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ABSTRACT An approach to control the profiles of interstory drift ratios along the height of building structures via
topology optimization is proposed herein. The theoretical foundation of the proposed approach involves solving a
min—-max optimization problem to suppress the maximum interstory drift ratio among all stories. Two formulations are
suggested: one inherits the bound formulation and the other utilizes a p-norm function to aggregate all individual
interstory drift ratios. The proposed methodology can shape the interstory drift ratio profiles into inverted triangular or
quadratic patterns because it realizes profile control using a group of shape weight coefficients. The proposed
formulations are validated via a series of numerical examples. The disparity between the two formulations is clear. The
optimization results show the optimal structural features for controlling the interstory drift ratios under different

requirements.
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1 Introduction

In the design of tall building structures, the main effort is
devoted to repetitively adjusting the layouts and geometry
sizes of the structural members to satisfy the specified
design criteria. Among them, the earthquake-induced
maximum interstory drift ratio must not exceed certain
limits stipulated in global seismic design codes [1-4].
Exceeding these limits is regarded as failure in achieving
the performance objectives. The interstory drift ratio is
widely used as a reliable indicator of structural state
owing partly to its simplicity and convenience but
primarily to its capability in measuring structural
deformation, which is closely associated with structural
and nonstructural damage caused by different levels of
earthquake motions [5,6] and wind loads [7]. In addition
to its correlation with nonstructural damage to partitions
and cladding, the interstory drift ratio is also correlated
with the lateral stiffness distribution of building
structures. A story with insufficient lateral stiffness exhi-
bits a high interstory drift ratio and becomes a weak
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story, resulting in severe structural damage under earth-
quake excitations [5,8]. Once the weak story yields,
structural deformation gradually concentrates on the
softened weak story, thereby deterring the distribution of
plastic hinges to other stories. This causes a collapse
mechanism in ductile reinforced concrete (RC) frames, as
observed in the 1999 Izmit earthquake (in Turkey) [9]
and the 2017 earthquake (in Mexico) [10]. Seismic
retrofitting guidelines are utilized to address this issue by
enhancing the strength and stiffness of the first floor
[2,5]. However, this approach does not necessarily reduce
the expected total damage and building losses because the
damage to the structure may be shifted to the upper floors
after the weak story is strengthened [11].

If a multistory structure deforms uniformly, a weak
story and concentrated damage can be avoided; hence,
structural safety is improved. Researchers have focused
on the effect of vertical continuous stiffness in mitigating
damage concentration along the height of a structure. Lai
and Mahin [12] used a mast as a strong support in
concentrically braced frames to promote uniform inter-
story drifts along building heights. Alavi and Krawinkler
[13] proposed using hinged walls to engage frames to
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reduce the maximum interstory drift demands, which
ultimately resulted in more uniformly distributed
interstory drift ratios along the height. Moghaddam et al.
[14] reported that the optimized structures with uniformly
distributed interstory drift ratios underwent less seismic
damage than conventional structures. These studies show
that a uniform interstory drift ratio distribution can
effectively reduce seismic damage. However, identifying
an appropriate global design encompassing all structural
members to achieve the desired interstory drift ratio
distribution is more difficult than designing structural
member strengths at the local level. This is because any
change in either the structural member size or structural
layout to adjust an interstory drift ratio at one story may
affect the other interstory drift ratios. Hence, controlling
the interstory drift ratio distribution requires the
simultaneous consideration of all elements in a structure,
which is time consuming for structural engineers, who
typically address this issue by performing the conven-
tional trial-and-error and analysis—design processes. The
resulting final designs may be feasible and reasonable but
tend to be conservative and nonoptimal in terms of cost
and performance [15].

To improve design efficiency and quality, researchers
have exploited optimization techniques and their
applications to create excellent structural designs for
building engineering [16-20] and multiphysics problems
[21-24]. In terms of optimizing the distribution of
interstory drift ratios, researchers [16-20] have primarily
performed the formulation, where interstory drift ratios
are limited via a series of constraint functions and the
structural weight or material consumption is minimized.
Although this formulation enforces optimized interstory
drift ratios that are lower than or equal to the prescribed
limits, it does not theoretically guarantee that the
resulting interstory drift ratios exhibit a certain pattern.
Another shortcoming becomes evident when the design
variables and floor number increase. For example, the
floor number may exceed 100 in a typical skyscraper
[25]. In such circumstances, the computational efficiency
is severely impaired owing to the significant computa-
tional burden arising from a sensitivity analysis that
involves numerous constraint functions for identifyinga
feasible path that simultaneously satisfies all constraints.
The situation may be worse when performing topology
optimization for building structures, where the number of
design variables is typically of the order of magnitude of
approximately 10* [26].

