# ,  

( ) ( ) ( ) ( )max  { : }I
l

c x y x y L x y lΩ Ω,= ∈ =# , , ,  

From the definition of the three capacity measures, we 
can see that ( )sc Ω  relies on both the gray and gray 

distribution, ( )m
nc Ω  and ( )Mc Ω  are only on the gray 
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levels, while ( )i
nc Ω  and ( )Ic Ω  are only on gray 

distribution. Furthermore, ( ),m M
nc c  and ( ),i I

nc c  can be 

used to represent the image orthogonal information, and 
also have good performance of anti-noise. Figure 1(a), 1(b) 
is the Holder&& exponent of ( )sc Ω  and ( )Mc Ω  capacity 
of the original Lenna image shown in Fig. 2(a). 

   
(a) 

 
(b) 

Fig. 1 Holder&& exponents of different capacities.(a) Holder&& exponent of 

( )sc Ω ; (b) Holder&& exponent of ( )Mc Ω  

3 Multi-fractal spectrum estimation 

From the Eqs. (6), (10) and (11), we can see that the 
computation of ( )lf α  is the simplest. But ( )lf α  is a 
concave function, some of its detailed spectrum information 
is also left out. ( )hf α  is defined as the Hausdorff 
dimension of sets of points having the same 
Holder&& exponent α , so it is the most computationally 
complex. While the computation of ( )gf α is relatively 

simple compared with that of ( )hf α , it can retain the most 
detailed spectrum information compared with that of 

( )lf α . This section focuses on the estimation of ( )gf α . 

3.1 Histogram estimation method 

The histogram estimation method is the simplest and most 

commonly used density estimation method. Estimation of 
( )gf α using the histogram method is as follows: 

1) Choose a proper capacity sequence { }nc and a 
reference measure µ . 

2) For each resolution n, compute all coarse grain 
Holder&& exponents k

nα ( ( ) ( )log logk k k
n n n nc I Iα µ= ). 

3) Compute the maximum and minimum of k
nα . 

{ }max m a x k
n nk

α α=  

{ }min min k
n nk

α α=  

4) Divide min max[ ],n nα α  into N boxes i
NB ( i

NB =  

min max[ ]n n Nα α, / ). 

5) Compute the number of intervals k
nI whose k

nα  falls 
in the ith box. 

{ } : 1  2  i k k i
n n n NN I B i Nα= ∈ = L，# , , , . 

6) Estimate fg(α) by a linear regression on ( )log logi
nN n, . 

The histogram method can achieve satisfactory results 
for strictly stationary processes. But for some non- 
stationary and multiplicative processes, especially when 

( )gf α  is not a concave function, some important detailed 
information may be left out. Another problem for the 
estimation of gf using the histogram method is that the 

limitation relationship between gf and ε  is not concerned 
when the box number is selected on α . Thus, estimation of 

gf  using the histogram method cannot always achieve 
good results. 

3.2 Kernel estimation method 

Nonparametric density estimation started from Chen [10] 
and Devroye’s [11] work. Based on histogram density 
estimation, they proposed a kind of effective density 
estimation method called kernel density estimation. Since 
kernel density estimation is a nonparametric density 
estimation method, we can use it to estimate fg. The 
precondition of kernel estimation is that fg must be the 
density function ofα .  But from Eq. (10), we can see that 
fg is not the density function of α . So kernel estimation 
method cannot be directly used on fg. In order to estimate fg 
using kernel density estimation, fg must be redefined as the 
form of density function of α . 

Let nP  be an interval partition sequence on [ ) [ )0  1 0  1, ,× , 

{ } 0 2 1

[ 2 ( 1)2 ) [ 2  ( 1)2 )

,

, ,

k n
n n

k n n n n
n

P I k

I k k k k− − − −

= ≤ ≤ −

= + × +
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For now, we can rewrite ( )nN ε α  as the following 
convolution form: 

( ) ( )
( ) ( )

2 1

[ ]
0
1

[ ]2  

n

k
n n

k
n

n

N L

p L

ε
ε ε

ε ε

α α α

ε α

−

− +
=
+

− +

= −

= ×

∑ ,

,

     (12) 

where ( ),B α ε  is a ball centered on α  and its radius isε . 

( )[ ]L xε ε− +,  is an indicator function meeting Eq. (13). It can 
be substituted by any compactly supported kernel K  as 

1
D

K =∫  ( D is the support of K ), and ( )np α  is the 

empirical probability density function of coarse grain 
Holder&& exponent ( )n

k k
α . 

