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ABSTRACT Lead extrusion dampers are supplemental energy-dissipation devices that are used to mitigate seismic
structural damage. Small volumetric sizes and high force capacities define high-force-to-volume (HF2V) devices, which
can absorb significant response energy without sacrificial damage. However, the design of such devices for specific force
capacities has proven difficult based on the complexities of their internal reaction mechanisms, leading to the adoption of
empirical approaches. This study developed upper- and lower-bound force capacity estimates from analytical mechanics
based on direct and indirect metal extrusion for guiding design. The derived equations are strictly functions of HF2V
device geometric parameters, lead material properties, and extrusion mechanics. The upper-bound estimates from direct
and indirect extrusion are denoted as (FUB,1, FUB,2) and (FUB,3, FUB,4), respectively, and the lower-bound estimates are
denoted as (FLB, FLB,1) based on the combination of extrusion and friction forces. The proposed models were validated by
comparing the predicted bounds to experimental force capacity data from 15 experimental HF2V device tests. The
experimental device forces all lie above the lower-bound estimates (FLB, FLB,1) and below the upper-bound estimates
(FUB,1, FUB,2, FUB,4). Overall, the (FLB, FUB,2) pair provides wider bounds and the (FLB,1, FUB,4/FUB,1) pair provides
narrower bounds. The (FLB,1, FUB,1) pair has a mean lower-bound gap of 36%, meaning the lower bound was 74% of the
actual device force on average. The mean upper-bound gap was 33%. The bulge area and cylinder diameter of HF2V
devices are key parameters affecting device forces. These relatively tight bounds provide useful mechanics-based
predictive design guides for ensuring that device forces are within the targeted design range after manufacturing.
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1 Introduction

Earthquakes are episodic events in seismically active areas
that represent a significant natural hazard. However, there
are no reliable methods for forecasting of the strength or
occurrence of earthquakes [1–3]. The effects of a seismic
event may be severe, leaving lasting socioeconomic and
psychological impacts in affected areas. The overall
strength of a structure can be enhanced by using passive
supplemental dampers to mitigate building responses
during an earthquake.
Lead extrusion dampers are supplemental energy

devices that utilize the hysteretic properties of lead to

absorb response energy and reduce the responses of
structures to earthquake loading. The first application of
lead extrusion dampers was in the Wellington Motorway
Overbridges [4]. Dissipative forces are generated when the
lead working material is extruded between a wall and
bulged shaft as the shaft is displaced by structural
responses to ground excitations. High-force-to-volume
(HF2V) devices are lead extrusion dampers designed to
provide higher force capacities with smaller sizes [5–9].
The design of HF2V devices is an important aspect of
structural applications or retrofitting. The accurate predic-
tion of the HF2V force capacity in the design phase allows
for the appropriate selection of devices that are suitable for
structural damping and target design requirements. How-
ever, effective design tools for estimating the seismic
resistive force capacities of HF2V devices are limitedArticle history: Received Jul 5, 2020; Accepted Nov 19, 2020
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[10,11]. Recently, enhanced equations have been devel-
oped to match device mechanisms directly and provide
reliable predictions of device force behavior [12,13].
For the seismic protection of large structures, a large

number of HF2V devices of varying sizes and force
capacities may be required according to the structural
design requirements [14–17]. Obtaining the minimum and
maximum force limits of HF2V devices is necessary for
achieving the desired operational range of the devices
during plastic deformation. The identification of device
parameters that directly influence damping forces is
valuable for future HF2V design selection.

2 Direct and indirect extrusion analogies

Extrusion is a forming process in which a working material
is forced between dies by an external load. Generally, for
direct extrusion processes, a ram moves forward to push a
metal billet through a die orifice at room temperature,
thereby extruding the metal in the same direction as the
ram. The metal is sheared and compressed between the
dies to produce the desired metal parts. Typical direct
extrusion examples are presented in Fig. 1(a).
For indirect metal forming processes, a stamp head is

forced through the working material by applying a force on
the stamp, which is useful for forming hollow tubes.
Unlike direct extrusion, the entire workpiece is not
displaced by forcing the ram to pass through an orifice.
The stamp pushes through the workpiece such that the
working material compresses and shears in the direction
opposite to the direction of displacement of the stamp, as
shown in Fig. 1(b).
The extrusion process in an HF2V device, which is

