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ABSTRACT Owing to advancement in advanced manufacturing technology, the reinforcement design of concrete
structures has become an important topic in structural engineering. Based on bi-directional evolutionary structural
optimization (BESO), a new approach is developed in this study to optimize the reinforcement layout in steel-reinforced
concrete (SRC) structures. This approach combines a minimum compliance objective function with a hybrid truss-
continuum model. Furthermore, a modified bi-directional evolutionary structural optimization (M-BESO) method is
proposed to control the level of tensile stress in concrete. To fully utilize the tensile strength of steel and the compressive
strength of concrete, the optimization sensitivity of steel in a concrete—steel composite is integrated with the average
normal stress of a neighboring concrete. To demonstrate the effectiveness of the proposed procedures, reinforcement
layout optimizations of a simply supported beam, a corbel, and a wall with a window are conducted. Clear steel
trajectories of SRC structures can be obtained using both methods. The area of critical tensile stress in concrete yielded
by the M-BESO is more than 40% lower than that yielded by the uniform design and BESO. Hence, the M-BESO
facilitates a fully digital workflow that can be extremely effective for improving the design of steel reinforcements in
concrete structures.

KEYWORDS bi-directional evolutionary structural optimization, steel-reinforced concrete, concrete stress, reinforcement

method, hybrid model

1 Introduction

Concrete is the most widely used material in civil
engineering and can balance performance, availability,
and cost [1-3]. However, brittle stretching and quasi-
brittle compression limit their application in complicated
load cases. Steel-reinforced concrete (SRC) structures are
widely used as alternatives to plain concrete [1-10]. The
strength and ductility of concrete structures can be
significantly improved by introducing steel reinforce-
ments. An SRC structure may feature Bernoulli regions
(B-regions) and disturbed regions (D-regions). B-regions
can typically be designed well using the established beam
theory and cross-sectional analysis, whereas the D-
regions exhibit nonlinear deformation, to which
conventional beam design methods are not applicable
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[11]. Hence, the strut-and-tie model (STM) [12] has been
used to analyze D-regions and design reinforcement
layouts. The STM allows the behavior of an equivalent
truss structure to be examined to investigate the
performance of complex D-regions. In this truss analogy,
the components under compression are known as struts,
which are filled with concrete. Meanwhile, tie rods are
used to brace tensile stress, and the connections between
the struts and tie rods are known as nodes.

For an irregular SRC structure with complicated
boundary conditions, obtaining an appropriate STM
based on the designer’s experience is challenging owing
to the complex stress trajectories involved. Structural
optimization techniques can be adopted to determine the
optimized layout of steel reinforcements. STM optimiza-
tion was first implemented using discrete topology
optimization based on the truss ground structure approach
[13,14]. In this method, the truss topology is described by


https://doi.org/10.1007/s11709-023-0963-0

670

the truss members, whose cross-sectional areas are
adopted as the design variables for optimization. Hence,
the optimization of the STM is transformed into a
generalized sizing problem. In the truss ground structure
optimization, the cross-sectional areas of the ties change
iteratively. The ties with cross-sectional areas smaller
than the lower limit are removed from the final design.
Based on the ground structure approach, Bontempi and
Malerba [15] and Ali and White [16] proposed an
automatic search technique to determine truss trajectories
in a concrete matrix. In addition, genetic algorithms were
used to determine the optimal layout of the locations of
reinforcing ties and compressive struts in SRC beams
[17]. However, topology optimization based on the truss
ground structure defines the nodal locations and
connections, thus limiting the STM configuration of an
SRC structure.

The continuum topology optimization method [18,19]
for optimizing SRC structures has garnered significant
attention in recent years [20-26]. Several continuum
topology optimization techniques have been developed in
the past decades, e.g., the solid isotropic microstructures
with penalization method [27], the bi-directional
evolutionary structural optimization (BESO) method
[28,29], the level set-based method [30-32], and the
moving morphable component method [33]. These
techniques have been used extensively in dynamic
properties where uncertainty is considered [34],
multidisciplinary research [35-40], and novel structure
designs [41-44]. Liang et al. [20,21] applied the BESO
technique to establish an STM for classical deep beams in
civil engineering. Xia et al. [45] proposed a technique
that comprises compliance-based topology optimization,
topology extraction, and shape optimization to automati-
cally generate a three-dimensional (3D) optimization-
based STM. However, these studies only considered a
single phase in topology optimization, which contradicts
the fact that an SRC structure contains both concrete and
steel. Hence, incorporating different mechanical
properties of concrete and steel into the final structure is
more reasonable [46—48].