An alternative optimization strategy is to minimize the
maximum interstory drift or interstory drift ratio. This
strategy has been reported in only a few studies [27-29],
where the researchers successfully demonstrated that
minimizing the maximum interstory drift can transform
the interstory drift profiles into a uniform shape. There-
fore, the strategy is superior to one that limits interstory
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drifts via constraint functions. Xu et al. [27] attempted to
minimize the maximum variance of interstory drift in an
optimization problem targeting nonlinear structures
subject to stochastic dynamic loading. The nongradient-
based optimization algorithm employed in that study
circumvented the crucial issue wherein the objective
function, which is a max operator, is not differentiable
with respect to the design variables. Wu et al. [28]
suggested using the sum of all interstory drifts as an
objective function, which is smooth and differentiable, to
optimize story stiffness; however, the optimization is
driven by a hybrid heuristic algorithm. Although
minimizing the sum of interstory drifts is an indirect
approach for minimizing the maximum interstory drift, it
is not equivalent to minimizing the maximum interstory
drift in all cases. This articulation is strongly supported
by the numerical examples presented in Ref. [29].
Meanwhile, Gomez et al. [29] adopted a smooth objective
function that utilizes the Kreisselmeier—Steinhauser (K—S)
function [30] as an alternative to the maximum function
and focused on integrating stochastic excitation into
topology optimization frameworks. However, the effects
of substituting a smooth objective function to an original
min—-max problem remain ambiguous because the details
of the optimization process are not completely divulged.

Although uniformly distributed lateral drifts are
preferred in multistory frame structures comprising
primarily columns and beams, this characteristic is not
suitable for tall or supertall buildings because of their
complex structural systems. For instance, RC core tubes
in supertall buildings gradually degenerate into space
frames, resulting in different lateral deformation
capacities along their height. For the lower stories, where
the RC core tubes maintain an intact multitube layout, the
allowable elastic interstory deformation is less than that
for the top stories, where structural walls do not exist, and
braced frames dominate the structural deformation
characteristics. This indicates that a reasonable interstory
drift ratio distribution for a high-rise building should vary
along the height instead of being uniform at all locations.
In addition, for a hybrid building structure featuring a
five-story steel frame erected on top of another fivestory
RC frame, enforcing a uniform distribution of interstory
drift ratios is inappropriate meaningless. This is because
different materials feature different lateral deformation
capacities in structural members. According to the
Chinese seismic design code [1], the elastic interstory
drift ratio limit for steel frames is 1/250, whereas that for
RC frames is 1/550. This discrepancy will widen further
if the five-story steel frame is assembled as a self-
centering structure [31,32].

Hence, optimization techniques must be developed to
accommodate different design expectations for the
distribution of interstory drift ratios. This aim of this
study is to establish an optimization scheme based on
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continuum topology optimization [33,34] that allows
interstory drift ratio profiles to be transformed into
prescribed shapes, which can be uniform, inverted
triangular, or quadratic. Simultaneously, the maximum
interstory drift ratio will reduce gradually during
optimization. Two formulations that are not affected by
the nondifferential maximum function are proposed.
Thus, gradient information can be readily obtained to
establish a highly efficient gradient-based algorithm for
topology optimization. The optimization details are
presented comprehensively to provide a foundation and
insights for future studies. Meanwhile, the optimization
results are compared to confirm the effectiveness of the
proposed optimization scheme.

2 Min-max problem, bound formulation,
and aggregation function

2.1 Min—max problem

Minimizing the maximum interstory drift ratio is a
min—max problem. Generally, a min—max problem can be
expressed mathematically as follows:

min : max{f, (), )., fi(0)>--- fu (P}

(iel,2,...,n) o
where p represents the set of design variables, and f;(p)
indicates a continuous scalar function. Various min—-max
problems exist in mechanical and civil engineering. For
instance, suppressing the maximum nominal stress in
different load cases can prevent static fracture and
dynamic fatigue failure. In addition, advanced applica-
tions [35,36] utilize a min—max formulation to achieve
robust optimization results. The min—max problem
expressed in Eq. (1) is nondifferentiable with respect to
the design variables. A straightforward example is the
response spectrum of a natural earthquake ground motion
[37]. In this example, the spectral curve is continuous but
not smooth, and the period of a single-degree-of-freedom
system is regarded as a unique design variable. When the
design variables vary continuously, max{f (0),---, f, (0)}
yields a continuous curve enveloping all scalar functions.
Nondifferentiable points on the curve should not be
dismissed because one of them may be the maximal
value, which should be minimized using an optimizer.
This nondifferential property does not pose any difficulty
for nongradient algorithms but will hinder the use of
gradient-based algorithms for efficient topology optimiza-
tion.