( ) 
[ ] 

 d 1L x x
ε

ε εε

+
− +−

=∫ , ， [ ],x ε ε∀ ∈ − +    (13) 

Then 

( ) ( )
2 1

0
2

n

n k
n n

k
p α δ α α

−
−

=
= −∑   

( ) 1 0
0 others

x
xδ

=⎧
= ⎨
⎩

，

，
  (14) 

Let ( ) (1 2 )K Kε
αα ε
ε

⎛ ⎞= ⎜ ⎟
⎝ ⎠

/  be an admissible compactly 

supported kernel function, then 

( ) ( )( ) 2 ( )
2
n

n n n
N

p p K
ε

ε
ε

α
α ε α= =        (15) 

From Eq. (10), (12) and (15), we can get 
( )( )( )

( )

1
2

0

20

log 2
( ) lim limsup

11 lim limsup log

n
n

g n

nn

p K
f

n

p
n

ε

ε

ε

ε ε α
α

α

+

→ →∞

→ →∞

=

⎛ ⎞= + ⎜ ⎟
⎝ ⎠

   (16) 

In Eq. (16), the estimation of ( )gf α  must consider the 
relationship of ε  and α , and also of ε  and n . At the 
same time the stability of estimation results at each 
resolution of n  must also be concerned [10–12]. This is 
the most important for the estimation of ( )gf α  by the 
kernel estimation method. In fact, it is very difficult to 
determine the relationship of all parameters. In order to 
overcome these difficulties, we must redefine Eq. (14).  

Suppose I  is the interval of size η ( I η= ), and its coarse 
grain Holder&& exponent is ( )Iηα ( ( ) log ( )/logI Iηα µ η= ). 

Let ( )Eη α  be the reunion of all intervals of the same size 
η , whose coarse grain Holder&&  exponent equals a given 
Holder&&  exponent valueα . 

( ) { }[0 1)  ( ), , ,E I I Iη ηα η α α= ∈ = =U  

Let pη  be a Lebesgue measure, then 

( )p Eη η α=              (17) 

and 

( ) 
[ ] 

( ) ( )d 2 ( )p p p L
α εε

η η η ε εα ε
α β β ε α

+
− +−

= =∫ ,    (18) 

From Eq. (17), we can get 

0 0

log ( )
( ) 1 lim lim inf

logg
p

f
ε
η

ε η

α
α

η→ →

⎛ ⎞
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

  (19) 

Let 

( ) { }
( ) { }
( ) ( ){ } ( ){ }( )

inf ( )  

sup ( )  

1, min , max ,
2

x I x I I

x I x I I

g x x x

η η

η η

ε
η η η

α α η

α α η

α α ε α α ε α
ε

−

+

+ −

⎧
= ∈ =⎪

⎪⎪ = ∈ =⎨
⎪
⎪ = + − −
⎪⎩

， ，

， ，

  
(20)

 

From Eq. (20), we can get 
( )

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( )

1
2

2

,g x

x x x x

x x x

x x x

x x

ε
η

η η η η

η η η

η η η

η η

α

α α α ε α α α ε

α α ε α α ε α α ε

ε α ε α α ε α α ε α

ε α α ε α ε α

+ − − +

+ − +

− − +

− +

⎧ − − ≤ ≤ ≤ +
⎪
⎪ − + ≤ − ≤ ≤ +⎪= ⎨

+ − − ≤ ≤ + ≤⎪
⎪

≤ − ≤ + ≤⎪⎩

，

，

，

，

  (21) 

and  

( ) [ ] ( ) ( )1, , ,  
2

g x x xε
η η ηα α ε α ε α α

ε
− +⎡ ⎤= − + ⎣ ⎦I   (22) 

Performing integral operation on the both sides of    
Eq. (22), we can get: 

( )
( )

 
[ 1 1] 

( )

 
[ ] [ ( ) ( )] 

( )

2 d

1           2 d d
2

         ( ) ( ) d  d

D

x

x
D

x x
D

g x x

L x
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η η

ε
η

µ

α

α
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α ε α α α α
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ε ε

β β β
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−
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−
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∫
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  (23) 
Since 

[ ( ), ( )]  ( )  (  )x x I I x I x Eη η η ηβ α α α β β− +∈ ⇔∃ = ∈ ⇔ ∈， ：  
then 

( )[ ( ), ( )] Ex x
L L

ηη η
βα α− + = , ( , )x β∀  

[ ( ), ( )]
( )

( ) d ( ) ( )
x x

D

L x E p
η η

η ηα α
µ

β β β− + = =∫  

From Eq. (23), we can get 
 

 
( )

2 ( )d ( )d ( ),
D

g x x p p
α εε ε

η η ηα ε
µ

ε α β β α
+

−
= =∫ ∫      (24) 

where ( )D µ  is the support of µ . 

When the kernel function Kε is introduced in Eq. (22), 
then 

( )  

 

1  d
2

( )

( )
,

xK
x

g x Kηε

η

α
η α

β αα β
ε ε

+

−

−⎛ ⎞= ⎜ ⎟
⎝ ⎠∫     (25) 
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So Eq. (24) can be represented in the following form: 
( ) ( )

( )
( )

2 d

2 ( )

K

D

p g x x

p K

εε
η η

µ

η ε

α ε α

ε α

=

=

∫ ,
         (26) 

Furthermore, when [ 1 1]K L − += ,  

( ) [ ] ( ) ( )1   
2

, , ,Kg x x xε
η η ηα α ε α ε α α

ε
− +⎡ ⎤= − + ⎣ ⎦I      (27) 

( ) ( )

[ ] ( ) ( )

2  

  

ˆ ,

, ,

Kp g x

x x

ε
η η

η η

α ε α

α ε α ε α α− +

=

⎡ ⎤= − + ⎣ ⎦I
   (28) 

( ) ( )( )[ ]2p p Lε
η η ε εα ε α− += × ,ˆ ˆ  

( )
log ( )

1
logg

p
f

ε
ηε

η
α

α
η

= −,
ˆˆ               (29) 

In Eq.(29), ( ),
ˆ
gf
ε
η α  is the estimated value of the 

multi-fractal spectrum ( )gf α .  