In an STM, concrete struts represent compressive
elements, whereas ties are under tension and form
reinforcing bar (rebar) cages. However, rebar cages
typically result in a high reinforcement ratio in an SRC
structure, which is laborious to construct and difficult to
infiltrate by concrete [49]. An alternative approach to
enhance the performance of concrete is by using discrete
steel bars or fibers [50,51]. Notably, steel bars under both
tension and compression are acceptable in actual SRC
structures. However, in the STM, steel bars are assumed
to be only in tension. Furthermore, in STM-based
optimizations, unnecessary concrete in compression is
removed, and the tensile zone contains steel bars only,
which affects the overall stiffness and actual internal
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force distribution of the original structure. To benefit
from both continuum and truss topology optimizations,
Guest and Moen [52] combined the truss ground structure
and continuum finite elements into a mesh of shared
nodes, where tension members were presented by truss
elements for steel reinforcement design, whereas
continuum elements were used to discretize concrete.
Subsequently, Gaynor et al. [53] investigated topology
optimization based on a hybrid truss-continuum model, in
which a bilinear truss-continuum topology optimization
approach was used to prevent missing trusses in the
solution for cases involving transverse tensile stresses
caused by load spreading. More recently, Amir and
Sigmund [54] presented a truss topology optimization
method for embedding a truss ground structure into a
concrete continuum. Yang et al. [55] investigated 3D
force flow paths and reinforcement design in concrete via
stress-dependent truss-continuum topology optimization.
However, the stiffness of the truss steel element modeled
using the hybrid approach was high in tension but
negligible in compression. Material failure should be
avoided in engineering practice. Meanwhile, Luo et al.
[56] optimized an SRC structure under stiffness and
strength constraints based on the Drucker—Prager
criterion. Recently, Yang et al. [S7] conducted a topology
optimization of steel and concrete composites based on a
truss-like material model and then solved it using the full
stress method to design SRC structures. Pastore et al. [58]
proposed an innovative optimization procedure based on
an integrated risk factor and stress-constrained approach
to design a lightweight SRC, in which the asymmetrical
compression and traction strengths of concrete were
considered comprehensively. Cui et al. [59] proposed a
method to optimize the reinforcement layout of SRC
structures under multiple load cases with stress
constraints using a planar truss-like material model.
Ghasemi et al. [60,61] optimized the distribution of short
fibers in continuum concrete structures using an efficient
gradient-based sequential optimization approach.

In summary, significant achievements have been
achieved in the reinforcement design of SRC structures.
However, the main disadvantages of the STM are its
time-consuming implementation, absence of specialized
computer software for practical design, and difficulty in
redesigning the detailed reinforcement layout. Further-
more, the reinforcements obtained via optimization based
on the classical truss-like ground structure formulation
are non-continuous. Hence, the design of SRC structures
should be fully digital in the future.

The aim of this study is to develop a BESO approach
based on a truss-continuum hybrid model, which allows a
fully digital workflow for the reinforcement design of
complex SRC structures. In the new approach,
reinforcing bars are modeled as truss elements embedded
in continuum concrete. An optimized steel reinforcement



layout with both tension and compression elements in a
constant concrete domain is obtained via BESO.
Furthermore, a modified formulation using the stress state
of the host concrete is constructed based on the BESO
method. This method can optimize the layout of the truss
while considering the stress distribution, thus eliminating
the discreteness of conventional truss topology optimiza-
tion based on the ground structure approach. The method
proposed herein can automatically generate reinforcement
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The strain energy of the truss element is written as
1 TyrTyg
Ui = Eul Li k’-Ll‘ui, (2)
where L, is the transformation matrix, expressed as
cosf sinf O 0
Li=1"9 0 cosf sind| 3)

for SRC structures, which facilitates the optimization of
steel and concrete composites, thus mitigating concrete
cracking and increasing structural stiffness. The findings
of this study will allow civil engineers to conveniently
improve the steel layout design of concrete structures.

2 Finite element model

2.1 Finite element model of steel truss

In topology optimization, structural analysis is performed
using the finite element method. Concrete and reinforcing
steel in SRC were simulated using different material
models, and a perfect bond between the two materials
was assumed. Each steel reinforcing bar was modeled
using a truss element embedded in a two-dimensional
(2D) concrete element. The same method was previously
adopted by Kwak and Filippou [62].

As the purpose of this study is to verify the proposed
heuristic orientation-identification system instead of
generating a complicated reinforcement layout, only four
types of embedded trusses were considered to simplify
the problem, where reinforcing bars were placed
horizontally, vertically, or in two diagonal forms [55].
The truss orientations were defined in four groups, i.e.,
0°, 45°,90°, and 135° in the anticlockwise direction from
the x-axis, as shown in Fig. 1.

Figure 1 shows the truss model for the steel reinforce-
ment. In the global coordinate system, the displacements
of the two nodes, e.g., A and B, in element-i form a
displacement vector, i.e.,

(@

where k] is the elemental stiffness matrix in the local
coordinate system of the truss, i.e., (EA/L;)I, where E is
the Young’s modulus of steel, 4, is the truss area, L, is the
truss length, and I is a 2 x 2 unit matrix. In the global
coordinate system, the elemental stiffness matrix k; of the
truss element can be expressed as follows:

k=LKL = EA
i K L
cos?6 cos@sinf  —cos’d —cosfsinf
cos@sind sin*6 —cosfsinf  —sin’6
—cos’@ —cosfsind  cos*f cosfsinf
—cosfsind  —sin’6 cos@sind sin’ 6
4)

In this study, k; was subjected to four reinforcing-bar
orientations, as shown in Fig. 1.

2.2 Hybrid truss-continuum computing formulation

As shown in Fig. 1(c), a hybrid truss-continuum structure
comprises a steel truss embedded in a concrete matrix.
The two components of the hybrid structure share the
same nodes. In this study, concrete is regarded as a non-
design material, i.e., its distribution remains unchanged
during the optimization process. To achieve an almost
solid-void design, the Young’s modulus of the interme-
diate material was interpolated as a function of the
density of the steel truss element as follows:
E((x,;)=Ex”

s 7Vs,i?

