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ABSTRACT    This  review  of  the  added  value  of  multi-scale  modeling  of  concrete  is  based  on  three  representative
examples.  The  first  one  is  concerned  with  the  analysis  of  experimental  data,  taken  from four  high-dynamic  tests.  The
structural nature of the high-dynamic strength increase can be explained by using a multi-scale model. It accounts for the
microstructure of the specimens. The second example refers to multi-scale thermoelastic analysis of concrete pavements,
subjected  to  solar  heating.  A  sensitivity  analysis  with  respect  to  the  internal  relative  humidity  (RH)  of  concrete  has
underlined the great importance of the RH for an assessment of the risk of microcracking of concrete. The third example
deals with multi-scale structural analysis of a real-scale test of a segmental tunnel ring. It has turned out that multi-scale
modeling  of  concrete  enables  more  reliable  predictions  of  crack  opening  displacements  in  tunnel  segments  than
macroscopic  models  taken  from  codes  of  practice.  Overall,  it  is  concluded  that  multi-scale  models  have  indeed  a
significant added value. However, its degree varies with these examples. In any case, it can be assessed by means of a
comparison of the results from three sources, namely, multi-scale structural analysis, conventional structural analysis, and
experiments.
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1    Introduction

The  present  paper  is  an  extended  version  of  an  invited
lecture  delivered  online  by  the  last  author  at  the
International  Conference  of  Frontiers  of  Structural  and
Civil  Engineering,  on  October  20,  2020,  in  Shanghai,
China.  The  research  results  were  obtained  in  the
framework  of  an  international  research  project.  The
participants  of  this  project  are  from  TU  Wien,  Vienna,
Austria,  and  Tongji  University,  Shanghai,  China.  The
thematic  focus  is  set  on  reviewing  the  added  value
created  by  means  of  multi-scale  modeling  of  concrete.
Such a review is a challenging task, not least  because of
the  existence  of  numerous  multi-scale  models.  They
account  for  chemical,  thermal,  hygral,  poromechanical,

and/or other information from microstructural scales, and
they  are  either  based  on  a  detailed  discretization  of  the
microstructure  of  concrete,  see,  e.g.,  Refs.  [1–3],  or  on
mean-field  methods  focused  on  key  features  of  the
microstructure, see, e.g., Refs. [4–6].

A  review  of  the  added  value  of  multi-scale  analysis
must  be  based  on  non-trivial  examples.  Admittedly,  the
selected examples  can always be criticized for  not  being
sufficiently  representative.  Overemphasis  on  such  a
criticism may trigger knock-out arguments. However, this
would  not  be  a  scientific  attitude,  as  philosophically
corroborated  by  Popper  in  his  theory  of  falsifications  in
science  [7].  According  to  this  theory,  the  validation  of
any  scientific  theory  is  always  incomplete,  because,  at
least  theoretically,  there  are  infinitely  many  possibilities
of  trying  to  falsify  the  theory.  This  is  a  reasonable
argument  for  promoting  exemplary  validations,  because
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the  more  serious  attempts  of  falsification  a  theory
survives,  the  more  it  is  corroborated  [7].  This  enhances
the usefulness of the present paper.

In  the  run-up  to  the  aforementioned  Austro-Chinese
research project, the added value of multi-scale modeling
of  concrete  was  demonstrated,  e.g.,  in  the  context  of
predicting  the  early-age  evolutions  of  mechanical
properties  of  concrete  [8,9]  and  by  applying  multi-scale
models  to  structural  analysis  of  shotcrete  linings  used in
the  New  Austrian  Tunneling  Method,  see  Refs.  [10,11]
and references therein. Therefore, the focus of the present
contribution is  on mature concrete.  In order to provide a
comprehensive review of the aforementioned added value
of  multiscale  modeling  of  concrete,  one  microstructural
example  and  two  macrostructural  examples  were
selected.  They  refer  to  three  different  areas:  material
science,  road  engineering,  and  tunnel  engineering,  as
explained  in  more  detail  in  the  following  three
paragraphs.

The  first  example  (Section  2)  refers  to  the  question
whether  high-dynamic  strength  values  are  a  material  or
structural  property.  Notably,  material  properties  are
independent of the size and shape of the tested specimens.
In this work, material models are taken from the literature
and  the fib Model  Code.  They  are  compared  with  the
multi-scale model of Fischer et al.  [12] and Binder et al.
[13]. This model suggests that the high-dynamic strength
increase is of structural nature, because it depends on the
size of the tested specimen. The assessment of the added
value resulting from multi-scale modeling is based on the
application  of  the  selected  models  to  the  analysis  of
experimental data, taken from four high-dynamic strength
testing campaigns.

The  second  example  (Section  3)  refers  to  the
macrostructural problem of thermal stresses of pavement
plates  subjected  to  solar  heating.  Multi-scale  modeling
includes  both  bottom-up  homogenization  of  the
thermoelastic  properties  of  concrete  and  top-down
quantification  of  the  stresses  of  the  constituents  of
concrete, namely, coarse aggregates, fine aggregates, and
cement paste. The added value resulting from multi-scale
modeling is assessed by performing a sensitivity analysis
regarding the internal relative humidity (RH) of concrete.
The  motivation  for  this  analysis  is  that  he  thermal
expansion coefficient of the cement paste is a bell-shaped
function  of  the RH.  Consequently,  thermal  stresses
depend, in a nontrivial fashion, on the RH.

The  third  example  (Section  4)  refers  to  the
macrostructural  problem  of  bending-induced  tensile
cracking  of  segmental  tunnel  linings.  The  latter  were
subjected  to  point  loads  which  simulate  the  ground
pressure. A real-scale bearing capacity test of a segmental
tunnel  ring  is  analyzed,  based  on  four  different  models
describing the strain-stress relation of concrete in tension.
Three  macroscopic  models  are  taken  from  codes  of
practice.  The  fourth  model  is  a  multi-scale  model  taken

from  the  Ph.D.  desertation  of  Hlobil  [14].  The  added
value resulting from multi-scale modeling is  assessed by
means  of  a  comparison  of  model  predictions  and
experimental  data,  focusing  on  values  of  the  external
loading at  which tensile  cracking of  the tunnel  segments
started  in  the  real-scale  test  and  on  measured  crack
opening  displacements  close  to  the  bearing  capacity  of
the structure.

In  Section  5,  conclusions  are  drawn,  based  on  the
results obtained from three different examples. 

2    Multiscale analysis of high-dynamic
strengthening — a structural problem 

2.1    Experimental evidence

d
ℓ

Experimental  data  from  the  literature  have  shown
increasing  ultimate  stresses  in  uniaxial  dynamic
compression  tests  of  cementitious  materials  when  the
strain  rate  increases.  Data  from  experimental  testing
campaigns  on  concrete,  mortar,  and  cement  paste
specimens,  considered  in  this  work,  are  summarized  in
Table 1.  All  tests  were  done  on  dry  specimens  made  of
concrete,  mortar,  or  cement  paste.  Diameters  and  axial
lengths of the cylindrical specimens are denoted as  and
,  respectively.  Restriction to  compression tests  suggests

treating  both  the  stress  and  the  strain  rate  as  positive
quantities in case of compression.

fult

fult

Up to now, it has not been clear why  depends on the
strain rate. Different attempts of explanations are found in
the  literature.  As  for  uniaxial  compression  tests,  strain-
rate-dependent material properties, e.g., in Refs. [17–19],
internal confinement leading to triaxial stress states,  e.g.,
in  Refs.  [20–22],  structural  effects,  e.g.,  in  Refs.
[12,13,23], or combinations of these assumptions, e.g., in
Refs.  [24,25],  are  used  to  explain  the  strain-rate
dependence  of .  In  order  to  compare  different
approaches  and  materials,  the  increase  of  the  ultimate
stress  at  high  strain  rates  is  usually  expressed  by  the
dynamic  increase  factor  (DIF)  of  the  ultimate  stress.  In
the literature, it is given as
 

DIF =
fult

fsta
, (1)

fult

fsta

where  stands  for  the  ultimate  stress,  obtained  from
high-dynamic tests, and  denotes the stress reached in a
quasi-static test, accordingly referred to as the quasi-static
strength.  Many  analytical  expressions  for  the DIF in
compression  were  developed,  based  on  empirical  fitting
of data from experiments or models. A selected collection
from expressions published in the years 1990–2015 in the
open literature can be found in Ref. [24]. 

2.2    Various models

In  this  work,  the  interest  lies  in  existing  analytical
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expressions that  can be applied to different  experimental
testing  campaigns  by  fitting  of  parameters.  The  selected
five  expressions  show  the  wide  range  of  possible
modeling  origins  and  mathematical  expressions  for
modeling  of  the  strain-rate  effect  of  ultimate  stresses  in
compression tests, summarized in the following.

1) Tang et al.  [26] investigated the strain-rate effect of
concrete  in  compression  with  the  help  of  a  Split-
Hopkinson  Pressure  Bar.  They  identified  small
confinement  stresses  which  were  not  responsible  for  the
enhancement of the ultimate stress at higher loading rates.
They proposed a linear regression model, given as
 

DIF =
C+Dε̇

fsta
, for value of DIF > 1.0, (2)

C Dwhere  the  two  fitting  parameters,  and ,  were
identified for individual test series.

2)  Gebbeken and Greulich [27] assumed a limit  of  the
increase  of  the  ultimate  stress  at  high  strain  rates.  They
recommended a  hyperbolic  function for  the  definition of
this limit, given as
 

DIF =
Wy

fsta

{
tanh

[(
log

(
ε̇

1.0 s−1

)
−Wx

)
S
] (Fm

Wy
−1

)
+1

}
,

(3)

Fm

S
Wx Wy Wx

Wy

where  the  parameter  denotes  the  ultimate  stress  at  a
theoretical strain rate equal to infinity. The parameters ,

 and  define the shape of the model curve, with 
and  denoting  the  location  of  the  point  of  inflection.