2.2 Bound formulation

The bound formulation was introduced by Bendsee et al.
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[38] for circumventing the nondifferential property of a
max operator, and it can be expressed as follows:
min: T

| @
st.: filp)—-1t<0(el,2,...,n),

where p represents the set of design variables, and f;(p)
indicates a continuous scalar function. In the bound
formulation, a new design variable 7 serves as the
objective function and simultaneously represents a shared
upper bound over all the scalar functions. Each scalar
function and its upper bound are combined to establish an
independent inequality constraint. The number of
constraints is 7. Consequently, minimizing 7 is mathema-
tically equivalent to minimizing the maximum value
among all the scalar functions. The new objective
function is linear and its sensitivity is trivial and always
equal to 1.

2.3 Aggregation function

Another approach to solving the min—max problem is to
replace the original maximum function with an
aggregation function. This approach is widely applied in
optimization problems involving multiple load cases [39]
or the depression of the maximum stress in the material
[40]. Typically, two types of aggregation functions exist.
One is the p-norm function [40,41], and the other is the
K-S function [29,39]. Without loss of generality, the p-
norm function is adopted in this study to control the
interstory drift ratio distribution in the optimization
process. The adopted p-norm function is expressed as

n 1/p
fon = {Z (f,-”)} )
fi=fi(=>0(@Gel,2,...,n),

where p is the aggregation parameter and should be
positive if f,_, approximates the maximum value among
all f(p). If each f;(p) is smooth, then f,_, is a smooth
function. The value of f,_, is always greater than that of
max{f;(p)}, and the following inequality relationships
exist:

max {f; (p)} < f,_, < max{f;(p)}-n'". 4)

Clearly, f,-, converges to max{f;(p)} as p approaches
positive infinity because n'/? —1 if p > n. The inequality
relationship shown in Eq. (4) is derived based on the
upper and lower bounds of the K-S function [42]. In
principle, a greater aggregation parameter typically leads
to a more compact envelope approximation; however, an
extremely high value of the aggregation parameter may
cause numerical instability.



168

3 Optimization scheme for interstory drift
ratio control

3.1 Interstory drift ratio

Interstory drift is defined herein as the lateral displace-
ment of a floor relative to the floor directly beneath it,
and the interstory drift ratio can be obtained by dividing
the interstory drift by the vertical distance between
consecutive floors. In a finite element model of a building

structure, the interstory drift ratio of the kth floor can be
calculated as follows:

0=\ m % ) = 5 % ()] = L. (5)
ieQy JEL
k=1,2,...,np)

where 6, is the interstory drift ratio of the kth floor, A, the
vertical distance between the kth and (k — 1)th floors, n;
the total floor number, D, the number of nodes in the kth
floor system, Q, the set of lateral degrees of freedom in
the kth floor system, and u; the lateral displacement
corresponding to the ith degree of freedom. The
expression for 6, can be simplified into a vector form by
introducing a constant vector L, because D,, u;, and the
degree of freedom are known. Thus, 8, can be calculated
using the matrix product of 6, = L{U, which offers
brevity and elegance to the subsequent formulas used in
the sensitivity analysis. When k£ =1, Q,_, becomes €. In
this case, Eq. (5) holds because €, represents the set of
lateral degrees of freedom at the ground level, where all
the degrees of freedom are imposed with fully fixed
constraints and have no displacement.

3.2 Topology optimization scheme

A density-based topology optimization approach [43,44]
was employed to perform topology optimization.
Therefore, the structural material in the design domain
was discretized based on the following scheme: In the
topology design domain discretized by finite elements, a
design variable p, was assigned to the eth element. Based
on the rational approximation of the material properties
(RAMP) model [45], the Young’s modulus of the eth
element is correlated with the projected physical density
p. €[0,1] as follows:

Pe
mint T ——< E _Emin 5
TrgQ o )

where ¢ > 0 is the penalization parameter; E, is the
Young’s modulus of the structural material; £, is an
extremely low value assigned to void regions to prevent
the global stiffness matrix from becoming singular; and p,
is the projected physical density [35], which is calculated

as

E,=E (6)
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__ tanh(Bn) +tanh (B (9, — 1))
Pe= tanh () +tanh (B, (1 - 1))

where 1 and B; determine the shape of the curve
expressed in Eq. (7) via the optimization process. p, is the
filtered density of the eth element and is calculated by
filtering the design variables as follows:

o= (0.0,

pg—ZH

ei i€n,
ien,

(M

®)

where 7, is the set of elements i for which the center-to-
center distance A(e, i) to the eth element is smaller than
the filter radius r,;, and H,; is a weight factor defined as
H,; = max{0, r; —(e,i)}. Thus, the element stiffness
matrix can be correlated with the design variables using
the interpolated Young’s modulus E, in Eq. (6). Hence,
the global stiffness matrix K can be obtained by
assembling the stiffness matrix of each element. The
interpolated volume of the eth element V, is determined
based on a linear relationship with respect to the physical
volume of the eth element, V,, as V, = p, V..