E.=E], &)

concrete

/

(b) (c)

Fig. 1 2D truss element model for steel reinforcement in concrete: (a) orthogonal-diagonal steel bar model with four types of truss
elements; (b) truss element-i with orientation 6; (c) steel-reinforced concrete structure with steel trusses embedded in concrete matrix.
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where E? denotes the Young’s modulus of the solid
material, x,; denotes the density of the truss element, p
denotes the penalty exponent for the truss element, and
E? denotes the Young’s modulus of concrete. To clarify
the two materials, subscripts “s” and “c” are used herein
to represent steel and concrete, respectlvely.

The classical four-node plane-stress quadrilateral
element was used to discretize the concrete structure. The
element stiffness of concrete k_ is expressed as

k.=tAB"DB, (6)

where ¢ is the thickness of concrete, 4 is the area of the
element, D is the elasticity matrix of concrete, and B is
the displacement—strain vector of the four-node plane-
stress quadrilateral element. Subsequently, the global
stiffness matrix of concrete K, can be expressed as

K. = <kc-">:l;1 ’ %

where () denotes the assembling operator of the stiffness
matrix.

In this study, the Poisson’s ratio is assumed to be
independent of the design variables (x;;). The elemental
stiffness matrix is a function of the design variables, and
the global matrix of the steel truss is expressed as

K =(k,) =(xK) . (8)
where k?; denotes the element stiffness matrix of truss-i
when x, = 1.

Furthermore the assembled global stiffness matrix K
can be obtained by adding the global stiffness matrix of
steel K| to the global stiffness matrix of concrete K based
on the superposition principle. Hence, the equilibrium
equation of the hybrid structure can be expressed as

KU=(K.+K)U=F. )

In the computing scheme of the hybrid truss-continuum
model, the stress of the concrete element can be
calculated as follows:

.= Dosc = DoBu, (10)
where o, and g, represent the stress and strain of the
concrete element, D, denotes the element stiffness matrix,
and u is the displacement vector.

3 Topology optimization algorithm

Based on the hybrid truss-continuum computing formula-
tion, BESO can be extended to optimize the
reinforcement layout in an SRC structure. Herein, a new
method is proposed by modifying the BESO method, i.e.,
by considering a tensile stress constraint.
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3.1 Basic optimization formulation

In this section, the optimal design of a structure with
maximum stiffness and minimum compliance is discus-
sed. During the optimization, the concrete matrix
remained unchanged, and the steel trusses changed
gradually. Mathematically, the optimization model for an
SRC structure can be expressed as

Min C = %UTKU,
st. (Ki+K)U=F,

V(xs) = Z xs,ivi - st = 0’
xs,i € {pmins 1}9 (l = 172’ ’Ns)

(11)

where C represents structural compliance; K, U, and F
are the global stiffness matrix, global displacement, and
load vector, respectively; v, is the volume of the truss-/
element; V(x,) is the total volume of the truss elements in
the i-th iteration; and V, is the prescribed target volume
fraction of the steel component. The lower bound p,;,
was set to 0.001 in this study.
The sensitivity of the objective function is written as

oc
0Xc,i

_1oF"
28xc,

. oU

U )
+ ('bccv,

(12)

The adjoint method was used to determine the
sensitivity of the displacement vector by introducing a
vector of the Lagrangian multiplier 4. Because of the
equilibrium, as expressed in Eq. (9), the objective
function in Eq. (11) can be modified by adding an
additional term /IT(F — KU) as follows [63]:

1
C=SFU+"[F~(K.+K)U). (13)

The sensitivity of the modified objective function can
be written as

0C 10FT LoU 04"
=_ F-(K,+K.)U
0x,; 20x,; +2 0x,,; axb,[ (K, +K)UI
F K.
+A" 9 0 U-(K,+ K) (14)
axb,l ax\l 'xgl

The third term in Eq. (14) becomes zero because of the
equilibrium of the structure. In addition, the applied load
is assumed to be unaffected by the variation in an

OF
element; therefore, P = (. Thus, the sensitivity is
xsi
written as '
ocC 1 ou 0K
=|=F"-1"(K.+K, -A1'—U. 15
0x,; 2 (K, ) 0x,; 0x,; (15)

Because (F — KU) is equal to zero, the Lagrangian
multiplier vector A can be selected arbitrarily. To
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eliminate the unknown
[63] shall satisfy

ou .
in Eq. (15), the value of 1

S,

1
EFT—/?.T(KS-FKC):O. (16)
Based on a comparison between Egs. (16) and (9), the
solution for the Lagrangian multiplier vector A [63] is as
follows:
1
=-U. 17
5 (a7)
By substituting 4 into Eq. (15), the sensitivity is
expressed as
ocC 1. 0K,

ox, 2 v

(18)

When the material interpolation scheme expressed in
Eq. (8) is used, the sensitivity can be written as

aC 1
0xg; T pri;]u?kg’ui’

(19)

where u; is the nodal displacement vector of element-i.

In the BESO, a structure is optimized using discrete
design variables, i.e., the design variables are either lower
boundaries or 1. Therefore, the sensitivity number of the
basic formulation can be defined by the relative ranking
of the sensitivities of the elements, as follows:

1
| oC Eu?k‘j’iui, when x; =1,
Pi= T = p-1 (20)
p axh‘,i Xinin T 71,0
Tui klu, when x;; = x.,.