The  four  parameters  can  be  adjusted  to  individual  test
series.

3)  Brara  and  Klepaczko  [28]  used  a  time-dependent
failure criterion, based on the stress-dependent activation
energy and on micro-crack shielding during the cracking
process. For short loading pulses, this resulted in
 

DIF =
1
fsta

[
(1+ ξ) tC0

E f ξsta

] 1
ξ+1
ε̇

1
ξ+1 , (4)

E tC0

ξ

where  stands for Young’s modulus and  denotes the
longest  period  of  time  until  the  quasi-static  strength  is
reached in a dynamic test; the parameter  is related to the
activation energy.

4)  Li  et  al.  [29]  investigated  the  strain-rate  effect  with
the help of a numerical model, including a kinetic friction
model. The resulting mathematical expression is a piece-
wise  linear  and  quadratic  expression  of  the  logarithmic
strain rate, defined as
 

DIF = 1+B1

(
log

(
ε̇

1 s−1

)
+B2

)
,

for ε̇ ⩽ 22.9 s−1 and

DIF = B3log2
(
ε̇

1 s−1

)
+B4log

(
ε̇

1 s−1

)
+B5,

for ε̇ > 22.9 s−1. (5)

B1 B5

B1−B5

The factors  ̶  depend on the investigated material
and  on  the  size  of  the  specimen.  However,  this
dependence  was  not  quantified.  Without  using  the
numerical model, the factors  can be fitted with the

  

Table 1    Selected experimental data from high-dynamic compression tests in the literature
Fischer et al. [12] tested cement
paste samples (6 months old)

Kühn et al. [15] tested concrete
samples (5 months old) Zhang et al. [16] tested mortar samples with two different sizes

small specimens large specimens

fult(MPa) ε̇ (1/s) fult (MPa) ε̇ (1/s) fult (MPa) ε̇ (1/s) fult (MPa) ε̇ (1/s)
74.15 700 95.1 136.6 70.66 49.46 64.45 37.01

42.01 200 104.2 150.1 73.82 71.01 71.22 69.67

74.41 500 119.2 185.5 74.75 85.09 71.47 76.68

48.6 500 125.7 190 75.11 130.74 75.02 56.43

65.4 500 142.5 202.7 75.61 153.16 72.13 89.38

114.26 500 – – 79.67 183.52 76.01 126.2

132.73 1900 – – 81.66 219.90 77.00 152.86

164.39 2100 – – 86.57 205.48 79.14 126.2

156.36 2100 – – 90.43 295.02 82.03 165.04

133.73 2100 – – 96.52 337.87 88.8 192.39

152.64 2100 – – 98.16 345.6 93.34 165.04

143.78 1900 – – 99.45 322.94 93.75 228.61

– – – – 101.67 330.32 98.62 261.43

– – – – 109.04 453.30 – –

ℓ fsta ν ρ ℓ fsta
ν ρ ℓ fsta ν

ρ ℓ fsta ν ρ

Notes: Fischer et al. [12]:  = 6.63 mm, d = 10.1 mm,  = 48.2 MPa, E = 14.2 GPa,  = 0.29,  = 1593 kg/m3; Kühn et al. [15]:  = 80.0 mm, d = 50.0 mm,  =
25.1 MPa, E = 32.0 GPa,  = 0.20,  = 2400 kg/m3; Zhang et al. [16], small specimens:  = 18.0 mm, d = 37.0 mm,  = 51.0 MPa, E = 23.1 GPa,  = 0.19,

 = 2116 kg/m3; Zhang et al. [16], large specimens:  = 25.0 mm, d = 50.0 mm,  = 51.0 MPa, E = 23.1 GPa,  = 0.19,  = 2116 kg/m3.
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help of experimental results.
5)  Fischer  et  al.  [12]  presented  an  engineering

mechanics approach for modeling the effect of the strain-
rate  on  the  ultimate  stress.  The  model  includes  material
properties  and  structural  components  of  the  specimen.
The expression for the DIF is obtained as
 

DIF = 1+Fh · ℓ ·
Eε̇
fsta

√
2(1+ ν)ρ

E
, (6)

Fh · ℓ
Fh

ℓ E ν ρ

Fh = 0.5

Fh = 1.0

where  represents  the  crack  propagation  length,
expressed as a fraction  of the height of the specimen in
the loading direction, denoted as ; , , and  stand for
Young’s modulus,  Poisson’s ratio,  and the mass density,
respectively.  The  model  is  based  on  the  following
assumptions. Cracks start to nucleate as soon as the stress
reaches  the  quasi-static  material  strength  at  positions  of
minimum  material  resistance.  This  marks  the  beginning
of the failure process.  It  ends when the specimen is split
into  two pieces  after  a  crack has  propagated through the
whole  specimen.  The  stress  in  the  intact  parts  of  the
specimen  increases  during  the  failure  process.  Because
the  cracks  propagate  at  a  characteristic  finite  speed,  the
duration  of  the  process  is  proportional  to  the  size  of  the
specimen.  The  faster  the  loading,  the  larger  the  stresses
gained  during  crack  propagation  and  the  larger  the
maximum stress sustained by the intact parts, right before
the  specimen  disintegrates  into  pieces.  The  described
model also suggests that high-dynamic strength testing is
associated  with  significant  experimental  dispersion,
because  it  is  uncertain  at  which  position  the  first  crack
will  nucleate.  If  it  nucleates  in  the  middle  of  the
specimen,  each  crack  tip  has  to  propagate  in  half  of  the
cylinder  height  ( ).  However,  if  it  nucleates  on  a
specimen’s  surface  at  which  the  material  sample  is  in
contact  with  the  adjacent  load  plate,  the  crack  has  to
propagate  in  the  entire  cylinder  height  ( ),  for
more details see Refs. [12,13]. 

2.3    Model application and fitting

To  compare  the  previously  described  five  models,  they
are  fitted  to  the  experimental  data  sets  of  tested  cement
paste,  mortar,  and  concrete  from Table 1.  The  curve
fitting  tool  from  MATLAB  [30]  is  used  to  adjust  all

model  parameters  at  once.  The  obtained  parameters  are
summarized  for  each  model  and  each  experimental  data
set in Table 2.

Evaluation of  the  fitted  models  for  a  continuous  range
of  strain  rates  from  10  to  104 s−1 allows  plotting  of  the
results from all  five models (colored lines) together with
the results from the experiments, see Fig. 1(a) for cement
paste  tests  by  Fischer  et  al.  [12]  (circles), Fig. 1(b)  for
concrete tests by Kühn et al. [15] (squares), and Figs. 1(c)
and 1(d)  for  tests  on different  sizes  of  mortar  specimens
by Zhang et al. [16] (triangles for smaller specimens and
diamonds for larger specimens).

The  five  plotted  model  curves  for  the  various
experimental  data  sets  show  that  these  curves  are  the
more similar, the more uniform the experimental data are,
compare Figs. 1(a) and 1(b). The experimental data from
the five tested concretes of Kühn et al. [15] show almost
no  scatter,  and  the  fitted  models  are  almost  identical  for
the  experimentally  investigated  range  of  strain  rates.
However, for smaller strain rates than the experimentally
investigated  ones,  the  model  curves  differ  significantly;
the  model  of  Li  et  al.  [29]  (orange  line)  predicts  an
unreasonable increase of the DIF, see Fig. 1(b).

DIFmod

DIFexp

To  quantify  the  performance  of  the  fitted  models,  the
differences  between  the  modeled  dynamic  increase
factors, ,  and  the  experimentally  determined
increase  factors, ,  are  computed  by  the  sum  of
squared errors (SSE) of the DIF values. Thus,
 

SSE =
n∑

i=1

(
DIFexp,i−DIFmod,i

)2
, (7)

nwhere  is  the  number  of  individual  tests  in  one  series.
The SSE values  for  each  model  and  each  experimental
testing  campaign  are  listed  in Table 3.  The  sums of SSE
over the four considered test campaigns for the individual
models  allow a comparison of  the models,  based on one
error  value.  The  hyperbolic  function  of  Gebbeken  and
Greulich [27] with four fitting parameters yields an error
value of 1.3, and the multi-scale approach of Fischer et al.
[12] with one fitting parameter adds up to an error value
of  7.3.  Overall,  the  higher  the  number  of  fitting
parameters, the smaller the calculated error.

The  five  investigated  models  can  be  applied  to
experimental  data  sets  of  various  tested  cementitious

  

Table 2    Identified fitting parameters of various models for the investigated experimental test series
reference Tang et al. [26] Gebbeken and Greulich [27] Brara and Klepaczko [28] Li et al. [29] Fischer

et al. [12]

C  (MPa) D (MPa/s) Fm (MPa) Wx Wy(MPa) S tC0 (s) ξ B3 B4 B5 Fh

Fischer et al. [12] 72.33 0.021 143.4 2.912 96.47 5.27 9.323e–6 1.95 –1.256 9.46 –14.78 0.59

Kühn et al. [15] 6.986 0.638 1463 1.876 30.65 0.17 2.193e–5 0.06 56.47 –241 261 0.49
Zhang et al. [16]
(large specimens) 61.11 0.142 166.2 2.6 116.1 1.95 3.296e–5 3.73 0.5787 –1.60 2.373 0.74

Zhang et al. [16]
(small specimens) 64.11 0.099 124.8 2.527 98.5 3.32 2.839e–5 3.69 0.684 –2.01 2.608 0.74
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materials,  as  shown  in Fig. 1.  Nevertheless,  engineering
design requires  models  for  the prediction of  the ultimate
stresses without preceding experiments.
 