illustrated in Fig. 1(c), is a closed container operation in
which a working material can be repeatedly extruded via
shaft displacement. In a pre-stressed HF2V device, lead is
plastically deformed during extrusion and regains its
mechanical properties through recrystallization behind
the bulge [18]. It is then forced to flow against the shaft
behind the bulge [19]. The working material remains
within the containing cylinder following extrusion and
there are no changes in the overall configuration of the
working material in an HF2V device, unlike in metal-
forming extrusion processes. Although the reversible
extrusion process used within these devices does not
strictly match conventional extrusion processes, close
analogies exist between these processes. The bulge in an
HF2V device is analogous to the stamp head in an indirect
extrusion process and to the die in a direct extrusion
process. The functions of the bulge, stamp head, and die
are all to deform the metal during the extrusion process.
Compression and shear forces are produced by the
deformation of the metal and friction between the metal
and moving parts in both processes.
The interaction of the working material (lead) with the

cylinder walls of an HF2V device is uncertain because
there is no simple methodology for observing the actual
flow of lead during shaft displacement in a device. Due to
the ambiguity of the forces stemming from wall friction,
two assumptions are considered in this study.
Assumption 1: Intermetallic shear occurs in lead during

shaft displacement and lead only shears along the shaft
during displacement, meaning the lead along the wall is not
displaced [20]. Therefore, there are no frictional forces
from the cylinder walls and only internal shearing within
the lead.
Assumption 2: Friction forces are generated by the flow

of lead along the cylinder wall during shaft displacement,
thereby contributing to overall HF2V device forces.

2.1 Limit loads

Based on the inherent complexity of the extrusion process,
the exact prediction of extrusion forces can be difficult.

Fig. 1 (a) Direct extrusion; (b) indirect extrusion; (c) HF2V
device.
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Instead, most studies seek to approximate the upper and
lower limits of extrusion forces [21–23]. Upper-bound
(UB) theorems estimate maximum forces based on yield
criteria and geometric self-consistency. Lower-bound (LB)
theorems determine the minimum forces produced while
ignoring geometric self-consistency [23,24].
The plain strain theory can be applied to metal forming

processes with axisymmetric geometry for predicting
approximate extrusion forces [25–28]. UB forces can be
estimated using the slip line field theory, which is a
graphical method for determining the working load during
metal deformation that assumes that polycrystalline metals
always slip in the direction of maximum shear stress.
Therefore, the slip line field theory provides a graphical
representation of the direction of maximum shear force at
every point in a deforming body [22]. However, the
construction of a slip line field and hodograph for force
estimation is complex and unreliable if the slip line fields
are inaccurate or not scaled properly [25,27,29,30].
Several generalized models are available for UB

approximations of axisymmetric direct and indirect extru-
sion forces [31–37]. However, only a few models are based
on geometric parameters and are influenced by the
frictional conditions involved in extrusion [38]. Because
HF2V device operation is based on extrusion, device
parameters are matched to direct and indirect metal
extrusion processes to obtain UB and LB force capacities
for such devices, providing insights into their operating
mechanics and design.

2.2 Direct-extrusion-based high-force-to-volume upper-
bound modeling

Our UB models were developed based on existing UB
models for extrusion UB force calculations. A simplified
and efficient UB extrusion solution for lead and aluminum
alloys is considered in this analysis based on a simplified
direct analogy between an extrusion model and HF2V
device operation [31–33]. We consider a generalized UB
model independent of velocity fields and slip line fields
[25], which is defined as

Fd ¼ 2k 4�
H

D
þ h

d

�
þ �

sinα
þ 1

� �
ln
D2

d2

� �
πD2

4
,

�
(1)

where k is the maximum tangential stress, D is the billet
container diameter, H is the length of the billet in the
container, d is the diameter of the extruded metal, h is the
length of the die land, μ is the coefficient of friction, and α
is the die angle, as shown in Fig. 2(a).
For direct extrusion comparisons to an HF2V device,

geometric device parameters are mapped onto HF2V
devices for UB modeling, as shown in Fig. 2(b), and the
following initial assumptions are adopted.
a) The bulges of the HF2V damper are assumed to be on

the walls of the device, as shown in Fig. 2(b), and it is
assumed that this equivalent analogy will yield the same
forces.
b) Additionally, the friction from a no-bulge shaft is

considered for modeling.
c) The ram moves and the lead is extruded between the

two bulges on the walls, generating both extrusion and
friction forces.
d) Friction between the endplates is neglected.
According to Fig. 2(b), Eq. (1) can be modified to match

the geometric parameters defining HF2V devices. The
additional friction force (Ff) from the shaft is added to the
modified UB, which is then defined as