The raw sensitivity above should be smoothed using a
filtering method to achieve a mesh-independent solution
before updating the design variable [64—66]. The details
are as follows:

nel
J=1

i

) (21a)

nel
w;;
Jj=1
o;; = max(0,r;, =7, (21b)
where nel is the number of neighboring elements, ry is the
distance between the centroids of central element-i and its
neighboring element-j, w; is the weight function (0 < w;
<1), and r,;, is the filter radius.
Based on the steel bar orientations shown in Fig. 1, the
sensitivity numbers were classified into four groups. To
obtain a more reasonable reinforcement layout, the
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sensitivity was filtered separately for the four types of
trusses using the mid-point of each bar as the center of
the filtering circle (red dots in Fig. 2). Using type I and
type III as examples, the filter regions for each truss
sensitivity group are shown in Fig. 2, where the marked
red lines represent the trusses involved in the filtering
calculation.

The BESO technique for these formulations is as
follows: To achieve a more stable iterative procedure, the
sensitivity number for the current iteration k is regarded
as the average of the sensitivity numbers in the current
and previous two iterations, which is expressed as

1
Al _ LAl A1) A-D)
a;’ = 3(cyl. +a]  +a ) (22)
Before the elements are removed from or added to the
current design iteration, the target volume for the next
iteration ¥ %™V must be determined. The evolution of the

material volume in each iteration is defined as

v = v -ER), (23)

where ER is the evolutionary volume ratio. The volume
of the material remains constant for the remaining
iterations once it reaches the objective volume, i.e.,

VED = v (24)

In the BESO, the sensitivity numbers of all truss
elements, both solid and void, are organized based their
sensitivity numbers (from the highest to the lowest).
Because the modified sensitivity numbers include
positive, zero, and negative values, void elements may be
placed in the middle position during the sorting process.
Hence, two evolutionary ratios were used to add or delete
solid and void elements separately. To stably control the
elemental deletion/addition, the evolutionary volume
ratios of deletion ER, and addition ER,,; were defined
as follows:

ER = ERdel - ERadd' (25)

When the volume fraction satisfies Eq. (24), ER,y; =
ER . Therefore, the number of elements to be added is

n)

(a) (®)

Fig. 2 Filter regions of two types of truss members: (a) type I
and (b) type III.
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Nig = NX VO X ERy,. (26)

Meanwhile, the number of elements to be deleted is

Nua = NX VO XER, 4. 27

Solid element (1) is removed (switched to 0) if
& <ay. (28)

Void elements (0) are added (switched to 1) if
& > al,, (29)

where @, and o, are the threshold sensitivity numbers
for removing and adding elements, respectively; and o},
is always less than or equal to @,,. The number of added
and deleted elements can be calculated using the
dichotomy algorithm as follows [63]. First, o, is
calculated by sorting the sensitivity number of void
elements (0). The number of elements to be switched
from zero to one is equal to N, in the design domain.
o, is the sensitivity number of the elements ranked
immediately below the last added element. Subsequently,
the sensitivity number of solid elements (1) is sorted, and
@}, is determined such that the number of removed
elements is equal to N,

The optimization is terminated when the stress
constraint, volume constraint, and convergence criterion
are satisfied. The convergence criterion is defined in
terms of the change in the objective value and is
expressed as

M M
2 Ck=i+D_ 2 C=M=i+D)
i=1 i=1

M

Z Ck=i+D

i=1

<7 (30)

where k is the current iteration number, 7 is the allowable
convergence tolerance, and M is an integer. For example,
M =5 implies that the change in the mean compliance
over the last 10 iterations is sufficiently small, e.g., 7 =
107 [63].

3.2 Stress-based sensitivity modification

The optimized topology was achieved using the relative
ranking of the sensitivity numbers via the BESO.
Regardless of whether an individual truss element is in
tension or compression along its longitudinal axial
direction, its corresponding sensitivity participates in the
optimization algorithm. However, the resulting topology
based on the contribution of steel reinforcement to the
objective function may not reflect the actual design
problem. Some steel reinforcements may remain in the
compression regions owing to their sensitivities, which
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are higher than those in the tension areas. To embed the
maximum number of steel bars in areas of high tensile
stress, a modified scheme is proposed and incorporated
into the BESO algorithm to update the design variables
by considering the stress state of the host concrete. The
details of the proposed scheme are as follows.
In the truss-continuum combined model, the stress state
= [0y 0, T,] at the center of the concrete shell
element -i (red dots in Fig. 3) can be obtained using Eq.
(10). To smooth the stress field of the concrete, the filter
method is used to obtain the stress state of each node (red
stars in Fig. 3) as follows:

S

g, = (31a)

b

(b)

Y = max (0, —r),

’ m1n

(31b)
where n is the number of neighboring elements; r\’
denotes the distance between node-i and its neighboring
concrete element-j; w(s) denotes the weight function; and
Y denotes the ﬁlter radius of the stress, as shown in
Fig. 3.

Subsequently, the o, o, and 7, for each node in the
concrete shell element can be obtained. The stress state of
the host concrete at the center of each truss can be
calculated by averaging the nodal stresses of the truss
element as follows:

1
o =5On+ow), (32)
where oy, and oy, are the stress states of the first and
second nodes in a truss element, respectively, as shown in
Fig. 3.

To consider the stress state of the host concrete in

topology optimization, the basic sensitivity can be

(s

min

N2

N1

()

Fig.3 Stress state calculation of host concrete around truss
element.
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modified by multiplying the stress value of the host
concrete as follows:

&i = &?O-i,ns (33)
where &) is the filtered sensitivity of the basic topology
optimization formulation. The normal stress at any angle
can be calculated as follows:

1 1
o= (o +0,)+ 5 (0, —0,)cos20+7,sin20. (34)

Considering the steel bar orientations shown in Fig. 1,
directional angles of 0°, 45°, 90°, and 135° were adopted
for truss bars I, II, III, and IV, respectively, to calculate
the stress in the host concrete.