2.4    Prediction of the ultimate stress in uniaxial dynamic
tests

Engineering design requires models for the prediction of

the  ultimate  stress  without  preceding  experiments.
Notably,  the word “prediction” originates from the Latin
verb “praedicere”,  meaning “to  say  in  advance”,  i.e.,  to
forecast,  see,  e.g.,  Ref.  [31].  However,  the  European
standard for concrete constructions [32] does not contain
a  model  describing  the  strain-rate  effect  of  the  ultimate
stress.  The fib Model  Code  [33],  which  is  a  pre-
standardized  collection  of  topics  relevant  to  concrete,

 

 
Fig. 1    Dynamic increase  factor  of  the  ultimate  stress  depending on the  strain  rate:  model  of  Li  et  al.  [29],  in  orange,  of  Gebbeken and
Greulich  [27],  in  green,  of  Brara  and  Klepaczko  [28],  in  red,  of  Tang  et  al.  [26],  in  dark  blue,  and  of  Fischer  et  al.  [12],  in  light  blue;
Markers represent the experimental results of (a) Fischer et al. [12], (b) Kühn et al. [15], (c) Zhang et al. [16], small specimens, (d) Zhang
et al. [16], large specimens.

 

  

Table 3    Differences between modeled values and experimental results: the sum of squared errors (SSE) is calculated individually for each model
and each experimental data set; the sum of all errors (Σ SSE) according to Eq. (7) for the different experimental data enables a comparison of the
different models
experimental data sets and
content of comparison

sum of squared errors (SSE)

M1 M2 M3 M4 M5 M6

Fischer et al. [12] 5.57 0.99 3.31 2.07 6.68 86.15

Kühn et al. [15] 0.13 0.16 0.13 0.07 0.19 15.59

Zhang et al. [16] (large specimens) 0.06 0.06 0.09 0.07 0.16 4.39

Zhang et al. [16] (small specimens) 0.04 0.03 0.11 0.11 0.24 10.19

ΣS S E 5.8 1.3 3.6 2.3 7.3 116.3

number of fitting parameters 2 4 2 3 1 0

prediction without high-dynamic test – – – – yes yes

Note: Fitted models: M1-Tang et al. [26], M2-Gebbeken and Greulich [27], M3-Brara and Klepaczko [28], M4-Li et al. [29], M5- Fischer et al. [12], M6-
Model Code.
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includes  a  model  for  the  strain-rate  effect.  The  ultimate
stress reached in case of dynamic loading is estimated by
a piece-wise power-law function as
 

DIF =
[

ε̇

−30 ·10−6 s−1

]1.026/(5+9 fsta
10 MPa )
,

for ε̇ ⩽ 30 s−1,

DIF = 10(6.156/(5+9 fsta
10 MPa )+2)

[
ε̇

−30 ·10−6 s−1

]1/3

,

for ε̇ > 30 s−1. (8)

Equation  (8)  combines  relations  from  the fib Model
Code for practical use. As the quasi-static strength of the
material  is  the  only  parameter  appearing  in  Eq.  (8),  a
model  prediction  without  previous  tests  is  possible.  The
model is applied to the experimental test series on cement
paste  specimens  [12],  concrete  specimens  [15],  and  two
different  sizes  of  mortar  specimens  [16],  see  the  black
lines in Figs. 2(a)–2(d).

A  comparison  of  the  fib-model  prediction  (black  line)
with the experimental values (markers) in Figs. 2(a)–2(d)
shows that the prediction overestimates the ultimate stress
for the cement paste and for mortar, but underestimates it
for  concrete.  The  deviation  of  the fib-model  from  the
experimental  results  is  calculated  with  the SSE from

Eq.  (7)  and listed  in Table 3.  Comparing the SSE values
obtained  from  the fib-model  with  the  ones  from  various
models from Subsection 2.3 shows that the SSE values for
the fib-model prediction are a multiple of the SSE values
obtained from the fitted models.

As  the fib-model  predictions  differ  much  from  the
results  from  the  experimental  testing  campaigns,  the
predictive  capability  of  the  previously  discussed  models
will  be investigated next.  The fitting parameters  of  Tang
et al. [26] and Li et al. [29] are not linked to any physical
parameters.  They  vary  a  lot  for  the  four  different
experimental  data sets,  see Table 2.  These facts and lack
of values for further predictions render these two models
inadequate  for  predictions.  Gebbeken  and  Greulich  [27]
have  used  four  fitting  parameters.  Three  of  them  can  be
either physically or mathematically interpreted. However,
the  values  of  the  fitting  parameters,  summarized  in
Table 2,  do  not  allow  identification  of  parameters  for
predictions.

tC0

tC0

Brara  and  Klepaczko  [28]  have  introduced  two
parameters  that  enable  a  physical  interpretation.  The
parameter  represents the longest duration of time until
the  quasi-static  strength  is  reached  in  dynamic  testing.
Based  on  the  identified  best  fitting  durations  for  the
considered  experiments  in Table 2,  it  seems  that  is

 

 
Fig. 2    Dynamic increase factor of the ultimate stress depending on the strain rate: the black curve shows the fib Model Code prediction,
the gray-shaded area illustrates the model prediction according to Fischer et al. [12], and the markers represent the experimental results of
(a) Fischer et al. [12], (b) Kühn et al. [15], (c) Zhang et al. [16], for small specimens, (d) Zhang et al. [16], for large specimens.
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ξ

tC0

shortest  for  the  smallest  samples  made  of  cement  paste
and  increases  with  additional  aggregates  and  with  the
specimen size.  The other parameter, ,  is  proportional  to
the  activation  energy.  Assuming  that  it  is  a  material
parameter,  the  largest  activation  energy  is  required  for
mortar and the smallest for concrete (see Table 2). As the
activation energy was neither determined individually nor
in  advance  of  the  different  experiments,  and  as  the
identification  of  required  a  dynamic  test,  it  is
impossible  to  make  predictions  based  on  the  data
provided in the literature.

Fhh

Fh = 0.5 Fh = 1.0

Fischer  et  al.  [12]  have  introduced  the  crack
propagation  length  that  leads  to  separation  of  the
specimen as a fitting parameter, i.e.,  in Eq. (6). As for
the  uniaxial  compression  test  with  cracks  propagating  in
the  loading  direction,  Fischer  et  al.  [12]  recommend  a
lower  bound  for  the  crack  propagation  length,  equal  to
one  half  of  the  specimen  height,  and  an  upper  bound,
equal  to  the  height  of  the  specimen.  Evaluating  the
engineering  mechanics  model,  given  in  Eq.  (6),  for

 and ,  provides  a  range  of  the  ultimate
stress  in  the  considered  dynamic  experiments.  This
renders  the  multi-scale  approach  of  Fischer  et  al.  [12]
capable  of  predicting  the  results  of  high-dynamic  tests
without  preceding  experiments.  Hence,  the  model  of
Fischer et al. [12] has a predictive capacity similar to the
one  of  the fib-model.  The  prediction  also  considers  the
experimental  dispersion,  see  the  gray  shaded  area  in
Figs. 2(a)–2(d). 

2.5    Conclusions

The  following  conclusions  can  be  drawn from modeling
of the strain-rate  effect  of  the ultimate stress  in  dynamic
testing of cementitious specimens.

1)  Lack  of  information  on  quantification  of  the  strain-
rate  effect  in  the  current  European  standard  for  concrete
[32]  underlines  the  need  for  more  research,
notwithstanding the fact that, since 1993, the pre-standard
Model Code contains a formula for the DIF [33].

2) The expression for the rate-dependent ultimate stress
according  to  the fib Model  Code  [33]  can  be  applied  to
any  cementitious  material  with  a  known  quasi-static
strength. However, the differences between the predicted
DIF-values  and  the  experimental  results  are  quite  large,
suggesting consideration of other models.

3)  Fitting  of  various  models  has  shown  that  the
hyperbolic  function  recommended  by  Gebbeken  and
Greulich  [27]  can  be  adapted  best  to  the  considered
experimental  data  sets.  In  this  context,  it  is  worth
mentioning  that  the  model  has  the  highest  number  of
fitting  parameters.  The  fitted  engineering  mechanics
model  by  Fischer  et  al.  [12],  containing  only  one  fitting
parameter, yields the largest errors for the DIF-values.

4)  Concerning  the  prediction  of  the  ultimate  stress  of

the  dynamic  compression  test  before  running  dynamic
experiments,  only  the  engineering  mechanics  model  of
Fischer et al. [12] was able to predict a range of ultimate
stress values for the experimental results, based on known
material  properties  and  sizes  of  specimens.  This  was
possible  because  the  multi-scale  approach  reinforced  the
comprehension of the physical mechanisms. Fischer et al.
[12]  could  link  the  increase  of  the  ultimate  stress  in
dynamic  testing  to  a  structural  effect  as  described  in
Section 2.2. The other models from the literature did not
provide sufficient information about the fitting parameters
to enable independent predictions.

5)  The  multi-scale  approach  of  Fischer  et  al.  [12]  has
identified a structural effect that leads to ultimate stresses
in  dynamic  testing  that  are  larger  than  those  in  static
testing.  This  agrees  with  results  from  other  recent
research, see Ref. [23]. In future research of the ultimate
stress  in  dynamic  testing,  it  will  be  necessary  to  extend
the investigations from the material level to the structural
level. 