FUB,direct ¼ 2Yo
πðDcyl –DshÞ2

4
4�

Lcyl – Lblg
Dcyl –Dsh
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Dcyl –Dsh

Dcyl –Dblg

� �2�
þ Ff , (2)

where Yo is the yield strength of the lead, μ is the
coefficient of friction between the lead and steel shaft
surface, Lcyl is the length of the cylinder, Lblg is the length
of the bulge, Lflat blg is the length of the flat surface of the
bulge, which is similar to the die land in direct extrusion,
Dcyl is the cylinder diameter,Dblg is the bulge diameter,Dsh

is the shaft diameter, and α is the bulge angle. All of the
HF2V device geometric parameters used in Eq. (2) are
illustrated in Fig. 3.

Fig. 2 (a) Direct extrusion parameters from Eq. (1) and (b) direct extrusion geometry mapping to an HF2V device.
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During shaft displacement, large deformations occur in
the lead working material based on shearing caused by the
bulge as it passes through the lead working material. To
obtain the maximum possible HF2V device force for
calculating a UB, the yield strength (Yo) of the material is
considered instead of the maximum tangential stress (k).
The value of Ff and the friction coefficient considered for
modeling are discussed in detail in Section 2.5.

2.2.1 Upper bound model 1 (FUB,1)

The friction forces produced in HF2V devices between the
cylinder walls and lead are neglected in this model
according to Assumption 1. However, the friction forces
generated by friction between the lead and shaft (Ff) are
captured in this model and defined as

FUB,1 ¼ 2Yo
πðDcyl –DshÞ2

4
4�

Lcyl – Lblg
Dcyl –Dsh

��

þ Lflat blg

Dcyl –Dblg

�
ln

Dcyl –Dsh

Dcyl –Dblg

� �2�
þ Ff , (3)

where Ff is the friction of lead along the entire shaft, as
defined in Section 2.5. Because the friction forces
generated at the cylinder walls are neglected, the minimum
friction coefficient can be considered to be 0.05 between
the lead and walls for the calculation of FUB,1 [39,40]. The
friction coefficient is μ = 0.25 and is assumed to be
constant at all points of interaction between the lead and
shaft surface [41,42].

2.2.2 Upper bound model 2 (FUB,2)

According to Assumption 2, the FUB,2 model accounts for
the friction forces from lead-wall interactions [12,13]. The
friction coefficient for the lead-wall and lead-shaft
interactions is 0.25, similar to Eq. (1), for FUB,2 modeling
[42]. The modified UB equation under Assumption 2 is
defined as

FUB,2 ¼ 2Yo
πðDcyl –DshÞ2

4
4�

Lcyl – Lblg
Dcyl –Dsh

��

þ Lflat blg

Dcyl –Dblg

�
ln
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Dcyl –Dblg

� �2�
þ Ff –sh, (4)

where Ff_sh is the friction force generated by the non-
bulged shaft, as defined in Section 2.5. The friction forces
along the bulged shaft are captured in this model.

2.3 Indirect-extrusion-based high-force-to-volume upper-
bound modeling

The overall geometry of indirect extrusion is similar to that
of the HF2V devices shown in Fig. 4. The stamp head
compresses and shears the metal and passes through the
workpiece, similar to the bulged shaft in HF2V devices.
The shaft bulge is analogous to the stamp and the container
wall and workpiece are analogous to the cylinder walls and
working material (lead), respectively. However, the
extruded workpiece does not flow over the shaft behind
the stamp head. In typical indirect extrusion, the extruded
workpiece retains the die geometry.
A constitutive approach is considered for indirect

extrusion force modeling, where the sum of forces
dissipated during the extrusion process is calculated
[30,34,43]. The forces produced by indirect extrusion
stem from friction between the workpiece and stamp (Fp),
workpiece and cylinder wall (Fm), compression of the
workpiece (Fr), and deformation of the workpiece (Fdef)
[34], and are defined as follows:

Fi ¼ 8�k⋅
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where D is the diameter of the container, d is the diameter
of the stamp head, hp is the height of the stamp, hm is the
length of the extruded workpiece behind the stamp, H is
the height of the non-deformed workpiece, and h is defined
as follows:

h ¼ Dþ d

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 – d2

p

d
: (6)

Fig. 3 HF2V lead extrusion damper parameters.
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These geometric parameters for indirect extrusion can be
mapped to HF2V devices for modeling UB forces, as
shown in Fig. 4.
By using the indirect extrusion modeling methodology,

the UB limits of the total HF2V device forces can be
calculated from the sum of the UB limits of the friction
forces generated by the lead-bulge (Ff_blg), lead-shaft
(Ff_sh), and lead-wall (Ff_wall) interactions, as well as the
compression forces (Fcomp), deformation forces (Fdef), and
extrusion forces (Fext) stemming from area reduction, by
adapting Eq. (5) [34]. The total HF2V UB force can be
calculated as follows:

FUB,indirect ¼FcompþFdef þFf_blgþFf_shþFf_wall þFext:

(7)

The expression for the compressive forces of HF2V
devices is defined as follows:

Fcomp ¼ 2Yo 1þ �
Dblg –Dsh

Lcy1 – Lblg

� �
πðDblg –DshÞ2

4
: (8)

The deformation forces are defined as follows:

Fdef ¼ 2Yo
D2

cyl

d2
πd2

4
ln

D2
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D2
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: (9)

The force generated by the friction between the bulged
shaft and working material is calculated as follows:

Ff -blg ¼ 8�Yo
ðLblgÞ

Dblg –Dsh

πðDblg –DshÞ2
4

D2
cyl

D2
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:
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The working material flows against the wall, creating
friction forces between the wall and working material,
which are defined as follows:

Ff -wall ¼ 8�Yo
Lblg þ h=2
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4
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where h is defined as
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2
sh
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in accordance with the indirect extrusion force calculated
using Eq. (6) [34].
The shaft friction force (Ff_sh) can be calculated as

shown in Section 2.5. The extrusion forces (Fext) can be
estimated using the equations derived in Section 2.4.

2.3.1 Upper-bound model 3 (FUB,3)

UB force calculation using the indirect extrusion process
with the assumption of no friction at the lead-wall
boundary (Assumption 1) yields FUB,3, which considers
the friction forces generated by the interaction of the lead
and shaft. The wall friction forces are neglected in Eq. (7)
to obtain the HF2V device UB force, namely FUB,3, which
is defined as

FUB,3 ¼ Fcomp þ Fdef þ Ff_blg þ Ff_sh þ Fext: (13)

Fig. 4 (a) Indirect extrusion parts and (b) geometric mapping of parameters onto HF2V devices.
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2.3.2 Upper-bound model 4 (FUB,4)

According to Assumption 2, the working material flows
against the direction of motion relative to the wall,
generating friction forces between the wall and lead,
which are calculated using Eq. (11). The modified UB
force model FUB,4 considering the wall friction forces in
HF2V devices is defined as follows:

FUB,4 ¼FcompþFdef þFf_blgþFf_shþFextþFf_wall: (14)

2.4 Lower-bound equation (FLB,1)

LB extrusion forces can be estimated based on the work
models used to obtain metalworking loads, which assume
homogenous deformation and zero friction, as follows
[25,43,44]:

FLB ¼ AoYoln
Ao

Af
, (15)

where Yo is the yield stress, Ao is the area of the lead before
extrusion, and Af is the area of the area after extrusion,
which is defined for HF2V devices as illustrated in Fig. 3.

Ao ¼ π
ðDcyl –DshÞ2

4
; Af ¼ π

ðDcyl –Db1gÞ2
4

: (16)

This model assumes ideal deformation with no friction
and no redundant work [45]. Based on this assumption,
this model can be used to estimate the extrusion forces in a
device when the friction between the steel parts and lead is
negligible. This condition can occur if surfaces are
lubricated. Ignoring these terms is an appropriate simplify-
ing assumption when calculating an LB. Therefore, FLB,1=
Fext.