3.3 Formulation for controlling interstory drift ratio
distribution

The two formulations proposed herein are intended to
transform the interstory drift ratio distribution of an
optimized structure into a prescribed profile. The first
formulation based on the bound formulation is as follows:

min: T
pT

s.t.: Z Ve

& — \Vfraa
V.
K@U=P,
W= [w,ws.o s Wiye vy | )

where w, is the kth shape weight coefficient, V, the
volume fraction used to limit the consumption of the
structural material, K the global stiffness matrix, and U
the displacement vector under an external load P.. The
inequality constraints impose a square form on the
interstory drift ratios, thus ensuring that the constraints
are effective regardless of whether the interstory drift
ratio is positive or negative. The proportional relationship
of the entries in W determines the distribution of the
optimized interstory drift ratios. In principle, the
optimized interstory drift ratio distribution is consistent
with the proportional relationship between the shape-
weight coefficients. For instance, when all entries in W
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are equal to 1, the formulation shown in Eq. (9) results in
a uniformly distributed profile of the interstory drift
ratios. If the entries in W linearly increase in the order of
their floor sequence, then the optimized interstory drift
ratio distribution exhibits a triangular shape. Theoreti-
cally, an arbitrary shape can be specified by adjusting the
entry value of W. In this regard, a volume constraint is
necessary. If the volume constraint is abandoned, then a
trivial optimal solution can be a design domain fully
occupied with structural materials at all locations for
static structural optimization.

The second proposed formulation utilizes the p-norm
function in Eq. (3) to construct the objective function,
which is expressed as follows:

min ., = {Z (f[)}w,
s
g

Kp)U= P,

fk—(—) (k=12....n)

Wy

S.t.:

N Vfrd s

(10)

where p is the aggregation parameter, and the other
symbols have the same definitions as previously
mentioned.

Unlike Eq. (9), where multiple constraint functions
must be included, Eq. (10) only requires one constraint
function, i.c., the volume constraint. Hence, the
computational cost for addressing the constraint functions
in Eq. (9) can be avoided. The shape weight coefficients
w (k=1,2,...,n;) in Eq. (10) have the same effect as that
used in Eq. (9). When w, =1 for all £, and p = 1, the
objective function in Eq. (10) becomes the sum of the
interstory drift ratios and is equivalent to the objective
function suggested by Wu et al. [28]. The optimized
interstory drift ratio profile should be consistent with the
prescribed shape weight coefficients provided that the
value of p is sufficiently large.

3.4 Sensitivity analysis

As mentioned in Subsection 2.2, the sensitivity of the
objective function in Eq. (9) is straightforward. As for the
constraint functions imposed on the interstory drift ratios,
the adjoint method [46,47] is employed to avoid directly
solving the displacement sensitivities. The kth constraint
function in Eq. (9) can be augmented by the static
equilibrium equation KU = Py as follows:

6 T
g = — -7+ (P.—KU), (11)
wk
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where A, is an adjoint vector unrelated to the design
variables. Taking the derivative of Eq. (11) with respect
to the projected physical density p, yields

d;;jk 29; L8 dKU_def
dp.  w; dpe dp, dp.
26, W K
( ‘L /lTK) — AT
w; dp. dpe (12)
26,
KA = =L, (13)
w

k

The right-hand side of Eq. (13) represents the adjoint
load, whereas Eq. (13) is known as the adjoint equation.
By solving the adjoint equation to yield A, the terms in
Eq. (12), which includes dU/dp,, disappears. Finally,
dg,/dp, is determined using the chain rule, as follows:

=y (S
P dp; dp; dp. )

Similarly, the objective function in Eq. (10) can be
augmented using the static equilibrium equation, KU =
P,, as follows:

e I/p
= {Z(f;)} +A"(P.-KU),
k=1

where A is an adjoint vector unrelated to the design
variables. Taking the derivative of Eq. (15) with respect
to the projected physical density p, yields

dg,

B, (14)

(15)

dfpn _ dfpndfk) /IT( dU)
dp. Z( df, dp. 7V K
— ng df,;)—n dﬂ dU . dK
_{Z(df ) M}dpe Ty 10
KA= _l(dfk dU) _Z( if, o Lk) (17)

The right-hand side of Eq. (17) represents the adjoint
load, and Eq. (17) is the adjoint equation. By solving the
adjoint equation to yield A, the terms in Eq. (16), which
includes dU/dp,, disappears. Finally, df,./dp, is
determined using the chain rule, as follows:

dfp—n — Z df})—n @ dﬁl
dp. P dp; dp; dp. )
Performing a sensitivity analysis of the objective

function in Eq. (10) solves the adjoint problem only once;
however, the adjoint problem presented in Eq. (9) must

(18)
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be solved n; times when performing the sensitivity
analysis. Comparing Eqgs. (13) and (17), the adjoint load
represented in Eq. (17) can be regarded as the weighted
sum of all adjoint loads in Eq. (13).