3    Multi-scale thermoelastic analysis of
concrete pavements 

3.1    Temperature field of transient heat conduction

Concrete  pavements  are  subjected  to  daily  cycles  of
temperature,  i.e.,  to  variable  temperature  fields.  Thermal
eigenstrains,  associated  with  temperature  changes,  are
either  free,  constrained,  or  prevented  to  develop,
depending on the mechanical  constraints.  Constrained or
prevented  thermal  eigenstrains  lead  to  thermal  stresses
that  may  result  in  cracking  of  concrete  pavements,
degrading their long-term performance.

Tref

Tref

Quantification  of  thermal  stresses  starts  with
determination  of  the  temperature  fields  of  concrete
pavements. For simplicity, it is assumed that, initially, the
pavement  plate  is  in  an  isothermal  state,  with  the
reference  temperature  denoted  as .  The  structure  is
subjected to thermal loading. It results from solar heating
at  its  top surface,  whereas  the  temperature  at  the  bottom
surface  of  the  plate  is  considered  to  remain  constant  at

,  see Fig. 3.  The  four  lateral  surfaces  of  the  plate  are
assumed to be thermally insulated,  see Fig. 3.  This leads
to  one-dimensional  heat  conduction  along  the  thickness
of  the  pavement  plate,  i.e.,  along  the z-direction.  The
differential equation concerned can be written as
 

∂T
∂t
−a
∂2T
∂z2
= 0, (9)

awith  standing  for  the  thermal  diffusivity  of  concrete.
Evolution of the temperature change at the top surface of
the plate is assumed to follow an S-shape function, given
as [29]
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∆T top (t) = ∆T top
fin ·

1
2

[
1− cos

( tπ
12 h

)]
, (10)

∆T top
finwith  standing  for  the  maximum  increase  of  the

temperature, reached twelve hours after sunrise.

∆T top
i ti

S i

Considering  the  linearity  of  Eq.  (9),  the  continuous
temperature  increase  at  the  top  surface  of  the  plate  in
Fig. 3 is  discretized in a step-wise manner,  characterized
by  a  temperature  increment  at  time  step .  The
temperature  history  is  subdivided  into  steps  such  that
the  total  temperature  change  along  the  thickness  of  the
plate can be analytically computed as [29]
 

∆T (z, t) =
S i∑
i=1

∆T top
i

(
1
2
− z

h

)
−

∞∑
n

∆T top
i (−1)n

nπ
sin

(
2nπ

z
h

)
exp

[
−(2nπ)2 a < t− ti >

h2

]
+

∞∑
n

2∆T top
i (−1)n

(2n−1)π
cos

[
(2n−1)π

z
h

]
exp

[
−(2n−1)2π2 a < t− ti >

h2

]
, (11)

< · >with  standing for the Macaulay operator.
The  temperature  field  resulting  from the  transient  heat

conduction  process  is  distributed  nonlinearly  over  the
thickness,  i.e.,  in  the z-direction,  of  the  pavement.
However,  state-of-the-art  guidelines,  see,  e.g.,  Ref.  [34],
for  calculation  of  thermal  stresses  of  pavements  have
been  established  mainly  on  the  basis  of  a  linearly
distributed  temperature  change  over  the  thickness  of  the
plate. Furthermore, experimental studies have shown that
thermally-induced degradation of  cementitious materials,
resulting  in  the  decrease  of  the  elastic  modulus  and  the
compressive  strength,  originates  from  microstructural
cracking  [35–38].  This  has  motivated  the  following
analysis  of  the  thermal  response  of  concrete  pavements

across several scales of observation. 

3.2    Multi-scale analysis of the thermally-loaded concrete
pavement

Multi-scale  analysis  of  the  stresses  of  the  thermally-
loaded  concrete  pavement  is  performed.  Thermal
eigenstrains,  associated  with  temperature  changes,  are
constrained  or  prevented  at  three  different  scales  of
observation  of  the  concrete  pavement,  i.e.,  constraints  at
the  macrostructural  scale  of  the  pavement,  at  its  cross-
sectional  scale,  and  at  the  microstructural  scale  of
concrete.

The solution starts with quantifying the thermal stresses
at  the  macrostructural  scale  and  at  the  cross-sectional
scale  of  the  pavement  by  recalling  Kirchhoff’s  normal
hypothesis.  It  states  that,  for  thin  plates,  their  generators
remain  straight  during  deformation.  Consequently,  the
total strains are linearly distributed over the thickness:
 

εxx =
∂u0

∂x
+

(
−∂

2w0

∂x2

)
z = εx,0+ κx,0z, (12)

u0 w0

x y

εe
0

κe
0

with  and  standing for the displacement components
in the - and the -direction, in the midplane of the plate.
This  has  motivated  the  decomposition  of  the  nonlinear
thermal  eigenstrains,  associated  with  the  transient  heat
conduction, into a linear and a nonlinear part. The former
is  related  to  an  eigenstretch  of  the  plate  and  an
eigencurvature  of its midplane, defined as
 

εe
0 =

1
h

w
z
α∆Tdz, (13)

and
 

κe
0 =

12
h3

w
z
α∆T zdz, (14)

αrespectively,  with  standing  for  the  thermal  expansion
coefficient of concrete. The residual nonlinear part of the
thermal  eigenstrains  represents  an  eigendistortion  of  the
plate generators, given as
 

εe
dis = α∆T −εe

0− κe
0z. (15)

Based  on  the  assumption  of  generators  of  the  plate
remaining  straight  during  deformation,  i.e.,  obeying
Kirchhoff’s  normal  hypothesis,  there  should  be  no
eigendistortion  at  the  scale  of  the  cross-section  of  the
plate. This results in an elastic strain equal to the opposite
value  of  the  eigendistortion  defined  in  Eq.  (15).  The
elastic  strain leads to self-equilibrated thermal stress due
to the constraints at the cross-sectional scale of the plate.

The  magnitude  of  the  thermal  stresses  related  to  the
eigenstretch  and  the  eigencurvature  depends  on  the
constraints  at  the  macrostructural  scale  of  the  pavement
plate.  The  eigenstretch,  as  the  mean  value  of  the

 

 
Fig. 3    Pavement  plate  resting  on  an  elastic  Winkler
foundation, loaded by a temperature change.
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eigenstrain,  see  Eq.  (13),  stands  for  the  eigen-
tensile/compressive  strain  of  the  plate.  Considering  the
joints  between  neighboring  plates  of  the  pavement,  this
eigenstretch is free to develop. The eigencurvature is the
first-order  moment  of  the  eigenstrain,  see  Eq.  (14).
However,  this  eigencurvature  is  restrained  by  the
foundation of the plate. This leads to thermal stresses as a
result  of  constraints  at  the  macrostructural  scale  of  the
plate.

Ehom

∆T

The  mismatch  of  the  thermoelastic  properties  of  the
concrete  constituents  and  their  mutual  interaction  results
in  a  microstructural  stress  fluctuation  in  the  concrete
pavement.  Concrete  is  considered  as  a  composite  with
coarse aggregates embedded in the matrix of mortar. The
latter  consists  of  fine  aggregates  surrounded  by  the
cement  paste  matrix.  The  microstructure  of  concrete  is
loaded  by  a  macroscopic  strain  and  a  temperature
change .  The  resulting  average  strains  of  the  matrix
phase  and  the  inclusion  phase  can  be  quantified,
following the concentration-influence relation [39]
 

εp = Ap : Ehom+
∑
q=m,i

Dpq : εe
q, p ∈ [m; i] , (16)

Ap Dpq

q = p
p

with  and  denoting the  strain  concentration  tensor
and  the  eigenstrain  influence  tensor,  respectively.  For

, the latter expresses the influence of the eigenstrain
of phase  on its own total microstrain, given as
 

Dpp =
[
I− fpAp

]
:
[
I+S : C−1

m :
(
Cp−Cm

)]−1 : (S−Cm)−1 :Cp,
(17)

q , p
q p

and for , it expresses the influence of the eigenstrain
of phase  on the total microstrain of phase , given as
 

Dpq = −Ap : fp
[
I+S : C−1

m :
(
Cp−Cm

)]−1 : (S−Cm)−1 : Cp,
(18)

fp Cp

p I S

Cm

with  and  standing  for  the  volume  fraction  and
stiffness tensor of phase , respectively.  and  represent
the  symmetric  fourth-order  unity  tensor  and  the  Eshelby
tensor  of  a  spherical  inclusion,  embedded  in  an  infinite
matrix of stiffness . By recalling the standard elasticity
law,  the  microscopic  average  stresses  of  the  matrix  and
inclusion phases are finally quantified. 

3.3    Exemplary study

The described mode of multi-scale thermoelastic analysis
of a pavement plate is exemplarily applied to compute the
thermal  stresses  of  a  concrete  pavement  with  different
magnitudes  of  internal RH.  This  is  done  in  order  to
answer  the  question  of  the  added  value  of  multi-scale
structural  analysis. Figure 4 shows  that  the  thermal
expansion  coefficient  of  the cement  paste,  as  the  main
constituent  of concrete,  varies  significantly  with  the
internal RH [40,41].  Therefore,  the  thermal  expansion

coefficient  of concrete also  varies  with  the  internal RH
[41].  However,  this  coefficient  is  generally  taken  as  a
constant  value  around  10  × 10−6 °C−1,  see  Ref.  [42]  for
example.

lx × ly × h = 5.00 m × 3.75 m × 0.25 m

2400 kg/m3 4.73×10−7 m2/s
∆T top

fin =

The  dimensions  of  the  pavement  plate  read  as
.  The  mass

density  and  the  thermal  diffusivity  of  concrete  are  taken
as  and ,  respectively.  By
assuming  a  maximum  temperature  increase  of 
45 °C,  the  temperature  change  along  the  height  of  the
pavement  can  be  computed  by  means  of  Eq.  (12),  see
Fig. 5(a).