2.4.1 Modified lower-bound equation (FLB,2)

In previous studies, HF2V forces have been obtained in
terms of extrusion forces and friction forces [12,13].
Hence, the force required to overcome friction and achieve
shaft displacement must be considered for LB modeling.
The overall LB force developed in an HF2V damper can be
obtained by adding Ff to Eq. (15) as follows:

FLB,1 ¼ AoYoln
Ao

Af
þ Ff : (17)

2.5 Friction force (Ff) modeling

Frictional stresses are a function of the yield stress,
temperature, strain, velocity, and area of contact. Depend-
ing on these factors, many advanced frictional models have
been proposed for extrusion [46–50]. The Coulomb
friction model is the earliest and most frequently used

friction model for extrusion. It is only dependent on the
load and direction of velocity, and estimates the dynamic
friction forces generated by sliding [51]. A Coulomb-
friction-based model is used to calculate the friction forces
from the lead-shaft interface [49,52–54] as follows:

FF ¼ mπDL
Yoffiffiffi
3

p : (18)

The von Mises–Coulomb friction model is adopted and
modified in Eq. (18). This model assumes that shear
stresses are proportional to normal forces [52–55].
However, a true estimate of the shear forces in a device
can be derived only if the actual area of contact between
the lead and shaft/container is known [46].
The length of the shaft in contact with the lead is equal to

the length of the cylinder (Lcyl). Therefore, the frictional
force component for the entire shaft is defined as follows:

Ff ¼ mπDsh
Yoffiffiffi
3

p Lcyl: (19)

The length of the bulge, denoted as Lblg, is excluded
from Eq. (4) because the friction contribution of the bulge
is already captured. The frictional force component is
defined as follows:

Ff_sh ¼ mπDsh
Yoffiffiffi
3

p ðLcyl – LblgÞ: (20)

2.6 Summary of upper-bound and lower-bound equations

The final UB and LB equations are summarized in Table 1.

2.7 Analysis

The UB and LB models listed in Table 1 were applied to 15
HF2V lead extrusion dampers whose experimental test
data are available from previous studies [5,56,57]. These
15 devices are listed in Table 2. The following assumptions
were made for UB analysis.
i) The friction coefficient (μ) = 0.25 and is assumed to be

constant at all points of interaction between the lead and
shaft surfaces.
ii) The forces of compression behind the bulge slope

following extrusion are neglected.
iii) The velocity of the shaft relative to the outer casing is

assumed to be 0.5 mm/s.
iv) The effects of temperature are not considered in this

analysis.
For LB analysis, the temperature was assumed to be

20°C. The yield strength was considered to be twice the
average flow stress (Y ) [45] and defined as follows:

Yo ¼ 2Y : (21)

The flow stress is the stress value at which the metal
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begins to flow plastically and is defined as

Y ¼ Kε
1þ n

, (22)

where K is the strength coefficient and n is the strain-
hardening component. K = 26.4 and n = 0.28 for
commercially pure lead [58]. The corresponding calculated
Yo values are listed in Table 3. Additionally, ε is the strain
during the deformation process, which is defined as

follows:

ε ¼ Do –Df

Do
, (23)

where

Do ¼
Dcyl –Dsh

2
and Df ¼

Dcyl –Dblg

2
: (24)

The stress in the lead material is sensitive to purity, strain

Table 1 HF2V UB and LB equations used for analysis

equation description UB and LB equations

FUB,1: UB without wall friction
from direct extrusion FUB,1 ¼ 2Yo
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4
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from indirect extrusion FUB,3 ¼ Yo 2 1þ �
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Af
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FUB,4: UB with wall friction
from indirect extrusion FUB,4 ¼ Yo 2 1þ �

Dblg –Dsh

Lcyl – Lblg
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πðDblg –DshÞ2

4
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cyl – ðDblg –DshÞ2

πðDblg –DshÞ2
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cyl

D2
cyl – ðDblg –DshÞ2

#

FLB,1: LB without friction from
shaft and wall

FLB ¼ AoYoln
Ao

Af

FLB,2: LB with friction from
shaft

FLB,1 ¼ AoYoln
Ao

Af
þ mπDsh

Yoffiffiffi
3

p Lcyl

Table 2 HF2V device parameters.

