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Abstract In this paper, an image edge detection method
based on multi-fractal spectrum analysis is presented. The
coarse grain Holder exponent of the image pixels is first
computed. then, its multi-fractal spectrum is estimated by
the kernel estimation method. Finally, the image edge
detection is done by means of different multi-fractal
spectrum values. Simulation results show that this method is
efficient and has better locality compared with the
traditional edge detection methods such as the Sobel
method.

Keywords Image edge detection, Multi-fractal spectrum,
Holder singular exponent, Kernel estimation

spectrum estimation based on the kernel estimation method
is discussed. Image edge detection algorithm based on
multi-fractal spectrum analysis, image edge detection
simulation results and analysis are presented in Sect. 4. Sect. 5
concludes this paper.

1 Introduction

Multi-fractal, also called multi-resolution fractal or complex
fractal [1-3], is a good mathematical tool for depicting
singular signal structures, and is always used to describe a
singular probability distribution that cannot be depicted by a
single fractal indicator parameter only (fractal dimension).
Multi-fractal analysis of signals has good performance on
both local characteristics and global characteristics, which
depicts signals’ local characteristics, geometric characteristics
and probability distribution (multi-fractal spectrum)
describing the signals’ global characteristics. Multi-fractal
analysis has good performance on both local and global
ability. It is a good tool for processing and analyzing images
that are irregular and difficult to model. Multi-fractal
analysis provides a new way for image edge detection.
Some basic definitions and concepts of multi-fractal
spectrum are covered in Sect. 2. In Sect. 3, multi-fractal
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2 Multi-fractal analysis basics

Definition 1 Assume f(x) is a function of f : R —> R,
and
[ (%) = P(x =) | < Clor=xo[* (1)

wherea >0, P is a polynomial with the order not great
thana , and C is a constant greater than 0.

Let:
a(x0)=sup{a:feCZ)} (2)
a(x)= sup{a :fe Cf} 3)

We call a(x,) as the Holder exponent of function
f(x) at the pointx,, and a(x) as the Holder function
of f (x) .

From the above definition, we can see that Holder
exponent « is a good description of f (x)with excellent

local characteristics.
Definition 2 [1] suppose E, is a point set with Holder

exponent « , and let:
Ji(@) = dim,, (E, ) 4)
where dim, (E,, ) is the Hausdorff dimension of £, . Then
we call £, («) as the Hausdorff spectrum of £, .

Definition 3 [1] Let c¢=(c,)as a capacity sequence
defined on [0,1), with values on [0,1). Let ube a
non-atomic reference probability measure. I,f is a right

semi-open interval on the interval of [0,1)x[0,1), which



meets lim max I,’f =0.

n—0 0<k<y,

n

Let P:((Ik )M ) be a partition sequence of
<k<v, n>l

[0,1)x[0,1), v, be an increasing positive integer sequence.

Suppose 7, (x,»)is an interval of I} including (x,y) .

The coarse grain Holder exponent is defined as:

“ (x,y) _ logc, (In (x,y))
log ,u(]n (x,y))
And its point Holder exponent is:
a(x,y):iiilgoan (x,) 5)
When the limitation of Eq. (5) exists, let:
E, ={(x,»),x,y€[0,D)x[0,1), a(x,y)=a}

Then the Hausdorff singularity spectrum of c related
to i is defined as:

uﬁ(a):dhnﬂdz) (6)
Definition 4 [1] Letne N, 8>0,N§(a):#{ke{0,1,-.-,
v, -1}, a—gSa:Sa-}-g} where #{} denotes the element

number of the set.
Let: a' =logc, (I,f )/log y(l,f),

log N?
fgg (0(): lim sup og—n(a) @)
n—o 1 vn
Then,
Tg ()= ;i_%f; (a)
e (®)
— lim Tim 108 Va (@)
s>0n—>o  logv,

We call f; (a)and f,(a) the coarse grain and deviation
spectrum of « , respectively.
a binominal interval
(I =[k 27, (k+1)2")x[ k27, (k+1) 2™)), the reference measure 4
is a Lebesgue measure. From Egs. (7) and (8), we can get:

log, N; (a)
A — ©)

Furthermore, when If s

f£ (er) = lim sup .

n—+oo

1 &
f, (a) =lim lim supM

&0 n—>+0

(10)
Definition 5 [1] Let

v,

M, (x0)= 2, (1) w(12)”)

k=0

log M
M (x,y) = lim {sup—og : (x’y)J

n—>+0 n

Q:{(x,y):X(x,y)<0}
where ¢, (I . ) y([ N ) #0 , then there exists a concave

function z, such that:
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Qz{(x,y)eRz :y<r(x—0)}

Let 7* be the Legendre multi-fractal spectrum of z,
then the Legendre transform of 7 can be defined as:

Jila)=7"(a)
= ir;f[qa - r(q)]

We call f;(«) the Legendre spectrum of « .