RH = 50%
RH = 65% RH = 100%

Quantification  of  the  resulting  thermal  eigenstrains  is
related  to  the  magnitude  of  the  thermal  expansion
coefficient  of  concrete.  The  latter  changes  with  the
internal RH,  which  is  taken  herein  as ,

,  and .  Identification  of  the
thermoelastic  parameters  of  concrete  follows  from
bottom-up  homogenization  from  the  level  of  the  cement
paste, via the level of mortar, up to the level of concrete,
see  Ref.  [47]  for  details  and Table 4 for  the  input  and
output parameters. The latter are highlighted in bold face.

The  thermal  eigenstrains  across  the  thickness  of  the
pavement  plate  are  computed  by  multiplying  the
temperature  change  with  the  thermal  expansion
coefficient  of  concrete.  They are  distributed in  a  fashion
similar  to  the  one  of  the  temperature  changes,  compare
Fig. 5(a)  with Figs. 5(b)–5(d),  because  the  thermal
expansion  coefficient  of  concrete  is  considered  to  be
independent  of  the  position  inside  the  plate.  The  total
thermal  eigenstrains  are  decomposed  into  three
components, i.e., into those related to the eigenstretch, the
eigencurvature,  and  the  eigendistortion  following
Eqs.  (13)–(15),  see Figs. 5(b)–5(d).  Superposition  of  the
first  two  parts  represents  the  linear  part  of  the  total
thermal  eigenstrains,  whereas  the  eigendistortion
 

 
Fig. 4    Thermal  expansion  coefficient  of  the  cement  paste,
depending on the internal RH, see Ref. [43]; the curve refers to a
fitting  function  used  by  Emanuel  and  Hulsey  [40]  and  the
markers  represent  the  experimental  results  of  Meyers  [44],
Mitchell [45], and Dettling [46].
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represents the nonlinear part. Notably, the effect of creep,
shrinkage, and friction is not included herein.

100 MPa/m

For quantification of the thermal stresses related to the
constraints  at  the  macrostructural  scale  of  the  pavement
plate,  an  elastic  Winkler  foundation  of  the  plate  is
considered.  Its  modulus  of  reaction  is  assumed  as

.  The  structural  response  of  the  plate  is
studied,  following  the  semi-analytical  procedure
established by Höller et al. [48], based on the principle of

the  virtual  power,  see Fig. 6(a).  The  quantified  stresses
are distributed linearly along the height of the beam. They
are  quite  similar  for  the  three  magnitudes  of  the  internal
RH. They represent the structural response to the thermal
loading, considering the constraints at the macrostructural
scale  of  the  pavement.  Notably,  quantification  of  the
thermal  stresses  induced  by  the  linear  part  of  the
eigenstrains,  i.e.,  from  the  eigenstretch  and  the
eigencurvature,  is  consistent  with  the  conventional

 

 
Fig. 5    (a)  Distribution  of  the  temperature  change  over  the  thickness  of  the  pavement  plate  and  decomposition  of  the  resulting  thermal
eigenstrains into those related to the eigenstretch, the eigencurvature, and the eigendistortion for a pavement, with internal RH amounting to
(b) 50%, (c) 65%, and (d) 100%, respectively.

 

 

 
Fig. 6    Macroscopic thermal stresses resulting from (a) the constrained eigencurvature and (b) the prevented eigendistortion.
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solution  for  the  thermal  stresses,  considering  a
temperature  field,  linearly  distributed  over  the  thickness
of the plate.

The  nonlinear  part  of  the  eigenstrains  is  prevented  by
the  constraints  at  the  scale  of  the  cross-section  of  the
plate,  which  results  in  thermal  stresses,  see Fig. 6(b).
Compressive  stresses  are  observed  at  the  top  and  the
bottom part  of  the  pavement,  whereas  the  middle  part  is
subjected  to  tensile  stresses.  It  is  worth  mentioning  that
these stresses are self-equilibrating, i.e., their mean value
and first-order of moment along the thickness of the plate
are equal to zero.

RH = 50%
65% 100%

Superposition of the thermal stresses resulting from the
constrained  eigencurvature  and  from  the  prevented
eigendistortion  leads  to  the  total  macroscopic  thermal
stresses,  see Fig. 7.  The  largest  compressive  stresses  are
observed at the top surface of the pavement, reaching the
magnitudes  of  3.79,  3.87,  and  3.40  MPa  for ,

,  and ,  respectively,  whereas  the  largest  tensile
stresses  are  observed  in  the  middle  part  of  the  plate,
reading as 1.26, 1.30, and 1.10 MPa for the three relative
humidities. This underlines that thermal stresses related to
daily  temperature  cycles  threaten  the  durability  of  the
pavement plate, especially in its invisible middle part.

The  established  multi-scale  solution  contains
quantification of the microscopic stresses of the concrete
constituents  in  two  steps,  following  Eq.  (16).  Starting
from the level  of  concrete,  the stress states of  the coarse
aggregate  inclusions  and  of  the  mortar  matrix  are
computed. The latter serve as input, at the level of mortar,
for  the  following  subsequent  quantification  of  the  stress
states  of  the  fine  aggregate  inclusions  and  the  cement
paste matrix,  see Ref.  [48] for  details.  The microstresses
of the concrete constituents generally fluctuate around the
macrostresses, see Fig. 8. This fluctuation originates from
the  mismatch  of  the  thermoelastic  properties  of  the
constituents of the statically indeterminate microstructure
of concrete, in consequence of bond between the concrete
constituents.  Inside  the  matrix-inclusion  composite  of

concrete/mortar, the stiffer constituent takes a larger part
of the macrostresses than the less stiff constituent. On the
other  hand,  the  constituent  with  a  smaller/larger  thermal
expansion coefficient is subjected to tension/compression
in case of heating.

RH = 50% 65% 100%

RH = 50% 65%

RH = 100%

Although  the  macrostresses  of  concrete  are  quite
similar  for  the  three  magnitudes  of RH,  see Fig. 7,  the
microstresses  of  the  concrete  constituents  differ
significantly,  see Fig. 8.  At  the  scale  of  concrete,  the
fluctuation  of  the  microstresses  of  mortar  and  of  the
coarse aggregates around the macrostresses of concrete is
mainly attributed to the mismatch of their coefficients of
thermal expansion. The thermal expansion coefficients of
mortar  with , ,  and  are  larger  than
those of the coarse aggregates, see Table 4, resulting in a
smaller  magnitude  of  the  microstresses  of  the  mortar  as
compared to those of the coarse aggregates. Notably, for

 and ,  the coarse aggregates are subjected
to  microscopic  tensile  stresses  almost  across  the  whole
thickness  of  the  pavement.  These  tensile  stresses  are
transferred  to  the  interfacial  transition  zones  (ITZs),
covering  the  surfaces  of  the  aggregates.  Firm  bond
between  the  aggregates  and  the  surrounding  ITZ  is
considered. Thus, both the displacements and the traction
vectors are continuous across the interface. Together with
the  known  thermoelastic  behavior  of  the  ITZ,  this
provides access to the microstresses inside the ITZ, which
vary  along  the  surface  of  the  aggregates.  Stresses  in  the
ITZ  can  be  even  larger  than  the  microstress  of  the
surrounding  matrix  phase,  see  Refs.  [41,47,49,50]  for
details. Furthermore, ITZs are generally considered to be
the “weakest links” inside the microstructure of concrete,
because  of  their  larger  porosity.  This  underlines  the  risk
of tensile cracking in these weak interfaces [47,49,50]. At
the  scale  of  observation  of  the  mortar,  the  thermal
expansion coefficient of the fully saturated cement paste,
i.e., ,  is  smaller  than  that  of  the  fine
aggregates.  In  this  scenario,  the  increase  of  temperature
gives  rise  to  larger  expansive  eigenstrains  of  the  fine
aggregates  compared  to  those  of  the  cement  paste.  The
compatibility of the total microscopic strain fields results
in  an  additional  contribution  to  the  compressive  stresses
of the fine aggregates. Whereas, this compatibility results
in  a  counteraction  to  the  compressive  stresses  of  the
cement  paste  [51].  Therefore,  the  total  compressive
stresses of the fine aggregates are larger than those of the
cement  paste.  However,  in  case  of  partially  saturated
scenarios,  the  total  compressive  stresses  of  the  fine
aggregates are found be smaller than those of the cement
paste.  This  is  attribute  to  the  larger  thermal  expansion
coefficient  of  the  cement  paste  compared  to  that  of  the
fine aggregates in this case. 

3.4    Conclusions

A  concept  for  multi-scale  analysis  of  thermally-loaded
concrete  pavements  was  presented.  It  is  based  on

 

 
Fig. 7    Total thermal stresses of the pavement plate, loaded by
a daily temperature evolution.
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Fig. 8    Thermally loaded concrete: macroscopic stresses of concrete and microscopic stresses of its constituents (con = concrete, cagg =
coarse aggregates, mor = mortar, fagg = fine aggregates, cp = cement paste), with internal relative humidity amounting to (a) and (b) 50%;
(c) and (d) 65%; as well as (e) and (f) 100%, respectively.

 

  

Table  4    Properties  of  concrete  and  its  constituents:  volume  fractions,  elastic  constants,  and  thermal  expansion  coefficients;  with  output
highlighted in bold face

material volume fraction bulk modulus (GPa) shear modulus (GPa) thermal expansion coefficient (10−6 °C–1)

RH = 50% RH = 65% RH = 100%

concrete – 17.8 13.2 11.5 12.1 9.8

mortar – 17.4 14.0 14.2 15.1 11.1

cement paste 0.30 10.2 7.7 18.0 20.2 10.5

fine aggregate 0.28 33.8 30.8 – 11.5 –

coarse aggregate 0.42 18.5 12.2 – 8.0 –
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Kirchhoff’s  normal  hypothesis  of  thin  plates  and  on  the
concentration-influence  relations  of  continuum
micromechanics.  This  concept  was  thermal  stresses  of
concrete  pavement  with  different  magnitudes  of  internal
RH. The following conclusions are drawn.