4 Numerical investigation

4.1 Structural model
In this study, a numerical structural model was developed
to investigate the performance of the proposed formula-
tions. The model exhibits a plane-frame structure with a
topological design domain, as illustrated in Fig. 1(a).
Similar testing models have been reported in the literature
[29,48,49]. The plane frame subjected to lateral loads
comprised three bays and nine stories. Each bay spanned
9 m in the lateral direction, with a floor height of 4.5 m.
The entire design domain was modeled by a 27 m X 40.5 m
rectangular geometry with a thickness of 0.04 m. The
geometric information of the beam and column sections is
provided in Tables 1 and 2. The structural material
design domain

J— |
o
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properties of the plane frame and design domain reflect
those of steel: Young’s modulus E, = 200 GPa and
Poisson’s ratio v = 0.23. Two-node Euler beam elements
were employed to model the columns and beams in the
frame. Each node possessed two transitional degrees of
freedom and one rotational degree of freedom. The
design domain was uniformly discretized using square -
node quadrilateral (Q4) in-plane stress elements with a
240 x 360 mesh grid. The lateral and vertical degrees of
freedom at the beam-to-column nodes in the frame
system were fully coupled to those (in the Q4 elements)
at the same position in the design domain. Consistent
with the results of previous studies [14,50], the
earthquake-induced load pattern, as shown in Fig. 1(b),
demonstrated a linear incremental behavior along the
height. Lateral forces were imposed on the beam-to-
column nodes, and each component was calculated as
follows: Q = Qhg,, where O = 50 kN/m, and hj, is the
height of the node position. Because the vertical loads did
not significantly affect the lateral drifts in the optimized
results, they are not considered herein. The column bases

Table 1 Shape information of the columns and beams used in the
testing frame

]
g | ,’ ! 7. floor number exterior columns  interior columns girders
| 1 1 1 1
= | T 1 W14 x 370 W14 x 500 W36 x 150
@ >
2 i N NN 2 W14 x 370 W14 x 500 W36 x 150
E= i | i I L
2 | 4 | | i i 3 W14 x 370 W14 x 455 W33 x 141
o T T T T d
| B Qéclement ¢ — 4 W14 x 370 W14x455 W33 x 141
X I L O O Euler beam
fe——— element 5 W14 x 283 W14 x 370 W33 x 141
3 bays @ 9 m
6 W14 x 283 W14 x 370 W33 x 130
(a) (b)
7 W14 x 257 W14 x 283 W27 x 102
Fig.1 Numerical model of the plane frame structure with a 8 W14 x 257 W14 x 283 W27 x 94
design domain for topological design. (a) Elevation view;
o 9 W14 x 233 W14 x 257 W24 x 62
(b) load distribution.
Table 2 Geometry information of the beam and column shapes
shapes section area (m”) section depth (m) web thickness (m) flange width (m) flange thickness (m)
W14 x 233 0.0442 0.4064 0.0272 0.4039 0.0437
W14 x 257 0.0488 0.4166 0.0300 0.4064 0.0480
W14 x 283 0.0537 0.4242 0.0328 0.4089 0.0526
W14 x 370 0.0703 0.4547 0.0422 0.4191 0.0676
W14 x 455 0.0865 0.4826 0.0513 0.4267 0.0815
W14 x 500 0.0948 0.4978 0.0556 0.4318 0.0889
W24 x 62 0.01174 0.6020 0.0109 0.1788 0.0150
W27 x 94 0.01787 0.6833 0.0124 0.2540 0.0189
W27 x 102 0.01935 0.6883 0.0131 0.2540 0.0211
W33 x 130 0.02471 0.8407 0.0147 0.2921 0.0217
W33 x 141 0.02684 0.8458 0.0154 0.2921 0.0244
W36 x 150 0.02852 0.9119 0.0159 0.3048 0.0239
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in the frame and the bottom boundary of the design
domain were completely restrained. Evidently, both the
structure and loads shown in Fig. 1 are symmetric.

By controlling the axial stiffness of the beam elements
in the frame, we implemented two diaphragm models in
this study, that is, a rigid and a flexible diaphragm model.
In the rigid diaphragm model, the beam-section areas are
amplified by a sufficiently large factor such that the
beams engage all columns at the same level, thus causing
those columns to yield similar lateral drifts. In the flexible
diaphragm model, the values listed in Table 2 are adopted
in the beam-section areas to achieve the actual axial
stiffness of the beams.

In all the presented optimization cases, the penalization
parameter ¢ and £, in Eq. (6) are 3 and 107E,, respec-
tively, and the filter radius r,, for Eq. (8) spans eight Q4
elements; Vi, in Egs. (9) and (10) is 0.25, n in Eq. (7) is
0.5, and B; gradually increases to a maximum value of 50.
Each optimization case begins from the same initial
design, in which all the design variables are equal to 0.25.
The method of moving asymptotes (MMA) proposed by
Svanberg [51,52] was used as an optimizer to drive the

optimization process. The convergence criterion specifies
that the iteration continues until the maximum change
among the updated design variables is less than 0.03.