(11)

If the

intervals’ sizes (|I*

) are all the same and uis a Lebesgue

measure, 7 can be defined as:

tog Y 1£)’

(¢q)= lim sup—~&— (1,’1‘)7&0

n—>+0 —n
From Eqgs. (6), (10) and (11), we can see that f; is a
Hausdorff dimension for a given point set with
Holder exponent @ , and it is a geometry description of
singular point distribution; f, is the probability finding a
point with coarse grain Holder exponent ¢, (x,y), and it is

a probability description of singular point distribution;
while f, is a Legendre transform of the Renyi exponent

7(q) of gth moment of measure x. In some special case

fi =1y =1y [4-5)but £, = £, = £, [6-9] generally holds.
Definition 6 Suppose G is a digital image defined

on[0, 11x[0, 1], and P={p,}, p, :((I,f), 0<k<2" —1)

is a partition sequence on[0, 1]x[0, 1]. Let (x,’j,y,’f) be a
certain point on/; . L(I,f) is the gray level sum of I}/,

L(x,y) is the gray level at the point (x,y) of G, and

0 s a certain region of G . We can define the following
three capacity measures of G :
Sum capacity:

Max capacity:

' (02)= maxL(Ifm )
VI:H)"’(X:H)” ’yr]:+[),, ) e
M (_Q) = (E}?Z(QL(X’)/)

Isometric capacity:
cfl(Q):mlax #{k:(x,y)eQ, L(I,];p"):l}
cl(!)):mlax #{(x,y):(x,y) e 2 L(x,y)=1}

From the definition of the three capacity measures, we
can see that ¢*(£2) relies on both the gray and gray

distribution, ¢)'(£2) and ¢ (£2) are only on the gray
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levels, while ¢! (£2) and ¢/(£2) are only on gray

n
distribution. Furthermore, (c;",cM) and (cf,,cl) can be
used to represent the image orthogonal information, and
also have good performance of anti-noise. Figure 1(a), 1(b)
is the Holder exponent of ¢*(£2) and ¥ (£2) capacity

of the original Lenna image shown in Fig. 2(a).

(b)
Fig. 1 Holder exponents of different capacities.(a) Holder exponent of
¢*(£2); (b) Holder exponentof ¢*(£2)

3 Multi-fractal spectrum estimation

From the Egs. (6), (10) and (11), we can see that the
computation of f,(a) is the simplest. But f(a) is a

concave function, some of its detailed spectrum information
is also left out. f,(a) is defined as the Hausdorff

dimension of sets of points having the same
Holder exponent « , so it is the most computationally

complex. While the computation of f, (a)is relatively

simple compared with that of f; (&), it can retain the most

detailed spectrum information compared with that of
/; () . This section focuses on the estimation of f,, (er) .

3.1 Histogram estimation method

The histogram estimation method is the simplest and most

commonly used density estimation method. Estimation of
f, (@) using the histogram method is as follows:

1) Choose a proper capacity sequence {c,} and a

reference measure x .
2) For each resolution n, compute all coarse grain

Holder exponents o (o) =loge, (I,'f )/log,u(l,]f) ).
3) Compute the maximum and minimum of aﬁ .

o™ =max {af,}
k

n

4) Divide [@™,a™*] into N boxes B ( ‘B}'V‘=

n n

[a}lnin ’arrlnax]

/N).

5) Compute the number of intervals /X whose o falls
in the ith box.
Ny=#{[i:afeBly i=1,2, N},
6) Estimate f( @) by a linear regression on (log N!, log n) .
The histogram method can achieve satisfactory results
for strictly stationary processes. But for some non-

stationary and multiplicative processes, especially when
f. (a) is not a concave function, some important detailed

information may be left out. Another problem for the
estimation of f, using the histogram method is that the

limitation relationship between f, and & is not concerned

when the box number is selected on ¢« . Thus, estimation of
f, using the histogram method cannot always achieve

good results.