1)  Daily  cycles  of  temperature  are  important  loading
scenarios  to  assess  the  long-term  durability  of  concrete
pavements.  Tensile  cracking  may  prevail  in  the
inaccessible middle part of the plate. This requires careful
inspection, such as one by ultrasonic tomography.

2)  The  influence  of  the  internal RH on  the
macrostresses  of  concrete  is  insignificant,  whereas  the
microstresses  of  the  concrete  constituents  vary
remarkably  with  this  quantity.  Therefore,  the  magnitude
of  the  internal RH is  of  vital  importance  for  studying
microcracking  of  concrete,  especially  inside  the  ITZs
covering the aggregates. The microstresses of these weak
interfaces  are  quantified,  using  the  aggregate-to-ITZ
stress transfer relations, derived from the continuity of the
displacements and traction vectors across the interfaces.

3)  The  presented  multi-scale  analysis  of  concrete
pavements provides additional information, ranging from
the  microscopic  scale  of  concrete  materials  up  to  the
macroscopic scale of concrete structures. 

4    Multi-scale analysis of a tunnel ring 

4.1    Experimental data

Herein, experimental data are taken from a real-scale test
of a segmental tunnel ring. This test is representative of a
series of tests carried out at Tongji University. Photos of
the test set-ups are shown in Fig. 9. Early tests focused on
the  bearing  capacity  of  standard  single  rings  [52].  They
were followed by tests  on strengthened single rings with
the help of steel shells [53], filament wound profiles [54],
steel-concrete  composites  [55],  and  Ultra-High  Perfor-
mance  Concrete  (UHPC)  [56].  In  case  of  insignificant
ring-to-ring  interaction,  it  is  reasonable  to  restrict  the
experimental  investigations  to  tests  of  single  rings  [57].
However, for some loading scenarios, such as large axial

loading  [58],  this  interaction  may  become  strong.  This
applies  to  tunnel  linings  with  misaligned  longitudinal
joints  of  neighboring  rings  [59]  and  to  varying  ground
pressure  in  the  axial  direction  [60].  This  is  the  situation
investigated in recent real-scale tests of three tunnel rings,
considering ring-to-ring interaction [61–63].

R

In the present paper, a test of a single ring, reported in
Ref.  [49],  is  investigated.  This  selection  is  motivated  by
the  accessibility  of  both  experimental  results  and  multi-
scale structural analysis of the tested ring [64]. The ring is
an  assemblage  of  six  reinforced  concrete  segments,  see
Fig. 10(a).  The  radius  of  its  axis, ,  is  2.925  m.  The
width, H, is equal to 35 cm. The thickness, B, amounts to
1.2  m.  The  external  load  was  imposed  by  24  hydraulic
jacks.  The  latter  were  subdivided  into  three  groups,
producing  the  loads P1, P2, P3,  see Fig. 10(b)  and  also
Ref.  [52]  for  the  detailed  loading  scheme.  Structural
monitoring  was  concerned  with  the  convergences  in  the
vertical  and  the  horizontal  direction  as  well  as  with  the
circumferential  displacement  jumps  across  the  outer  and
inner  gaps  of  the  six  joints,  see  their  diagrams  in
Ref. [64]. Moreover, the values of the external loading, at
which  bending-induced  cracking  of  the  tunnel  segments
was  observed,  were  documented.  Cracking  started  when
P1 reached the value of 0.117 MN. At the final load step,
i.e.,  for P1 equal  to  0.448  MN,  the  maximum  crack
opening  of  the  segments  was  in  the  range  of  [0.05  mm,
0.10 mm]. Cracking of concrete has rendered modeling of
tensile  softening  of  concrete  necessary  for  re-analysis  of
the  tunnel  ring.  It  can  be  modeled  either  by  a
conventional  or  a  multi-scale  approach,  described  in
Subsections  4.2  and  4.3,  respectively,  dealing  with
conventional  and  multi-scale  structural  analysis,
presented in Subsection 4.4. 

4.2    Conventional approaches to describe the tensile
strength and softening of concrete

dmax

The  raw  materials  of  the  concrete  used  for  the  tunnel
segments  include  cement,  water,  slag,  fly  ash,  sand,  and
aggregates.  The  mix  design  is  contained  in Table 5.  The
concrete  grade  was  C55.  The  maximum  size  of  the
aggregates, , amounted to 20 mm. The experimentally

 

 
Fig. 9    Set-ups  of  real-scale  tests  of  segmental  tunnel  rings  at  Tongji  University:  (a)  single  ring  [52]  and  (b)  three  rings  allowing
consideration of ring-to-ring interaction [61].
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determined  compressive  strength  of  the  concrete  at  the
age  of  28  d  was  equal  to  58  MPa.  Three  conventional
approaches  for  the  determination  of  the  tensile  strength
and quantification of softening of concrete are considered
herein.  They  refer  to  1)  the fib Model  Code  [66],  2)  the
guidelines  for  concrete  of  the  Japanese  Society  of  Civil
Engineering (JSCE) [67], and 3) the Chinese code for the
design  of  concrete  structures  [68].  In  the  present  paper,
the  designations  of  these  approaches  are  abbreviated  as
fib code, JSCE code, and GB50010 code.

According  to  the fib code,  the  tensile  strength, ft,
Young’s  modulus, E,  and  the  fracture  energy, G,  of
concrete  can  be  determined  from  its  compressive
strength, fc.  As  for  the  investigated  concrete,  the  results
are given as follows:
 

ft = 4.30 MPa, (19)

 

E = 40.3 GPa, (20)

 

G = 154 N/m. (21)

With  these  quantities  the  strains  can  be  related  to  the
stresses  of  concrete  in  tension,  see  the  diagram  in
Fig. 11(a) and details for calculations in Ref. [69].

fc = 58
dmax = 20

The  JSCE  code  uses  the  experimentally  determined
compressive  strength  of  concrete,  MPa,  and  the
maximum size of the aggregates,  mm, as input.
The values of  ft, E, and G, are obtained as
 

ft = 0.23 f 2/3
c = 3.45 MPa, (22)

 

E = 34.60 GPa, (23)

 

G = 10(dmax)
1/3·( f c)

1/3
= 105.07 N/m. (24)

  
Table 5    Mix design of the concrete of the segments (kg/m3)
cement fly ash slag water sand aggregates

323 67 57 152 631 1169
 
 

σ/ ft w · ft/G
w

The JSCE code suggests  a  linear  curve,  describing the
relations  between  the  stresses  and  the  strains  for
uncracked  concrete  in  tension.  As  for  the  tension
softening  of  cracked  concrete,  another  bilinear  curve  is
given.  It  describes  the  relationship  between  the  stress
ratio, ,  and  the  dimensionless  crack  width, ,
where  stands for the crack width. It is estimated as [69]
 

w = 3dmax ·
[
ε− ft

E

]
. (25)

The bilinear curve is the basis for derivation of the stress-
strain  relation  for  cracked  concrete.  The  obtained  stress-
strain  relation,  based  on  the  JSCE  code,  is  illustrated  in
Fig. 11(b).

The  GB50010  code  provides  lookup  tables  for
characteristic values of the tensile strength and of Young’s
modulus of the C55 concrete:
 

ft = 2.74 MPa, (26)

 

E = 35.5 GPa. (27)

The formula, relating the strain to the stress, reads as
 

σ = (1−dt) ·E ·ε, (28)

dtwhere  denotes a damage parameter, given as
 

 

 
Fig. 10    Test  of  a  single  ring,  reported  in  Ref.  [52]:  (a)  geometric  dimensions  of  the  ring  [64]  and  (b)  layout  of  the  hydraulic  jacks,
producing the loads P1, P2, P3 [65].
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dt =


1−0.69

[
1.2−0.2x5

]
, x ⩽ 1,

1− 0.69
2.48(x−1)1.7

+ x
, x > 1,

(29)

x = ε/0.001137with . The obtained stress-strain relation is
illustrated in Fig. 11(c). 

4.3    Multi-scale approach to describe tensile softening of
concrete

Input  for  this  multi-scale  approach is  the mix proportion
and  the  maturity  of  the  concrete,  see  details  in
Refs.  [64,69].  As  for  the  homogenization  of  Young’s
modulus and of the compressive strength, the multi-scale
model by Königsberger et  al.  [70] was employed. It  was
developed in the framework of continuum micromechan-
ics  [5,71].  The  homogenization  results  are  obtained  as
[64,69]
 

E = 43.6 GPa, (30)

 

fc = 62.0 MPa. (31)

It  is  worth  mentioning  that  the  predicted  value  of  the
compressive  strength  is  close  to  that  obtained  from
experiments.  This  corroborates  the  usefulness  of  the
employed  multi-scale  approach.  As  for  homogenization

of the tensile strength and description of tensile softening
of  concrete,  the  multi−scale  model  by  Hlobil  [14]  was
employed. The obtained results read as [64,69]:
 

ft = 3.17 MPa, (32)

 

Ed (ω) =
1

1+5.02ω
·E, (33)

 

ft,d =

√
0.402

0.402+0.396ω
· ft. (34)

Ed ft,d

ω

In  Eqs.  (15)  and  (16),  and  denote  the  elastic
stiffness  and  the  tensile  strength  of  concrete  during
softening. These quantities are decreasing with increasing
crack density .  The stress−strain relation of concrete in
tension  is  obtained  with  the  help  of  Eqs.  (12)  and
(14)–(16),  see  the  diagram  in Fig. 11(d)  and  the  details
for the calculations in Refs. [64,69]. 