4.2  Effect of uniform distribution control on interstory
drift ratios

4.2.1 Effect of aggregation parameter

To investigate the effect of the aggregation parameter p in
Eq. (10) on the optimization results, all the shape weight
coefficients were set to 1 to obtain a uniform profile of
interstory drift ratios, and the value of p was varied from
1 to 24 at a sampling interval of 2. The projected physical
density (p,) fields of the optimization results with flexible
diaphragms are shown in Fig. 2, whereas those with rigid
diaphragms are presented in Fig. 3.

In the optimized results, the structural layouts and
members, which are represented by solid elements in the
design domain, exhibit a common feature. Amega
chevron brace appeared in the lower section from the first
to fifth stories, but the upper section showed different

@ (m)

Fig. 2 Projected physical density fields of optimization results with flexible diaphragms under uniform profile control. (a) p =1; (b) p = 2;
©@p=4dp=6()p=8 B p=10;(g) p=12; () p =14 () p = 16; () p = 18; (k) p = 20; (I) p = 22; (m) p = 24; (n) bound

formulation.

(m)

Fig.3 Projected physical density fields of optimization results with rigid diaphragms under uniform profile control. (a) p =1; (b) p = 2;

©@©p=4Wdp=6()p=8 D p=10;(g) p=12; (h) p=14; () p = 16; (§) p = 18; (k) p = 20; () p = 22; (m) p = 24; (n) bound
formulation.
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structural layouts composed of slender tree branch-like
members owing to the variation in the aggregation
parameter p. When the value of p increased from 1 to 14,
the corresponding optimized results, as shown in
Figs. 2(a)-2(h), indicated distinct changes. However, the
optimized results exhibited similar layouts with negligible
differences in the details at p values ranging from 16 to
24, as shown in Figs. 2(i)-2(m), and presented a conver-
gent tendency. The transition features shown in Fig. 3
concerning the variation in the aggregation parameter p,
exhibits a similar pattern. These optimization results
indicate that excessively increasing the value of p is
unnecessary, partly because the variation tendency of the
optimized layouts has already converged when p reaches
24, and partly because an excessively large value of p
would cause numerical instability.

4.2.2  Characteristics of optimization history

The convergence histories of the interstory drift ratio
profiles are shown in Fig. 4: each case exhibited an
identical unevenly distributed interstory drift ratio profile
at the beginning of the optimization process. The initial
interstory drift ratio profile confirmed the characteristics
of the frame structures, with higher interstory drift ratios
located at the lower stories and smaller ones clustered at
the upper stories. Because the initial element stiffness for
the Q4 elements in the design domain was discounted by
approximately 69% based on the RAMP interpolation
scheme, the frame contributed more significantly to the
global lateral stiffness than the lateral load-resisting
system embedded in the design domain; therefore, it
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dominated the structural deformation. As the optimization
proceeded, the unevenly distributed profile gradually
varied. In the first variation phase, the upper interstory
drift ratios increased, whereas the lower ones decreased.
Subsequently, the upper interstory drift ratios stopped
increasing; in fact, they decreased simultaneously with
the lower ones in the second variation phase until the
optimization was terminated.

Because the proposed formulations involved a
minimization process, the optimization histories of the
maximum interstory drift ratio, as illustrated in Fig. 5,
declined as the iterations proceeded in all cases, except
for the case in which the aggregation parameter was 1. In
this particular case, the maximum interstory drift ratio
increased before the optimization was terminated, as
shown in the inset of Fig. 5(b). This clearly shows that
minimizing the sum of the interstory drift ratios is not
equivalent to minimizing the maximum interstory drift
ratio. In fact, performing optimization to minimize the
sum of the interstory drift ratios can magnify the
maximum interstory drift ratio in some cases.

4.2.3 Comparison between two formulations

A comparison of the interstory drift ratio profiles
obtained using the aggregation and bound formulations is
shown in Fig. 6. The results show that the aggregation
formulation could not ensure that the optimized interstory
drift ratio profiles converged to a perfectly uniform shape
when the aggregation parameter p was equal to 1. This
implies that minimizing the sum of the interstory drift
ratios cannot yield a perfectly uniform distribution. The
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higher the value of p, the more uniform is the distribution
of the interstory drift ratios. In addition, the converged
maximum interstory drift ratios in each case are presented
along with their aggregation parameters, as shown in
Fig.7. As the value of p increased, the maximum
interstory drift ratio decreased more readily, although this
tendency was locally disturbed by the fluctuations at p =
12 and 14 (in Fig. 7(a)) and p = 16 (in Fig. 7(b)). These
results indicate that the proposed bound formulation
shown in Eq. (10) yielded the best performance, which
featured an almost vertical profile and the same values in
the first four digits of the interstory drift ratios, as listed
in Table 3. The bottom blue line in Fig. 7 represents the
maximum interstory drift ratio yielded by the bound
formulation. Similarly, the bound formulation exhibited
better performance.