Herein, a stress-based modified formulation (Eq. (22))
based on the basic BESO method, known as the modified
BESO (M-BESO), is proposed. To evaluate the entire
stress state of the host concrete, an evaluation ratio is
proposed herein, which is based on the volume fraction of
elements whose first principal stresses (FPSs) exceed the
critical tensile stress.

Repsor, = N x 100%, (35)
where Npps.,, 1S the number of concrete elements whose
FPS exceeds the tensile strength, NV, is the total number of
concrete elements, and Rpps.,, is the volume fraction of
concrete in a critical stress state. The FPS can be
calculated as follows:

1 o, —0y\ ,

Trrs = 5 (o, +0,)+ ( 5 ) +72. (36)
In this study, a critical tensile stress of 2 MPa was used
for concrete [67]; thus, Rpps., was accepted as the

evaluation criterion.

3.3 Procedures of 2D truss-continuum topology
optimization

The procedures of the proposed 2D truss-continuum
topology optimization include the following 13 primary
steps.

Step 1 Discretize the initial design domain with specific
boundary conditions, and initialize the design variables
X,
Step 2 Assign optimization parameters to the algorithm.
Step 3 Conduct finite element analysis.
Step 4 Calculate the sensitivities of the truss elements
in the design domain.

Step 5 Filter the sensitivities of types I, I, III, and IV
trusses separately.

Step 6 Calculate the stress of each concrete element.

Step 7 Filter the stress states and obtain the stress of
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concrete on each node.

Step 8 Determine the stress of the host concrete around
the truss element along four orientations.

Step 9 Modify the sensitivities of the truss elements
based on the stress state.

Step 10 Obtain the average of the sensitivities using the
history information.

Step 11 Update the design variables by adding and
deleting elements.

Step 12 Return to Step 3 if the volume constraint or
convergence criterion is not satisfied.

Step 13 Stop for post-processing.

The flowchart of the proposed method is presented in
Fig. 4.

4 Numerical examples

This section presents four examples to demonstrate the
performance of the proposed approach. Four-node
quadrilateral plane-stress elements were used to discretize
the 2D concrete structure. The steel trusses share the
same nodes at the joints, as shown in Fig. 1(c). In all
cases, both the concrete and steel materials were assumed
to be linearly elastic. The thickness of the concrete
component was 30 mm, and the cross-sectional area of
the steel reinforcing bar was 78.5 mm’ (diameter, 10
mm). The Young’s moduli of steel and concrete (£,) were
210 and 5 GPa, respectively. The Poisson’s ratio of both
the steel and concrete was 0.3. The values for the basic
parameters used in the BESO and M-BESO were fixed;
for example, the filter radius for the design variables r,;
is 3.0 times the element size, and the evolutional ratios
are ER;, = 2% and ER, ;4 = 0.5%. The filter radius for
stress > in the M-BESO method is 1.5.

4.1 Simply supported beam

Figure 5(a) shows a simply supported beam under an in-
plane vertical load (F) of 100 kN at the bottom center.
This example is presented to demonstrate the accuracy
and convergence of the proposed hybrid truss-continuum
structure. The beam measured 10 m x 2.5 m. The left and
right ends of the beam were constrained. The target
volume fraction of the truss elements was V;, = 20%,
which yields a reinforcement ratio of 1.28% from the
initial over-reinforcement (6.4%). In this study, the unit
mesh size was selected based on the sizes of the steel bar
and overall structure. The design domain contained 2500
unit hybrid truss-continuum elements with a unit mesh
measuring 0.1 m X 0.1 m. To optimize the layout of the
steel trusses for reinforcing the concrete structure, BESO
was employed. To reduce the overall tensile stress level
of the host concrete, the M-BESO algorithm was applied
to the simply supported beam.
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initiate optimization parameters, build
hybrid finite element model
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obtain the stress of concrete
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Fig. 4 Flowchart of BESO and M-BESO methods.
(MPa)
l 300
225
‘ i ‘ 150 tensile
stress
A ‘ a 75
(@) (®) 0
- compressive
—= —150 stress
—225
-300

(c) (d)

Fig. 5 Simply supported beam: (a) structure; (b) uniform trusses; (c) optimized steel truss layout obtained via BESO; (d) optimized steel
truss layout obtained via M-BESO. (In the color bar, the positive and negative values denote tensile and compressive stresses, respectively.)

To evaluate the effectiveness of the two methods in on the two optimized results, as well as for reinforced
optimizing the layout of steel reinforcement in concrete concrete comprising uniform steel bars with a cross-
structures, finite element analysis was conducted based sectional area of 15.7 mmz, which features the same steel
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reinforcement ratio as the optimized results. Based on
Fig. 5(b), most of the rebars in the upper section of the
uniform layout were under compression, whereas the
lower section was under tension. The final layouts of the
steel trusses obtained via both the BESO and M-BESO
methods show clear but different rebar trajectories, as
shown in Figs. 5(c) and 5(d). For example, the trusses in
the BESO solution formed a closed loop. However, the
upper section and the loop arches were under compres-
sion. In the topology yielded by the M-BESO, the upper
trusses disappeared, and the diagonal reinforcing bars at
the bottom position were extended. All trusses in the M-
BESO solution showed tensile axial stresses, as shown in
Fig. 5(d), which indicates that all trusses in the M-BESO
solution can be utilized to withstand tension. Hence, the
stress-based modified sensitivity affected the topology of
the steel truss layout.