4.4    Structural analysis

Transfer  relations  are  the  basis  for  structural  analysis  of
the tunnel ring. They represent analytical solutions of the
linear  theory  of  slender  circular  arches  [65,72].  These
relations read as 

 

 
Fig. 11    Stress-strain relations of the concrete of tunnel segments of the tested ring in Ref. [1], obtained by means of formulae in (a) the fib
Model Code [66]; (b) the JSCE Guidelines for Concrete [67]; (c) the GB50010-2010 [68]; (d) by the multi-scale model.
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(35)

u v θ

φ

Ti j φ

In  Eq.  (33), , , , M, N,  and V denote  the  radial
displacement,  the  tangential  displacement,  the  cross-
sectional rotation, the bending moment, the normal force,
and  the  shear  force.  The  vector  on  the  left-hand  side  of
Eq.  (33)  refers  to  an  arbitrary  cross-section,  defined  by
the angular coordinate .  It  is the product of the transfer
matrix and the vector on the right-hand side of Eq. (33).
The complete list of the nonzero elements of the transfer
matrix ( )  is  available  in  Ref.  [65].  Notably,  the  six-
by-six  submatrix  located  at  the  top-left  zone  of  this
matrix represents the solutions for an unloaded part of the
segmental  tunnel  ring  [65].  The  top-right  six-by-one
column vector of this matrix stands for the superposition
of  solutions  for  generalized  loads,  referred  to  as “load
integrals” (superscript “L”). Load integrals for dead load,
point  loads,  and  for  interfacial  discontinuities  of
kinematic  variables  are  given  in  Ref.  [65].  Those  for  a
uniform  temperature  change  are  given  in  Ref.  [73],  the
ones  for  the  ground  pressure  in  Ref.  [57],  and  those  for
the  overload  on  the  ground  surface  in  Ref.  [74].  The
vector  on  the  right-hand  side  of  Eq.  (33)  contains  the
static  and  kinematic  variables  at  the  initial  cross-section
(index “i”).  They  can  be  determined  from  the  boundary
conditions [65].

In  the  present  paper,  structural  analysis  of  the
segmental tunnel ring was based on the nonlinear hybrid
method developed by Zhang et al. [64]. It is characterized
by  a  combination  of  measurements  and  analytical  or
numerical  structural  analyses.  In  the  present  context,  the
measured  interfacial  displacement  discontinuities,
together  with  prescribed  point  loads,  serve  as  input  for
structural analysis. The nonlinearity of the analyses is the
consequence  of  consideration  of  tensile  cracking  of  the
segments.  This  involves the four approaches,  i.e.,  the fib
code,  the  JSCE code,  the  GB50010 code,  and the  multi-
scale  model  for  the  description  of  tensile  softening  of
concrete.  It  results  in  four  modes  of  nonlinear  hybrid
structural analyses. They follow the same strategy, as will
be described subsequently.

Structural  analysis  consists  of  two  load  cases  [64].  As
for  Load  case  I,  non-zero  point  loads  are  considered,
whereas the relative rotations at the joints are set equal to
zero. Results from this load case are the deformations, the
internal  forces,  and,  if  occurring,  cracks  of  the  segments

caused  by  large  point  loads.  This  requires  consideration
of  the  tensile  softening  of  concrete.  Load  case  II  is
concerned  with  the  relative  rotations  at  the  joints,
resulting  in  rigid-body  displacements  of  the  tunnel  ring.
These  rotations  are  quantified  with  the  help  of  the
measured  displacement  discontinuities  at  the  joints,
whereas  the  point  loads  are  set  equal  to  zero.  The
described quantification starts  with estimates at  the local
scale  of  the  joints,  based  on  the  Bernoulli-Euler
hypothesis.  It  is  further  improved  at  the  global  scale  of
the entire ring such that the estimates result in rigid-body
displacements  of  the  segments.  Notably,  herein  a
symmetric  mode  of  rigid-body  displacements  is
considered.  This  is  motivated  by  the  fact  that  the
experimentally  observed  structural  behavior  has  turned
out to be close to symmetric [52]. In case of asymmetric
deformations  of  segmental  tunnel  rings,  two  additional
antisymmetric  modes  of  rigid-body  displacements  must
be  considered  [75].  Superposition  of  the  displacements
obtained from the two load cases yields the deformational
answer of the structure. Although the material behavior is
nonlinear  in  load  case  I,  this  superposition  is  admissible
because of the following reasons: (i) Load case II results
only in rigid-body displacements of segments, and (ii) the
formulation  of  the  equilibrium  equations  is  independent
of the deformations [64].

In  order  to  assess  the  added  value  resulting  from
combining  structural  analysis  of  segmental  tunnel  rings
with  multi-scale  modeling  of  concrete,  it  is  necessary  to
compare  the  results  from  multi-scale  structural  analysis
and those from conventional structural analysis, based on
the fib code, the JSCE code, and the GB50010 code, with
the  experimental  data.  Such  a  comparison  is  focused  on
(i)  the  convergences,  which  are  relevant  to  the
serviceability of tunnel linings, and on (ii) crack openings
of concrete, relevant to the durability of the structure.

The horizontal and vertical convergences, predicted by
the  four  modes  of  structural  analysis,  agree  well  with
those  measured  in  the  experiment  (see Fig. 12).  This
agreement  underlines  the  usefulness  of  all  of  the  four
modes  of  structural  analysis.  As  far  as  the  convergences
of  the  segmental  tunnel  ring  are  concerned,  the  added
value of multi-scale modeling of concrete is insignificant.
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This  is  consistent  with  what  has  been found in  the  work
of  Zhang  et  al.  [69].  This  is  because  rigid-body
displacements  of  segments  dominate  the  convergences,
whereas  the  deformations  of  the  segments  have  little
influence on them [64]. Notably, different approaches for
the description of the tensile strength and of softening of
concrete exhibit influence only on the deformations of the
segments, but not on their rigid-body displacements.

As  for  the  cracking  of  the  concrete,  the  comparison
starts  with  the  onset  of  cracking  of  segments.  The  first
two modes of conventional structural analysis, associated
with  the fib code  and  the  JSCE  code,  indicate  that
cracking  started  at P1 equal  to  0.181  and  0.149  MN,
respectively,  see  the  magenta  circles  in Figs. 13(a)  and
13(b).  These  values  are  by  55% and  27%,  respectively,
larger  than  the  corresponding  experimental  value,  i.e.,
0.117 MN, marked by the  green arrows in Fig. 13.  Both
the  third  mode  of  structural  analysis,  based  on  the
GB50010  code,  and  multi-scale  structural  analysis
indicate  that  cracking  started  as P1 reached  0.117  MN,
see  the  magenta  circles  in Figs. 13(c)  and  13(d).  Thus,
both  the  GB50010  code  and  the  multi-scale  model  are
useful for the prediction of the onset of cracking, which is
closely  related  to  the  tensile  strength  of  the  concrete.

P1 = 0.3 MN

P1 = 0.448 MN

However,  crack  opening  is  mainly  associated  with  the
tensile  softening  of  the  concrete.  This  provides  the
motivation to compare also the crack openings,  obtained
by  the  third  mode  of  conventional  structural  analysis,
with  the  ones  resulting  from  multi-scale  structural
analysis.  Herein,  two  load  levels  are  considered.  Load
level  I,  characterized  by ,  simulates  the
external  loads  imposed  on  the  tunnel  linings  in  the
expected  practical  service  [52].  The  third  mode  of
conventional  structural  analysis  yields  the  maximum
crack opening at the bottom region of the ring. Its value is
approximately  by  a  half  larger  than  that  obtained  from
multi-scale structural analysis, see the magenta squares in
Figs. 13(c)  and  13(d).  Unfortunately,  so  far,  the  crack
opening  was  not  experimentally  measured.  However,  it
was  measured  at  load  level  II,  characterized  by

. This value refers to the bearing capacity
of  the  tunnel  ring  [52].  The  experimentally  obtained
range of the maximum crack opening was marked by the
green  line  segments  in Figs. 13(c)  and  13(d).  The
maximum crack opening, obtained from the third mode of
conventional  structural  analysis,  exceeds  the
experimentally  obtained  range,  see  the  magenta  triangle
and  the  green  line  segment  in Fig. 13(c).  As  for  multi-

 

 
Fig. 12    Comparison of convergences obtained from experimental measurements with those from conventional structural analysis based on
(a)  the fib Model  Code [66];  (b)  the JSCE Guidelines for  Concrete [67];  (c)  the GB50010-2010 [68];  and from (d)  multi-scale structural
analysis.
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scale  structural  analysis,  however,  the  maximum  crack
opening  is  in  the  experimentally  obtained  range,  see  the
magenta triangle and the green line segment in Fig. 13(d).
This  leads  to  the  conclusion  that  multi-scale  structural
analysis  enables  more  realistic  predictions  of  both  the
onset of cracking and the evaluation of the crack opening,
as compared to the three modes of conventional structural
analysis.  Therefore,  the  added  value  of  multi-scale
modeling of concrete is significant for an elaborate design
of segmental tunnel rings, particularly for their long-term
durability. 