Furthermore, a comparison between Figs.2(m) and
2(n) shows that the aggregation formulation failed to
achieve the same or similar optimization results as the
bound formulation, even when the value of p reached 24.
This proves that the two proposed formulations are not
equivalent from the perspective of numerical implementa-
tion results.
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Fig.7 Maximum interstory drift ratios achieved under
different aggregation parameters (Agg. F.: aggregation

formulation; B. F.: bound formulation). (a) Flexible diaphragm
model; (b) rigid diaphragm model.

Table 3 Converged interstory drift ratios generated by bound
formulation under uniform profile control (units: x 10~)

story f. d. r.d.

1 3.235735 3.1001
2 3.235737 3.100101
3 3.235736 3.100097
4 3.235735 3.100098
5 3.235736 3.100102
6 3.235732 3.100103
7 3.235734 3.100096
8 3.235727 3.100105
9 3.23572 3.100096

Note: “f. d.” and “r. d.” denote the flexible and rigid diaphragms,
respectively.

4.3 Effect of nonuniform distribution control on interstory
drift ratios

In the proposed formulations shown in Egs. (9) and (10),
the shape weight coefficients determine the optimized
interstory drift ratio distribution. The effectiveness of
those formulations in achieving a uniform interstory drift
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ratio distribution is validated in Subsection 4.2.1. To
further validate the suggested control strategy for
realizing a nonuniform distribution of interstory drift
ratios, two other groups of w, were tested, as listed in
Table 4. The purpose of the first coefficient group was to
realize an inverted triangular profile for interstory drift
ratios along the height, whereas that of the second
coefficient group was to transform a curved interstory
drift ratio distribution based on a quadratic polynomial.
Nonuniform distribution control was performed to relax
the deformation restriction on the upper stories. Because
the rigid rotation affects the interstory drift ratios of the
upper stories but is rarely associated with structural
damage, the upper interstory drift ratios can be set
slightly higher than the lower ones. Based on the effect of
the aggregation parameter p mentioned in Subsection
4.2.1, the value of p was set to 24 to simultaneously

Table 4 Shape weight coefficients for inverted triangular and
quadratic distributions

story triangular quadratic
1 1 1

2 1.0625 1.2656
3 1.125 1.5625
4 1.1875 1.8906
5 1.25 2.25

6 1.3125 2.6406
7 1.375 3.0625
8 1.4375 3.5156
9 1.5 4

Front. Struct. Civ. Eng. 2023, 17(2): 165-178

achieve a firm control effect and numerical stability. For
comparison, the bound formulation shown in Eq. (9) was
used under the same conditions. The projected physical
density (p,) fields of the optimization results are shown in
Fig. 8. Owing to the nonuniform distribution control, the
structural layouts shown in Fig. 8 differed significantly
from those under uniform distribution control shown in
Fig. 3. The upper structural layouts showed the most
significant difference, whereas the lower sections
appeared similar.

The convergence histories of the interstory drift ratio
profiles corresponding to the designs shown in Fig. 8 are
presented in Fig. 9. Their variation patterns were the
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Fig. 8 Projected physical density fields of optimization results
under inverted triangular and quadratic profile controls (f. d.:
flexible diaphragm; r. d.: rigid diaphragm; T.: triangular; Q.:
quadratic; B. F.: bound formulation). (a) f. d., T., p = 24; (b) f.
d,T,B.F;(c)fd,Q,p=24;(d)f. d,Q,B.F.(e)r.d, T,
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same, as illustrated in Fig. 4, and two phases were
indicated. A comparison between the converged inter-
story drift ratio profiles and the reference lines is shown
in Fig. 10. These reference lines strictly reflect the
proportional relationship exhibited by the shape-weight
coefficients listed in Table 4. The profiles generated by
the proposed bound formulation fully overlapped their
reference lines, which reflects the excellent capability of
the nonuniform distribution control on the interstory drift
ratios. Unlike the bound formulation, the proposed
aggregation formulation presents a discounted control
effect because of the divergence (see Figs. 10(a) and
10(c)) between the optimized results and their reference
lines, although the divergence is almost invisible in
Figs. 10(b) and 10(d). In general, the converged profiles
eliminated the initial-stage characteristics of the frame
structures and successfully transformed into an inverted
triangular or quadratic shape instead of a disordered one.

5 Discussion regarding effects of
diaphragm models on optimization

The effects of diaphragm models have been widely
discussed in previous studies [29,53,54]. This study
revisits this topic by comparing the optimized results with
those of flexible and rigid diaphragm models. For
convenience, the comparative pairs and their information
are listed in Table 5. Generally, using different diaphragm
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models yields different results. This observation is
consistent with those of previous studies [29,53,54].
Because the axial stiffness of the beams was unrealisti-
cally amplified, the finite element model with rigid
diaphragms exhibited greater lateral stiffness than its
counterpart with flexible diaphragms. This can be
justified by comparing the interstory drift ratios shown in
Figs. 10(a) and 10(c), as well as by comparing the
interstory drift ratios shown in Figs. 10(b) and 10(d).