The features of the truss layout obtained from the
BESO solution (Fig. 5(c)) were similar to those of the
linear elastic rebar-based topology optimization proposed
by Amir and Sigmund (Fig. 6(a)) [54]. Damage-based
optimization was further performed by Amir and
Sigmund (Fig. 6(b)) [54], which resulted in efficient
structures with a higher load-bearing capacity per unit
weight compared with linear elastic rebar-based topology
optimization. The reinforcement pattern yielded by the
M-BESO solution (Fig. 5(d)) was similar to that yielded
by the damage-based optimization (Fig. 6(b)). Therefore,
the M-BESO method can be regarded as a comparable
strength-based optimization method for reinforcement in
SRC structures. The layout mode of the M-BESO
solution was validated by Yang et al. [57] and Cui et al.
[59] using a composite truss-like model, as shown in
Figs. 6(c) and 6(d), respectively. Unlike their discrete
reinforcements, the proposed M-BESO provides a more
continuous reinforcement distribution, which is beneficial

el

(a)

(©

677

for engineering applications.

After 125 iterations, the BESO and M-BESO solutions
converged, as shown in Fig. 7. The compliance and Ry ,
of both methods remained stable when approaching
convergence. The Rppg . , of the M-BESO solution varied
slightly during the iteration, whereas that of the BESO
solution increased rapidly. This implies that the M-BESO
allows the FPS field to be controlled during optimization.

The compliance and critical tensile stress area ratios
Rppg » o of the three structures are listed in Table 1.
Compared with the results of the uniform structure, the
compliance of the BESO solution decreased by 37.7% but
its Rppg » , increased by 7.5%. Compared with the Rppg - 5
of the uniform structure and BESO solution, the Rppg - 5
of the M-BESO solution decreased by 48.8% and 52.4%,
respectively. Moreover, the compliance of the M-BESO
solution was 2145.9 N-m, which was slightly lower (by
8%) than that of the structure with uniform steel trusses.
The high FPS field of concrete was reduced by the M-
BESO method, which slightly reduced the stiffness of the
SRC structure.

The FPS contours of the three structures are shown in
Fig. 8. The critical tensile stress area of the concrete
(FPS > 2 MPa) in the M-BESO solution was the smallest
among the three structures. In the uniform structure,
stress concentrations were indicated around the loading
and constraint points, and the critical tensile stress was
indicated in the lower section of the concrete. The BESO
solution can significantly reduce the stress concentrations
but not the critical tensile stresses. As all the rebars were
arranged at the lower section, the critical tensile stress
area can be reduced significantly. The stress contours of
concrete indicate the effectiveness of the present M-
BESO in arranging steel reinforcements in SRC

structures for controlling the tensile stress level of the
host concrete.

(d)

Fig. 6 Reinforcements of simply supported beam: (a) linear elastic rebars and (b) damage-based embedded rebars from Amir and
Sigmund [54] (Reprinted from Structural and Multidisciplinary Optimization, 47(2), Amir O, Sigmund O, Reinforcement layout design for
concrete structures based on continuum damage and truss topology optimization, 157-174, Copyright 2013, with permission from
Springer.), (c) Yang et al. [57] (Reprinted from Structural and Multidisciplinary Optimization, 67(1), Yang Z, Zhou K, Qiao S, Topology
optimization of reinforced concrete structure using composite truss-like model, 79-85, Copyright 2018, with permission from Techno.), and
(d) Cui et al. [59] (Reprinted from Latin American Journal of Solids and Structures, 17(4), Cui H, Zhou K, Yang Z, Reinforcement layout
design of RC structures under multiple load cases using truss-like material model, 17, Copyright 2020, with permission from MARCILIO

ALVES LAJSS.).
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Fig. 7 Evolutions of the objective function (C(0) = 1112.4 N-m) and risk ratio (Rppg - ,(0) = 16.1%) for simply supported beam: (a) BESO
and (b) M-BESO results. Dashed line represents the volume fraction constraint.

Table 1 Compliance and Rppg - , for simply supported beams with
different truss layouts

indicator C(N'm) Rpps >, (%)
uniform 2325.4 33.2
BESO 1449.7 35.7
M-BESO 2145.9 17.0

Fig.8 FPS contours of simply supported beam: (a) structure
with uniform steel reinforcement; (b) BESO results; (c) M-
BESO results.

4.2 Corbel

Reinforced-concrete corbels are typical D-regions used in
building structures to support precast beams. The 2D
corbel shown in Fig. 9(a) was under an in-plane vertical
load (F) of 500 kN. The upper and lower ends of the
structure were fixed. The target volume fraction of the
truss elements was Vy, = 20%, i.e., the reinforcement ratio

was reduced to 1.23% from the initial value of 6.15%.
The design domain contained 2832 unit hybrid truss-
continuum elements, and the unit mesh measured
0.025 m % 0.025 m. The proposed BESO and M-BESO
methods were employed for the steel reinforcement
design of the corbel.