devices Lcyl (mm) Lblg (mm) Dcyl (mm) Dblg (mm) Dshaft (mm) α (°)

1 110 30 89 40 30 68.2

2 110 30 89 50 30 51.3

3 110 30 89 58 30 41.8

4 130 30 66 40 30 68.2

5 130 30 66 50 30 51.3

6 50 23.3 50 32 20 56.8

7 70 20 50 32 20 56.3

8 100 30 50 35 24 66.3

9 160 20 60 42 33 62.1

10 100 23 50 35 24 59.9

11 75 30 70 48 30 54.2

12 160 20 54 35 30 73.6

13 160 20 54 36 30 70.6

14 160 20 54 38 30 64.8

15 100 17.2 40 27 20 65.3
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rates, strain, and reduction percentages [18,58,59]. The
reduction percentage in HF2V devices is the reduction in
the area of lead at the bulge’s flat surface. The yield
stresses calculated for lead using Eq. (21) are comparable
to the yield stress values obtained from pure lead
compression tests at 20°C for all reduction percentages
[59]. The yield strengths derived from the compression and
shearing of lead are very similar. Therefore, the yield
strength values for lead under compression and shearing
are considered to be the same, as shown in Table 3.
The friction factor (m) of 0.866 was calculated using the

following relationship [60]:

m ¼ 2�
ffiffiffi
3

p
: (25)

A total of 15 HF2V experimental device forces (Fexp)
were compared to the estimated UB and LB forces.
Additionally, the UB and LB forces were compared to the
peak forces obtained from the experimental tests. The
experimental forces should lie between the UB and LB
forces [30].
The UB and LB models can provide rough estimates for

a broad range of maximum and minimum expected forces
for HF2V devices. Obtaining the ratios of model forces to
experimental forces provides a convenient comparison that
is independent of the scale of a given device. For practical
applications, these methods should be helpful for deter-
mining the best estimates of device design forces by
calculating the averages of the UB and LB models whose
force predictions are closest to the corresponding experi-
mental device forces. The variability in the combined
model predictions across devices is quantified by using the
lognormal standard deviation and lognormal geometric
mean of the data to account for the typically skewed
distributions of results [61,62].

3 Results and discussion

The experimental HF2V device forces were compared to
UB and LB estimates of the forces calculated using the
equations listed in Table 1. The results are listed in Table 4
and presented in Fig. 5. For the direct extrusion model, the
FUB,2 forces are larger and the FLB,1 forces are smaller than
the experimental forces in all cases, as expected. The FUB,1

values are larger than the peak experimental forces for all
devices except devices 9 and 15, where the experimental
forces are slightly larger than FUB,1.

The results of the indirect extrusion model reveal that the
UB forces without wall friction (FUB,3) are lower than the
experimental forces, except for those of devices 12, 13, and
14. However, when considering the wall friction between
the lead and cylinder, the UB forces (FUB,4) are greater
than the experimental forces for all 15 devices.
The LB forces from FLB,1 and FLB,2 are lower than all

the experimental forces. However, the values from FLB,1

are excessively low because they neglect the forces from
friction. These results demonstrate the significance of
friction forces in HF2V devices. Earlier work on extrusion
force prediction [12,13] has categorized devices into three
groups based on their overall physical dimensions. These
results also match the observations in Refs. [12,13] of
friction forces contributing between 10% and 60% of the
total device forces in typical and large devices.
The UB force values from the direct extrusion analogy

are much greater than those calculated by the indirect
extrusion models. This can be attributed to the assumption
that the entire billet moves through the cylinder with ram
displacement [63]. The UB estimates are the largest and
have the largest variations relative to the experimental
forces for devices 2, 3, and 5, which have the largest bulge
and cylinder sizes. Therefore, they shear larger areas of
lead and produce more heat, leading to greater variation in
experimentally generated forces.
In particular, during repeated cycles, heat is produced in