3.2 Kernel estimation method

Nonparametric density estimation started from Chen [10]
and Devroye’s [11] work. Based on histogram density
estimation, they proposed a kind of effective density
estimation method called kernel density estimation. Since
kernel density estimation is a nonparametric density
estimation method, we can use it to estimate f,. The
precondition of kernel estimation is that f, must be the
density function ofer. But from Eq. (10), we can see that
fs is not the density function of «. So kernel estimation
method cannot be directly used on f, In order to estimate f,
using kernel density estimation, f, must be redefined as the
form of density function of « .

Let P, be an interval partition sequence on[0, 1)x[0, 1),
B =1}, 0<k<2"-1]

I,’; =[k27",(k+1)27")x[k27", (k+1)27")



For now, we can rewrite Ny («) as the following

convolution form:
/Y _1

)= 3 b cva(a-a)
:2”*lg(pn><11_g,+g]) ()

where B(a, &) is a ball centered on o and its radius is¢ .

(12)

L_¢.¢1(x) is an indicator function meeting Eq. (13). It can
be substituted by any compactly supported kernel K as
_[DKzl (D is the support of K ), and p,(a) is the
empirical probability density function of coarse grain

Holder exponent (a,’j )k .

[0 (x) ar=1, vre[-z,+4] (13)
Then
21 .
Dy (a):Z_” z 5(0(—0(”)
k=0
1, x=0
= 14
5(x) {0, others (14)

Let K (a)=(1/2¢&)K [gj be an admissible compactly
£

supported kernel function, then

Ni(a
pi(@)=2¢(p, K, )(@) =% (15)
From Eq. (10), (12) and (15), we can get
log, (2’”'5( D, Kg)(a))
() =limlims
f;( ) £0 n—xo up n (16)
1 &
—1+1;u£lnns®( log, p’ (a)j

In Eq. (16), the estimation of f, («) must consider the

relationship of & and «, and also of ¢ and n. At the
same time the stability of estimation results at each
resolution of n must also be concerned [10—12]. This is

the most important for the estimation of f, (&) by the

kernel estimation method. In fact, it is very difficult to
determine the relationship of all parameters. In order to
overcome these difficulties, we must redefine Eq. (14).

Suppose / is the interval of size 7 (|/|=7), and its coarse
grain Holder exponent is «, (/) ( a,()=log u(l)logn ).
Let E () be the reunion of all intervals of the same size

1, whose coarse grain Holder exponent equals a given
Holder exponent value « .

E,(a)=U{I e[0,))]l| =7, a,()=a}

Let p, bea Lebesgue measure, then

Py =|Ey(@) (17)
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and
pa@)=[ " p (BB =26(pylisn (@) (18)
From Eq. (17), we can get
fq(a)=1-lim lim 1nf{w] (19)
=070 log 77

Let
a, (x)=inf {an(l), xel, |I|:77}

a, (x)=sup {aﬂ(l), xel, |I|:77}

g (x.a) =2—1€(min {a+£,a; (x)}—max {a—g,a; (x)})
(20)
From Eq. (20), we can get
g (xa)
oy (x)=a (x), a-z<a;(x)<a;(x)sa+e
1 |ay (x)-—a+e a(x)<a-e<aq,(x)<a+e (21
2 |are—ar(x), a-e<a;(x)satesal (x)
2¢, a, (x)<a-s<a+s<a,(x)
and
& (xa) = [a-aa+dne (x).q;(+)]| (2)

Performing integral operation on the both sides of
Eq. (22), we can get:

2e f g, (x,a)dx

D(u)
2 | sl el 255
=2 | —|| 1 L, L~ 1dp |dx
Dl % I“”(“ P e
- qa_.f,m](ﬁ)[ [ L on®) dx] ap
b
(23)

Since

Bela,®),q,]<=3 a)=p: xel <xeE(f)
then

L[Dl, ().t ()] E (B)° Y(x, f)

.,,,

From Eq (23), we can get

26 | ghrarde=] """ p,(B)4B = pjy(@)
D(u)

where D(u) is the support of 4.
When the kernel function X, is introduced in Eq. (22),

then
( j
&

(24)

1 pai(x)
g (va)=5-] (25)

a,(x)
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So Eq. (24) can be represented in the following form:
Py (a)=2¢ I g,lf*‘ (x,a)dx

D) (26)
= 25(1’7] Kg)(a)
Furthermore, when K =1, .
i (na)=5[la=s.a+a] [ (+).05 (5] @7
pyla)=2¢ g,lf” (x,)
- . (28)
=‘[0[—6,0!+£]ﬂ [a,? (x),at, (x)} ‘
]3; (0!) = 25(1377 X L[—e,+£] )((Z)
72 (a)=1- 28 Pa(@) 29)

log 7
In Eq.(29), f‘gf,,] () is the estimated value of the

multi-fractal spectrum  f, (@) .