Finite element analysis was performed on the SRC
corbel comprising uniformly distributed steel reinforcing
bars with a cross-sectional area of 15.7 mm?, which
resulted in the same volume of steel reinforcement as the
optimization results. As illustrated in Fig. 9(b), most of
the rebars in the upper section was under tension, whereas
most of the rebars in the lower section were under
compression. After 115 iterations, the final layouts of the
steel trusses determined via the BESO and M-BESO were
plotted, as shown in Figs. 9(c) and 9(d), respectively. In
addition to the rebars in the loading area, the truss layout
in the BESO solution was an approximately symmetric
structure connecting the left corners of the two fixed ends
and the point under load. However, the lower trusses of
the layout were compressed. In the layout obtained via
the M-BESO, most of the rebars were arranged in the
upper section. In the high tensile stress areas, the trusses
improved as compared with the BESO solution.
Moreover, the trusses at the lower section of the M-BESO
solution were stretched.

In the STM-based corbel design of Liang et al. (Fig.
10(a)) [20], the applied load was transferred to the entire
structure along the paths of the compressive struts and
tensile ties. Unlike the STM, the truss layout of the M-
BESO solution illustrated in Fig. 9(d) is similar to the
path of the tensile ties. The layout trajectories of the M-
BESO solution were consistent with the result of Cui
et al. (Fig. 10(b)) [59], which was based on a truss-like
material model. However, Cui et al. [59] used discrete
members in their design, whereas a continuous reinforce-
ment layout was generated by the M-BESO solution. The
damaged areas in the corbel analyzed by Amir [68] are
illustrated in Figs. 10(c) and 10(d). Most of the
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Fig. 9 Corbel numerical examples: (a) structure; (b) uniform trusses; (c) optimized steel truss layout obtained via BESO; (d) optimized
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Fig. 10 Corbel examples: (a) STM from topology optimization by Liang et al. [20] (Authorized reprint from ACI Materials Journal, 97(2),
2000, Liang Q Q, Xie Y M, Steven G P, Topology optimization of strut and-tie models in reinforced concrete structures using an
evolutionary procedure.); (b) reinforcement layout by Cui et al. [59] (Reprinted from Latin American Journal of Solids and Structures,
17(4), Cui H, Zhou K, Yang Z, Reinforcement layout design of RC structures under multiple load cases using truss-like material model, 17,
Copyright 2020, with permission from MARCILIO ALVES LAJSS.); (c) optimized layout; (d) damage in optimized structure by Amir [68]
(Reprinted from Computers & Structures, 114, Amir O, A topology optimization procedure for reinforced concrete structures, 4658,

Copyright 2013, with permission from Elsevier.).

reinforcement layouts yielded by the M-BESO solution
were distributed in the damaged areas, which implies that
the M-BESO solution can enhance the strength of the
corbel. The M-BESO method is an effective optimization
method for arranging reinforcements in SRC structures to
reduce the tensile stress in concrete.

In this example, both the BESO and M-BESO solutions
converged after 125 iterations, as shown in Fig. 11. The
compliance and Rppg . , for both methods remained
relatively stable thereafter. The compliance and Rppg - 5
values for the three structures are listed in Table 2.
Compared with the results of the uniform structure, the
compliance of the BESO solution decreased by 24.0%
and its Rppg . , decreased by 18.9%. Compared with the

Rppg > o of the uniform model and BESO method, the
Rppg - » of the M-BESO solution decreased by 38.4% and
24.0%, respectively. The FPS contours for structures with
different truss layouts are shown in Fig. 12. Compared
with the uniform structure, the BESO solution can
mitigate the stress concentration significantly but its
critical stress area does not change significantly.
However, the critical tensile stress region of the M-BESO
solution reduced significantly.

4.3  Wall with a window

In this example, a wall with a window, as shown in
Fig. 13(a), was analyzed. The wall was under an in-plane
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Fig. 11  Evolutions of compliance and Rppg . , for the corbels: (a) BESO; (b) M-BESO results.

Table 2 Compliance and Rppg . , for corbels with different truss
layouts

indicator C (N'm) Rppg o (%)
uniform 9224.5 34.4
BESO 7011.1 27.9
M-BESO 8685.1 21.2

s (MPa)

(b)

Fig. 12 FPS contours of the corbels: (a) uniform steel truss;
(b) BESO results; (c) M-BESO results.

vertical pressure (f) of 800 kN/m along a length of 0.5 m.
The left and right ends of the bottom were fixed. The
target volume fraction of the steel (truss) elements was
Vi, = 10%, which yielded a reinforcement ratio of 0.68%
from the initial over-reinforcement (6.8%). A unit mesh
measuring 0.1 m % 0.1 m was employed. Thus, the design
domain contained 3300 unit hybrid truss-continuum
elements.

An SRC structure comprising uniformly distributed
steel reinforcing bars with a cross-sectional area of
7.85 mm? was adopted as the benchmark. As illustrated in
Fig. 13(b), most of the rebars surrounding the window
and the right constraint were under tension. Both layouts
obtained via the BESO and M-BESO methods showed
clear rebar trajectories, as presented in Figs. 13(c) and

13(d), respectively. The trusses in the BESO solution
were arrayed around the window and top-right corner;
however, most of the rebars were compressed. The
distribution of the steel trusses in the M-BESO solution
was completely different from that in the BESO solution.
The truss layout in the M-BESO solution was primarily
distributed in the top-right corner of the window and the
right constraint.