HF2V devices [64,65]. The yield stress values for the same
reduction percentages vary with temperature [59] and the
lead extrusion pressure has been observed to decrease with
an increase in temperature [41,64]. However, temperature
variations and/or heat produced during HF2V device
experiments have not been measured. The UB forces could
be better estimated with knowledge regarding strain
percentages, strain rates, and temperature-dependent
models for yield value calculations.
It is evident from Fig. 5 that out of the two derived LB

models, FLB,2 predicts force values that are closer to the
actual device forces. Additionally, as expected, the
approximated forces from the UB models of FUB,1 and
FUB,4 are greater than the device forces and lie closer to the
actual forces. Therefore, for precise device force estima-
tion, a combination of UB and LB models should be
considered. The mean predicted force values for each
device from FUB,1 and FLB,2 or the mean values predicted

Table 3 Shear and yield strength values of pure lead

devices ε Yo (N/mm2)

1 0.17 25.09

2 0.34 30.47

3 0.47 33.48

4 0.28 28.82

5 0.56 34.99

6 0.40 31.92

7 0.40 31.92

8 0.42 32.42

9 0.33 30.33

10 0.42 32.42

11 0.45 32.99

12 0.21 26.59

13 0.25 27.98

14 0.33 30.33

15 0.35 30.74
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for each device from FUB,4 and FLB,2 could be used to
provide an improved estimate of approximate HF2V
device forces. The ratio of the model forces to the
experimental forces is plotted in Fig. 6 (dotted lines).
Based on the average ratios of FUB,1/Fexp and FLB,2/Fexp or
FUB,4/Fexp and FLB,2/Fexp, as shown in Fig. 6, the best
estimate was determined by assessing the statistical
distributions of these outcomes. The lognormal multi-
plicative standard deviation and lognormal geometric
mean of these ratios are listed in Table 5. The lognormal
geometric mean of both models is close to 1.0, indicating

that the model approximations are close to the experi-
mental device forces. The multiplicative standard devia-
tions of both models exhibit variability under 20%.
However, the averages of FUB,4 and FLB,2 exhibit smaller
variability and better model compatibility for the precise
calculation of HF2V device forces.
To provide a deeper understanding of the dependency of

HF2V device forces and estimated UB and LB forces on
device parameters, the 15 devices are plotted in Fig. 7 in
terms of increasing values of key HF2V geometric
parameters according to previous research [12,13]. The

Table 4 Comparison of estimated HF2V LB and UB forces to experimental forces. UB forces FUB,1–4 are ordered from tightest (left) to loosest

(right)

devices FLB,1 (kN) FLB,2 (kN) Fexp (kN) FUB,3 (kN) FUB,4 (kN) FUB,1 (kN) FUB,2 (kN)

1 23.5 106.1 205 119.8 290.7 251.6 422.3

2 67.9 168.2 305 232.9 461.0 461.5 677.4

3 114.1 224.3 380 353.0 610.1 677.7 921.4

4 18.4 130.6 175 161.3 297.9 270.1 418.1

5 63.7 199.9 310 284.3 461.1 472.7 667.4

6 23.4 55.3 130 78.7 174.5 151.4 204.9

7 23.4 68.0 150 97.6 184.4 173.1 239.9

8 18.9 96.6 155 129.2 242.1 212.7 304.2

9 14.3 174.1 260 234.7 338.4 327.1 480.1

10 18.9 96.6 155 133.0 227.2 213.6 308.7

11 48.7 122.8 250 175.2 354.3 327.2 431.0

12 5.5 132.9 145 174.8 249.9 238.4 356.6

13 7.0 141.0 165 187.5 265.0 257.2 382.1

14 11.3 156.6 185 213.3 302.6 293.1 429.5

15 8.4 69.7 125 96.1 150.4 143.2 212.1

Fig. 5 UB and LB force ranges for HF2V devices.