Another concern, which has not yet been reported in
the literature, is related to the deviation in the interstory
drift ratios of the optimized results when they are re-
evaluated using a different diaphragm model. Notably, a
realistic floor system comprising beams and slabs
provides an axial stiffness between that of a flexible and a
rigid diaphragm model.

To investigate the deviation, the typical optimized
results were re-evaluated using both the flexible and rigid
diaphragm models for comparison. For example,
Figs. 11(a) and 11(c) show a comparison of the interstory
drift ratios of the optimized results using the flexible
diaphragm model with those re-evaluated using the rigid
diaphragm model. Meanwhile, Figs. 11(b) and 11(d)
show a comparison of the interstory drift ratios of the
optimized results using the rigid diaphragm model with
those re-evaluated using the flexible diaphragm model. In
these examples, the deviation effect was more evident in
the optimized results yielded by the rigid diaphragm
model. Hence, the flexible diaphragm model is more
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7 /f% 7
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74 g f
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Fig. 10 Interstory drift profiles under triangular and quadratic profile control (f. d.: flexible diaphragm; r. d.: rigid diaphragm; T.:
triangular; Q.: quadratic; B. F.: bound formulation; Agg.: aggregation formulation). (a) f. d., T.; (b) f. d., Q.; (¢) r.d., T.; (d) r. d., Q.

Table 5 Comparison between two diaphragm models

profile shape formulation projected physical density fields interstory drift ratio profiles
flexible diaphragm rigid diaphragm flexible diaphragm rigid diaphragm
uniform Agg. 2 Fig. 2(m) Fig. 3(m) Fig. 6(a) Fig. 6(b)
B.F.” Fig. 2(n) Fig. 3(n)
inverted triangular Agg. Fig. 8(a) Fig. 8(e) Fig. 10(a) Fig. 10(c)
B.F. Fig. 8(b) Fig. 8(f)
quadratic Agg. Fig. 8(c) Fig. 8(g) Fig. 10(b) Fig. 10(d)
B.F. Fig. 8(d) Fig. 8(h)

Notes: a) Agg.: aggregation formulation; b) B. F.: bound formulation.
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Fig. 11 Re-evaluation of optimized results using both flexible and rigid diaphragm models: (a) and (b) are based on the aggregation

formulation; (c) and (d) are based on the bound formulation.

suitable for optimization when the floor system is to be
simplified to reduce the computational cost.

6 Conclusions

In this study, the interstory drift ratio profile was
controlled using topology optimization strategies. The
two formulations proposed herein were based on bound
and aggregation formulations. By setting the shape
weight coefficients in the proposed formulations, the
interstory drift ratio profiles of the optimized structures
can be transformed into any prescribed shape. The
numerical examples validated the efficacy of the control
in generating structural designs with uniform, inverted
triangular, or quadratic distributions of interstory drift
ratios.

The effect of the aggregation parameter on the p-norm
function was comprehensively investigated. The optimi-
zed structural layouts varied significantly as the aggrega-
tion parameter increased from 1 to 14 and then gradually
converged as the aggregation parameter increased to 24.
When p was equal to 1, the aggregation formulation
degenerated into the sum of all interstory drift ratios,
which is not equivalent to the original min—-max problem,
that is, minimizing the maximum interstory drift ratio,
and did not achieve a uniform distribution of interstory
drift ratios in the numerical examples presented. A higher

value of the aggregation parameter rendered the resulting
interstory drift ratio profile more similar to the prescribed
shape, which is beneficial for lower maximum interstory
drift ratios.

In addition, the structural layouts based on the
aggregation formulation differed from those generated by
the bound formulation, even when the value of the
aggregation parameter was sufficiently high. Although
the two proposed formulations successfully controlled the
optimized interstory drift ratios, the bound formulation
yielded optimized results that satisfied the prescribed
shape more closely than the aggregation formulation.
However, the proposed aggregation formulation is more
pragmatic for general tall buildings in terms of reducing
computational costs.

The effects of the rigid and flexible diaphragm models
on the optimized results were investigated via cross-
validation. The results showed that the interstory drift
ratios from the optimized results based on the flexible
diaphragms deviated slightly from those based on the
rigid diaphragm model. Therefore, using the flexible
diaphragm model is more conservative and reliable than
using the rigid diaphragm model in such an optimization.

We believe that the reliability and effectiveness of the
formulations proposed herein are not confined to
topology optimization problems. In fact, the proposed
formulations can be used to optimize the size or shape of
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building structures that require the distribution control of
interstory drift ratios.
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