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Appendix A  Explicit inequality constraint probability  
 

In this appendix section, we briefly show how the integral from Eq. (13) can be solved 
explicitly for the special case of (i) inequality constraints 

 𝑓𝑓𝑖𝑖,min ≤ 𝑓𝑓𝑖𝑖 ≤ 𝑓𝑓𝑖𝑖,max ∀𝑖𝑖 = 1, … ,𝑝𝑝, (A1) 

i. e., 

 𝐷𝐷𝑓𝑓 = �𝑓𝑓1,min,𝑓𝑓1,max� × ⋯× �𝑓𝑓𝑝𝑝,min,𝑓𝑓𝑝𝑝,max� 
(A2) 

with 𝑓𝑓 = (𝑓𝑓1, … ,𝑓𝑓𝑝𝑝) and (ii) a multivariate Gaussian distribution 
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The probability 𝑝𝑝(𝑓𝑓 ∈ 𝐷𝐷𝑓𝑓|𝑥𝑥) is then given by 
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Diagonalizing the covariance matrix as 𝛴𝛴 = 𝑈𝑈𝑇𝑇diag(𝜎𝜎12, … ,𝜎𝜎𝑝𝑝2)𝑈𝑈 with an orthogonal 

𝑝𝑝 × 𝑝𝑝-matrix 𝑈𝑈 and changing the integration variables to 

 𝑓𝑓 = 𝑈𝑈�𝑓𝑓 − 𝑓𝑓‾� (A5) 

leads to 
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(A6) 

where 

 𝑓𝑓min,max = 𝑈𝑈�𝑓𝑓min,max − 𝑓𝑓‾� (A7) 

and we symbolically use d𝑓𝑓 = |det 𝑈𝑈|d𝑓𝑓 = d𝑓𝑓 . The integrals in Eq. (A6) can be 
expressed by means of the error function 
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to yield 
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(A9) 

This explicit form reduces the computational effort of computing 𝑝𝑝(𝑓𝑓 ∈ 𝐷𝐷𝑓𝑓|𝑥𝑥). In all 
examples presented in this paper GPR is used as the regression model ℛ𝑓𝑓  and all 
constraints are inequality constraints. Thus, Eq. (A9) is applied in all examples. 

 

B Incorporating inequality constraints directly in the 

optimization problem 
 

We have included the preference for the fulfillment of constraints as an additional utility 
term 𝑈𝑈𝑐𝑐 in Algorithm 2. In many cases, the constraints imposed on the process, Eq. 
(7), are given in the form of inequality constraints as shown in Eqs. (A1) and (A2), 
respectively. This allows the construction of an alternative adaptive sampling algorithm 



by omitting 𝑈𝑈𝑐𝑐  in the utility function (i. e., 𝑤𝑤𝑐𝑐 = 0 ) and instead including the 
inequality constraints directly into the optimization problem, Eq. (3). 

Specifically, the regression model ℛ𝑓𝑓 predicts the constraint function values 𝑓𝑓, i. e., 

 ℛ𝑓𝑓: 𝑥𝑥 ↦ 𝑓𝑓(𝑥𝑥) (A10) 

and therefore allows to translate the inequality constraints, Eq. (A1), to constraints on 
𝑥𝑥 according to 

 𝑓𝑓𝑖𝑖,min ≤ 𝑓𝑓𝑖𝑖(𝑥𝑥) ≤ 𝑓𝑓𝑖𝑖,max ∀𝑖𝑖 = 1, … ,𝑝𝑝. (A11) 

Since ℛ𝑓𝑓  is only an approximation of the true function 𝑓𝑓(𝑥𝑥) , the inequality 
constraints are also only approximations of the true constraints. However, they can be 
formally used to define the constrained optimization problem 

 𝑥𝑥new = argmax𝑥𝑥∈𝜒𝜒, 𝑓̂𝑓(𝑥𝑥)∈𝐷𝐷𝑓𝑓𝑈𝑈�𝐷𝐷expl, 𝑥𝑥,𝑤𝑤�|𝑤𝑤𝑐𝑐=0 (A12) 

as a replacement for Eq. (3). Note that the utility function with 𝑤𝑤𝑐𝑐 = 0 does not 
depend on ℛ𝑓𝑓. 

Summarized, by approximating the constraints, Eq. (A1), by Eq. (A11) and integrating 
them directly into the optimization problem of the utility function without using 𝑈𝑈𝑐𝑐, 
Eq. (A12), we obtain Algorithm 3. The drawback of this way of including constraints 
in the adaptive sampling strategy is the lack of possibility to set the weight of the 
constraints and the requirement of a sufficiently good surrogate model ℛ𝑓𝑓 to get a 
meaningful prediction of the constraint fulfillment. 
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