4 Image edge detection

4.1 Edge detection algorithm by multi-fractal spectrum

According to the multi-fractal spectrum, image pixels are
divided into two kinds: smooth edge point ( f, (a)=1.0)
and -singular edge point ( f, (a)=1,1.0 <t <2.0).

Smooth edge points and #-singular points constitute the
edge of the image to be detected.

Now, we generalize the multi-fractal spectrum edge, and
detection algorithm in the following steps:

Step 1: Choose a certain capacity sequence {cn} and a

reference measure z ;
Step 2: Compute image pixels’ coarse grain exponent

aﬂ(i,j) on {c,} and u;
1 I.(i,]
(i, =—0gc( ”(l. J.)) a
log (1, i».)
Step 3: Compute the estimated multi-fractal spectrum
value f¢ (a)of f,(a) aboute, (i,/);

by(e)=2¢g," (i, /@)
~|la-csa+e] N[, (i), (i1)]
oy (irj)= inf{a”(l), i,jeb|l]= 77}
ay (ir))=sup {a,(D): i,jeL|I|=n|

()= 25(1377 X L[—é‘,+£])(0!)

. log py ()
£ (a)=1-—"1—
fg:ﬂ( ) 10g77

Step 4: Detect image smooth edge points £  ;
E = E{(i,j) : f‘gg,n(a) = 1.0}
Step 5: Detect all singular edge points E, (1.0 < £, en(@)<t)

for a given multi-fractal spectrum threshold ¢, multi-fractal
spectrum of singular edge points are always located on the
range of 1.1< f, (a) <1.5[13-14]);

E, =E{(i,j):1.0<f;’,7 sr}
Step 6: Combine image smooth edge E,, and singular
edge Et (Eedge = El.O UEt )

4.2 Simulation results and analysis

Our simulation test uses the c¢/(£2) as the capacity

measure and the Lebesgue as reference measure zz. The
interval size is 7 =0.003906, and the small deviation value

is£=0.00725 and the kernel functionis K =1, .. Fig.2

shows the edge detection results of the original Lenna of
size 512 x 512 pixels using multi-fractal spectrum analysis,
where Fig. 2(a) is the original image of Lenna, and
Fig.2(b) is the Holder exponent of the original image.
Fig.2(c) is a multi-fractal spectrum of Fig. 2(a) while
Fig.2(d) is the smooth edge detection result of Fig. 2(a) with

/o (@)=1.0.. Fig. 2(e), and Fig.2(f) are the edge detection
results of the original image with 1.0< ]fg(a)sl.l and

1.0< fg(a)sl.z. Fig. 3 is the Sobel edge detection result of

Fig. 2(a), whose threshold value equals 10. From Figs. 2-3,
we can see that a finer edge can be detected than the Sobel

method when the multi-fractal spectrum value f, (a) is

properly chosen.

Fig. 3 Sobel edge detection result (TH=10)



(2)
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(b)

Fig. 2 Multi-fractal spectrum edge detection. (a) The original image Lenna 512x512 ; (b) The Holder exponent of ¢’ (£2); (c) The estimated spectrum of

f, (@) ; (d) The edge detection result with 72 =1.0; (¢) The edge detection result(1.0< 77, <1.1); (f) The edge detection result (1.0< f7, <1.2)

5 Conclusions

Multi-fractal analysis is a good mathematic tool for
depicting singular signal structure. It is always used to
describe a singular probability distribution, which cannot be
depicted by a single fractal indicator parameter only.
Multi-fractal analysis of signals has good performance on

both local characteristics and global characteristics. In this
paper, a novel image edge detection using multi-fractal

spectrum is given in which the Holder exponent «(i, ;)

of the given image is firstly computed. Then, the
multi-fractal spectrum  f(a) of «f(i,/) is estimated.

Finally, according to the value of /(«), the image edge
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points are detected. As the f (a) value of the edge points

is always between 1.0 and 1.5, the larger f(a) value

providing the finer edge can be detected. Simulation results
show that edge detection by multi-fractal spectrum analysis
method has better locality than traditional ones making it a
good alternative for image edge detection.
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