4 Image edge detection  

4.1 Edge detection algorithm by multi-fractal spectrum 

According to the multi-fractal spectrum, image pixels are 
divided into two kinds: smooth edge point ( ( ) 1 0.gf α = ) 

and t-singular edge point ( ( )gf tα = ,1 0 2 0. .t< < ).  
Smooth edge points and t-singular points constitute the 

edge of the image to be detected.  
Now, we generalize the multi-fractal spectrum edge, and 

detection algorithm in the following steps: 
Step 1: Choose a certain capacity sequence { }nc and a 

reference measure µ ; 
Step 2: Compute image pixels’ coarse grain exponent 
( ),i jηα  on { }nc  and µ ; 

( ) ( )
( )

log ( )

log ( )

c I i j
i j a

I i j
η

η
η

α
µ

=
,

,
,

 

Step 3: Compute the estimated multi-fractal spectrum 
value ( ),

ˆ
gf
ε
η α of ( )gf α  about ( ),i jηα ; 

( ) ( )
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2ˆ , ,

, , , ,
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ε
η η

η η

α ε α

α ε α ε α α− +
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( )
log ( )

1
logg

p
f

ε
ηε

η
α

α
η

= −,
ˆˆ  

Step 4: Detect image smooth edge points 1 0.E ; 

{ }1 0 ( ) : ( ) 1 0gE E i j f ε η α= =. ,
ˆ, .  

Step 5: Detect all singular edge points tE ( ( )1 0 ,
ˆ. gf tε

η α< ≤ ) 
for a given multi-fractal spectrum threshold t , multi-fractal 
spectrum of singular edge points are always located on the 
range of ( )1 1 1 5. .gf α≤ ≤ [13-14]); 

{ }( ):1 0t gE E i j . f tε
η= < ≤,

ˆ,  

Step 6: Combine image smooth edge 1 0.E  and singular 
edge tE  ( edge 1 0. tE E E= U ) 

4.2 Simulation results and analysis 

Our simulation test uses the ( )Ic Ω  as the capacity 
measure and the Lebesgue as reference measure µ . The 
interval size is 0 003 906η = . , and the small deviation value 
is 0 007 25ε = .  and the kernel function is [ 1 1]K L − += , . Fig.2 
shows the edge detection results of the original Lenna of 
size 512 × 512 pixels using multi-fractal spectrum analysis, 
where Fig. 2(a) is the original  image of Lenna, and 
Fig.2(b) is the Holder&& exponent of the original image. 
Fig.2(c) is a multi-fractal spectrum of Fig. 2(a) while 
Fig.2(d) is the smooth edge detection result of Fig. 2(a) with 

( ) 1 0.gf α = . Fig. 2(e), and Fig.2(f) are the edge detection 

results of the original image with ( )1 0 1 1. .gf α≤ ≤  and 

( )1 0 1 2. .gf α≤ ≤ . Fig. 3 is the Sobel edge detection result of 
Fig. 2(a), whose threshold value equals 10. From Figs. 2-3, 
we can see that a finer edge can be detected than the Sobel 
method when the multi-fractal spectrum value ( )gf α  is 
properly chosen.  

 
Fig. 3 Sobel edge detection result (TH=10) 
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                           (a)                                        (b) 

             
                         (c)                                           (d) 

                    
                        (e)                                             (f) 

Fig. 2 Multi-fractal spectrum edge detection. (a) The original image Lenna 512 512× ; (b) The Holder&& exponent of ( )Ic Ω ; (c) The estimated spectrum of 

( )gf α ; (d) The edge detection result with ,
ˆ 1.0gf
ε
η = ; (e) The edge detection result( ,

ˆ1.0 1.1gf ε
η≤ ≤ ); (f) The edge detection result ( ,

ˆ1.0 1.2gf ε
η≤ ≤ ) 

 
5 Conclusions 

Multi-fractal analysis is a good mathematic tool for 
depicting singular signal structure. It is always used to 
describe a singular probability distribution, which cannot be 
depicted by a single fractal indicator parameter only. 
Multi-fractal analysis of signals has good performance on 

both local characteristics and global characteristics. In this 
paper, a novel image edge detection using multi-fractal 
spectrum is given in which the Holder&&  exponent ( ),i jα  
of the given image is firstly computed. Then, the 
multi-fractal spectrum ( )f α of ( ),i jα is estimated. 

Finally, according to the value of ( )f α , the image edge 
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points are detected. As the ( )f α  value of the edge points 

is always between 1.0 and 1.5, the larger ( )f α  value 
providing the finer edge can be detected. Simulation results 
show that edge detection by multi-fractal spectrum analysis 
method has better locality than traditional ones making it a 
good alternative for image edge detection. 
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