V. VISHNUPRIYA et al. Upper and lower bounds of lead extrusion dampers 617



numbers on the plots indicate the numbers of devices used
for sorting.
In Fig. 7, when the results are ranked by the value of

Dcyl, the UB and LB values for all models increase
monotonically, excluding those for devices 1, 4, and 11.
This result strongly implies that Dcyl has a significant
influence on overall extrusion force. In particular, the Dcyl

value broadly determines the volume of lead available for
deformation. Therefore, this diameter can be used as a
rough indicator of device scale and indicates that larger
devices produce more resistive force.
For the devices sorted in increasing order of the

projected bulge area AB, as shown in Fig. 7, larger AB
values produce more resistive forces. A larger bulge area
AB means that more lead can be displaced and sheared by
the shaft bulge, thereby producing larger deformation,
compressive, and shear forces. This result is intuitive
according to basic extrusion theory and provides additional
validation for our analysis.
However, the correlation between resistive force and

surface area SA is unclear. For two devices with the same
cross-sectional properties, if one is designed to accom-
modate additional stroke with a larger Dcyl, it may only

increase the SA and frictional force, and not the extrusion
force. Therefore, devices that have design constraints in
terms of length can achieve higher force capacities by
increasing Dcyl or AB. Similarly, large devices requiring
lower force capacities for larger surface areas can adjust
their Dcyl and AB values to achieve the desired force
capacities. Therefore, our UB models can be used as a
reference for safely designing HF2V devices within
desired force ranges in the future.
However, as discussed previously, our model does not

account for heating effects caused by the high amount of
shearing that occurs in larger devices, which may lead to a
decrease in the flow stress and friction factor, as well as
thermal softening [66,67]. Softening, which occurs at room
temperature, affects the overall strength of lead [18]. In
HF2V devices, the effects of increased temperature are
unclear because elevated temperatures decrease overall
extrusion forces and accelerate recrystallization, leading to
the rapid recovery of plasticity.
However, there is no record of the testing temperatures

during the experimental HF2V tests or the heat generated
during these device experiments because no temperatures
were measured. Measuring the true lead temperature inside
an HF2V device would be challenging because a
thermocouple placed against the cylinder wall during
tests would only measure the temperature of the cylinder
wall, not the actual temperature of the lead. Despite the
good thermal conductivity of lead and steel, a temperature
gradient exists, meaning that an external thermocouple
would likely provide an inaccurate indication of the
internal lead temperature.
Additionally, the theoretical values obtained from

Eqs. (11) and (13) indicate that the flow stress or average
flow stress values increase with increasing strain.

Fig. 6 UB and LB model forces plotted based on Fmodel/Fexp and precise device forces calculated (dotted lines) from UB and LB model
combinations.

Table 5 Comparison of statistical outcomes of UB-LB combinations

for model approximations to experimental results for device force

estimation

UB-LB model
combinations

mean median standard
deviation

FUB,1

Fexp
þ FLB,2

Fexp

� �
=2

0.011 1.011 15.7%

FUB,4

Fexp
þ FUB,1

Fexp

� �
=2

0.047 1.048 13.7%
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Fig. 7 HF2V forces sorted by key device parameters. (a) Cylinder diameter; (b) bulge area; (c) surface area.
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However, it has been experimentally observed that the flow
stress and yield strength can remain constant or even
decrease after the lead reaches 40% to 50% strain
[18,59,68]. Therefore, it is advisable to consider the
strain-related effects and strain softening in lead that occur
during HF2V extrusion for UB and LB force estimation
[20]. More accurate flow stress estimation can be
performed using equations considering thermal effects
[66,69] or by performing reliable experimental tests on
lead properties under various strains and temperatures
[59,68], as well as different forms of deformation.

4 Conclusions

The extrusion process in HF2V devices is highly nonlinear
based on the material properties, internal mechanics, and
geometric conditions inside such devices during motion.
This study proposes four analytical UBmodels and two LB
models by extending the analytical mechanics of direct and
indirect extrusion force models to match the mechanisms
of HF2V devices. The proposed device force models
predict forces accurately with all predicted UB forces lying
above the experimental forces, excluding the values
predicted by FUB,3. UB and LB forces limit the operational
ranges of HF2V devices based on the device design
parameters and deformation of lead within the devices. The
averages of the FUB,4 and FLB,2 values from the UB and LB
models approximated the expected HF2V device forces
from the UB and LB models with the geometric mean ratio
of predicted force to experimental force within 5% of unity
across 15 devices with a multiplicative standard deviation
of 15.7%. The key device design parameters influencing
device forces identified in this study match the findings of
previous research. Therefore, these equations can provide
useful guidance for future device design to target specific
desired force capacities more accurately.
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