4.5    Discussions of the trade-off between the number of
fitting parameters and the prediction quality

Four  approaches  for  the  determination  of  the  tensile

strength and of  softening of  concrete  were considered in
this  work,  see Table 6 for  a  summary  of  their  input  and
prediction  quality.  The fib code  and  the  JSCE  code  use
the  experimentally  determined  compressive  strength  as
input.  As regards  the  GB50010 code and the  multi-scale
model,  efforts  concerning  material  tests  are  superfluous.
Input  for  the  GB50010  code  refers  to  the  strength  grade
of the concrete, usually provided by structural designers.
Thus, a material  law from a code of practice is designed
for  entire  classes  of  concrete,  no  matter  whether  or  not
the binder contains supplementary cementitious materials.
In  case  of  the  multi-scale  model,  the  input  refers  to  the
initial  composition  of  the  concrete,  characterized  by  the
customized mix design, and the maturity of the material,
typically  quantified  by  means  of  hydration  degrees.
Therefore, the multi-scale model provides a material law,

 

 

P1 = 0.117 MN

Fig. 13    Development of bending-induced crack openings at the segment surface, obtained from conventional structural analysis by means
of (a) the fib Model Code [66]; (b) the JSCE Guidelines for Concrete [67]; (c) the GB50010-2010 [68], and from (d) multi-scale structural
analysis;  the  green arrows point  to ,  corresponding to  the  experimentally-observed onset  of  cracking;  the  line  segments  in
green color represent the experimentally measured range of the maximum crack opening.

 

  

Table  6    Input  for  different  approaches  for  determination  of  the  tensile  strength  and  of  softening  of  concrete,  and  prediction  quality  of  the
corresponding structural analyses
content of comparison fib code JSCE code GB50010 code multi-scale model

input fc fc strength grade composition and maturity of concrete

prediction of crack initiation overestimation by 55% overestimation by 27% reliable reliable

prediction of crack opening – – overestimation reliable
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customized for a specific concrete of interest, accounting
for  the  initial  composition  and  the  maturity  of  concrete.
This is an important added value of the multi-scale model
relative  to  the  codes  of  practice.  When  it  comes  to  the
prediction quality of structural analyses, the fib code and
the  JSCE  code  overestimate  the  external  loading
corresponding to the onset of cracking by 55% and 27%,
respectively.  An  assessment  of  the  predicted  crack
opening  is  pointless.  Both  the  GB50010  code  and  the
multi−scale model are reliable for the prediction of crack
initiation.  The  GB50010  code,  however,  results  in  a
larger  crack  opening as  compared to  the  one  determined
by  the  multi-scale  model.  The  latter  also  allows  for  a
reliable prediction of the crack opening at the stage of the
bearing  capacity  of  the  tunnel  ring.  Thus,  concerning  an
economical design of segmental tunnel rings, multi-scale
structural  analysis  is  useful,  because  it  allows  for  an
elaborate description of  the crack opening.  Nevertheless,
the  larger  the  crack  openings,  the  higher  the  risk  of  the
durability  of  the  structure  will  be.  In  this  regard,  the
GB50010 code delivers  a  more conservative result  of  an
assessment  of  the  durability  of  the  structure.  If
implementation of multi-scale structural analysis presents
a  problem  to  engineers,  it  is  good  to  know  that
conventional  structural  analysis,  based  on  the  GB50010
code, is still a useful alternative. 

4.6    Conclusions

Concerning  the  investigated  tunnel  ring,  the  following
conclusions are drawn.

1)  As  far  as  the  convergences  are  concerned,  the
approach for determination of the tensile strength and of
softening  of  concrete  is  of  minor  importance,  because
these quantities are governed by rigid-body displacements
of the segments.

2)  As  regards  the  prediction  of  the  onset  of  cracking,
both  the  GB50010  code  and  the  multi-scale  model  are
reliable.

3)  Concerning  a  durability  assessment  of  segmental
tunnel  linings,  the  multi-scale  model  delivers  a  more
realistic  prediction  of  the  crack  opening  than  the
GB50010 code.  The  latter  is  still  a  useful  alternative  for
engineers, familiar with simple formulae for calculations,
because  it  results  in  a  more  conservative  durability
assessment. 

5    Summary of the conclusions from the
three examples

Based on the results from the three examples reviewed in
this  paper,  it  is  concluded  that  multi-scale  models  do
indeed  have  a  significant  added  value,  albeit  not
necessarily of the same degree.

1) The first example refers to a particularly challenging

research  area,  because  the  microscopic  mechanisms,
governing the complex macroscopic behavior, are still not
fully  deciphered.  Multi-scale  models  provide  the  added
value  of  establishing  a  quantitative  link  between  a
specific  microscopic  mechanism  of  interest  and  the
related  macroscopic  behavior.  Even  if  a  specific  multi-
scale  approach  does  not  completely  solve  a  problem
within  this  research  area,  it  nonetheless  provides  a
valuable  contribution  to  an  ongoing  international
scientific discussion.

2) Moreover, in the context of the first example it was
shown  that  multi-scale  models  based  on  physically
interpretable  input  parameters  allow  for  genuine
mechanical  predictions  by  the  analysis  models.  Model
predictions  represent  an  added  value  compared  to  the
demonstration  of  the  performance  of  a  model  after
optimization  of  its  input  parameters  to  reproduce  the
experimentally observed mechanical behavior.

3) As for the second example, it is well known that the
thermal  expansion  coefficient  of  the  cement  paste
changes with the internal RH. It is concluded that bottom-
up  homogenization  to  the  material  scale  of  concrete
renders  available  microscopic  information  exploitable  in
the framework of macroscopic structural analysis. This is
useful  for  structural  engineers  who  need  realistic  input
values for macroscopic structural simulations.

4) Moreover, in the second example, it was shown that
top-down  quantification  of  microstresses  of  the
constituents  of  concrete  provides  valuable  insight  into
stress fluctuations at the microstructure of concrete. Even
though  different  relative  humidities  only  result  in  small
macroscopic stress fluctuations of heated concrete plates,
the  magnitudes  of  microstructural  stress  fluctuations  are
significant. This is relevant to an assessment of the risk of
microcracking  of  concrete.  Consequently,  it  is  important
for the durability of pavements.

5) In the third example, it was demonstrated that multi-
scale  models  have  the  potential  of  providing  material
laws,  customized  for  a  specific  concrete  of  interest,
accounting  for  its  initial  composition  and  its  maturity.
This  is  an  important  added  value  relative  to  the
alternative  of  employing  a  material  law  from  a  code  of
practice, designed for entire classes of concrete.

6) Moreover, in the framework of the third example, it
was shown that customized multi-scale material laws can
further  increase  the  reliability  of  macroscopic  structural
simulations.  This  is  particularly  valuable  provided  that
the  computed  quantities  of  interest  are  relevant  to  the
durability  of  the  analyzed  engineering  structure,  such  as
e.g.,  crack  opening  displacements  in  segments  of  tunnel
linings.

Based on the three representative examples reviewed in
this  work,  it  is  concluded  that  multi-scale  modeling
frequently  has  an  added value.  However,  its  extent  must
be scrutinized and assessed on a case-by-case basis. Such
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an  assessment  should  ideally  include  predictions  by
multi-scale  models,  the  output  from  competing
macroscopic models, and experimental data. 
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Notations

a: thermal diffusivity
B j j ∈ [1,2,3,4,5]: fitting parameter introduced by Li et al. [29]; 
C: fitting parameter introduced by Tang et al. [26]
D : fitting parameter introduced by Tang et al. [26]
DIF : dynamic increase factor
DIFexp: dynamic increase factor determined by experiments
DIFmod: dynamic increase factor determined by modeling
d: diameter of cylindrical specimens
dmax: maximum size of the aggregates
dt: damage parameter
fp: volume fraction of phase p
fsta: stress obtained from quasi-static tests
fult: ultimate stress obtained from high-dynamic tests
E: Young’s modulus
Ed: elastic stiffness of concrete during softening
G: fracture energy
H: width of tunnel segments
h: thickness of the pavement plate
M: bending moment
ML: load integral for the bending moment
Mi: bending moment at the initial cross-section
N: normal force
NL : load integral for the normal force
Ni : normal force at the initial cross-section

n: number of individual tests in one series
P1:  point  load  acting  in  the  top  and  the  bottom  regions  of  the

segmental tunnel ring
P2: point load acting in the lateral regions of the segmental tunnel

ring
P3: point load acting in the intermediate regions between P1 and

P2
R: radius of the axis of the segmental tunnel ring
S: fitting parameter introduced by Gebbeken and Greulich [27]
S i: steps of temperature increment
SSE: sum of squared errors
T: temperature
Ti j: element of the transfer matrix
Tref: reference temperature
∆T : temperature change
∆T top: temperature change at the top surface
∆T top

fin : maximum increase of the temperature at the top surface
∆T top

i ti: temperature increment at time step 
t: time
ti: time step
u: radial component of the displacement
uL : load integral for the radial displacement
ui:  radial  component  of  the  displacement  at  the  initial  cross-

section
u0 w0, : displacement components in the x- and the y-direction
vi:  tangential  component of  the displacement at  the initial  cross-

section
V: shear force
VL: load integral for the shear force
Vi: shear force at the initial cross-section
Wx: fitting parameter introduced by Gebbeken and Greulich [27]
Wy: fitting parameter introduced by Gebbeken and Greulich [27]
w: crack width
x, y, z: Cartesian coordinate
α: thermal expansion coefficient
Ehom: macroscopic strain tensor
ε: strain
εp: strain tensor of phase p
εxx: normal strain in the x-direction
εe

p: eigenstrain of phase p
εe

0: eigenstretch
εe

dis: eigendistortion
ℓ: axial length of cylindrical specimens
κe

0: eigencurvature
σ: stress
ρ: mass density
θ: cross-sectional rotation
θL: load integral for the cross-sectional rotation
θi: rotation of the initial cross-section
ξ:  fitting  parameter  related  to  the  activation,  used  by  Brara  and

Klepaczko [28]
Ap: strain concentration tensor of phase p
Cp: stiffness tensor of phase p
Dpq : eigenstrain influence tensor
I: symmetric fourth-order unity tensor
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S: Eshelby tensor
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