Liang et al. [20] adopted an optimal STM to analyze a
wall with a window, as shown in Fig. 14(a), in which the
load was rerouted around the opening even when the
opening was extremely close to the support. An inclined
tensile tie developed across the upper-right corner of the
opening, which was susceptible to cracking. The
trajectories of the reinforcements obtained using the
M-BESO method, as shown in Fig. 13(d), agreed well
with the tensile ties in the STM, as shown in Fig. 14(a).
Compared with the truss-continuum hybrid material
model (Fig. 14(b)) used by Yang et al. [57], the BESO
and M-BESO methods can generate more continuous
reinforcement designs. The upper-right corner of the
opening in the M-BESO solution and the right section of
the wall in the BESO solution were similar to those
yielded via the damage-based optimization conducted by
Amir and Sigmund [54], as shown in Fig. 14(c). In the
STM-based design method, the reinforcement was
modified by removing unnecessary compressive material
(concrete), and rebars were formed only in the tension
zone. Silveira et al. [49] designed a detailed
reinforcement for a wall with a hole based on an STM, as
shown in Fig. 14(d). However, in the M-BESO method
based on the truss-continuum hybrid material model, the
steel rebars were dispersed in concrete and the original
structure remained unchanged. Figure 14(d) shows a
practical reinforcement layout redesigned based on an
STM [49], which agreed well with the layout of the M-
BESO solution. Hence, one can conclude that the
proposed method can generate a practical reinforcement
layout for SRC structures more efficiently than previous
methods.
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Fig. 13 Wall with a window: (a) structure; (b) uniform trusses; (c) optimized steel truss layout obtained via BESO; (d) optimized steel
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Fig. 14 Wall with a window: (a) STM from Liang et al. [20] (Authorized reprint from ACI Materials Journal, 97(2), 2000, Liang Q Q, Xie
Y M, Steven G P, Topology optimization of strut and-tie models in reinforced concrete structures using an evolutionary procedure.);
(b) steel layout from Yang et al. [57] (Reprinted from Structural and Multidisciplinary Optimization, 67(1), Yang Z, Zhou K, Qiao S,
Topology optimization of reinforced concrete structure using composite truss-like model, 79-85, Copyright 2018, with permission from
Techno.); (c) damage-based topology optimization from Amir and Sigmund [54] (Reprinted from Structural and Multidisciplinary
Optimization, 47(2), Amir O, Sigmund O, Reinforcement layout design for concrete structures based on continuum damage and truss
topology optimization, 157—174, Copyright 2013, with permission from Springer.); (d) STM-based reinforcement detailing from Silveira
et al. [49] (Reprinted from Structures, 41, Silveira M V, Bitencourt L A, Das S, A performance-based optimization framework applied to a
classical STM-designed deep beam, 488—500, Copyright 2022, with permission from Elsevier.).

Meanwhile, for the wall with a window, both the BESO
and M-BESO solutions converged after 155 iterations, as
shown in Fig. 15. The compliance of both methods
remained stable when approaching convergence. The
Rppg - , of the M-BESO solution varied slightly during the

iteration, whereas that of the BESO solution increased
rapidly. The compliance values and critical tensile stress
area ratios of the three structures are presented in Table 3.
Compared with the Rppg - , of the uniform structure and
BESO solution, the Rppg . , of the M-BESO solution
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Fig. 15 Evolution of compliance and Rppg . , for wall with a window: (a) BESO; (b) M-BESO results.

decreased significantly by 61.5% and 70.8%, respecti-
vely. Based on Fig. 16, the high tensile stress area of the
M-BESO solution reduced significantly compared with
those of the uniform structure and BESO solution.

Table 3 Compliance and Rppg - , for wall with different truss layouts

indicator C(N'm) Rppg ~ 5 (%)
uniform 13045 25.2
BESO 6962 332
M-BESO 15036 9.7

s (MPa)

0 1 2 3 4 5 6

Fig. 16 FPS contours of wall with a window: (a) uniform steel
structure; (b) BESO results; (c) M-BESO results.

5 Conclusions

In this study, a BESO-based approach was developed to
optimize the layout of steel reinforcements in concrete
structures. A hybrid truss-continuum model was
developed, where reinforcing steel bars inclined at
different angles were considered. Furthermore, a stress-

based modified formulation (M-BESQO) was proposed
based on the BESO method to control the tensile stresses
of the host concrete.

Optimization algorithms that incorporate volume
constraints on steel bars were implemented and evaluated
based on three numerical examples. For comparison, SRC
structures with uniform truss layouts were analyzed. The
numerical results showed that both the BESO and M-
BESO algorithms yielded clear reinforcement patterns.
The conventional BESO solution can yield a truss layout
for an SRC structure with high stiffness. Meanwhile, the
area of the critical tensile stress in the host concrete
yielded by the M-BESO solution was more than 40%
lower than those yielded by the uniform layout and the
layout from the BESO solution. The M-BESO method
effectively improved the stress state of concrete, thereby
preventing cracking. In addition, compared with the
classical STM-based method, which requires the redesign
of the reinforcement layout, the proposed method can
directly generate a more practical and reasonable reinforce-
ment layout, which is its most significant advantage.

Using the M-BESO method proposed herein allows the
location and direction of reinforcing bars to be optimized
simultaneously, thus enabling a reasonable layout of steel
reinforcement for concrete structures to be achieved. In
addition, because the steel bars are arranged in the tension
zone and the concrete in the compression zone endures
compressive stress, a lower level of tensile stress can be
achieved. This study facilitates the development of a fully
digital workflow that can automatically generate efficient
steel reinforcements in concrete structures.
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