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Abstract The lateral dispersion of bed material in a
bubbling fluidized bed is a key parameter in the prediction
of the effective in-bed heat transfer and transport of
heterogenous reactants, properties important for the
successful design and scale-up of thermal and/or chemical
processes. Computational fluid dynamics simulations offer
means to investigate such beds in silico and derive
effective parameters for reduced-order models. In this
work, we use the Eulerian-Eulerian two-fluid model with
the kinetic theory of granular flow to perform numerical
simulations of solids mixing and heat transfer in bubbling
fluidized beds. We extract the lateral solids dispersion
coefficient using four different methods: by fitting the
transient response of the bed to (1) an ideal heat or (2)
mass transfer problem, (3) by extracting the time-averaged
heat transfer behavior and (4) through a momentum
transfer approach in an analogy with single-phase
turbulence. The method (2) fitting against a mass transfer
problem is found to produce robust results at a reasonable
computational cost when assessed against experiments.
Furthermore, the gas inlet boundary condition is shown to
have a significant effect on the prediction, indicating a
need to account for nozzle characteristics when simulating
industrial cases.

Keywords effective dispersion, heat transfer, mass
transfer, mixing, gas-solid fluidized bed

1 Introduction

Bubbling fluidized beds are well-established in a wide
range of industries due to their excellent ability to
thoroughly mix solids and gases and provide good heat
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and mass transfer [1]. However, the scale-up of fluidized
bed processes, which for solid fuel combustion has
yielded units with cross-sectional areas above 100 m?,
entails the intrinsic challenge of ensuring a relatively
uniform lateral distribution of solids reactants (such as
catalyzers, emission sorbents, etc.), as well as temperature
for optimal performance. Recently, the possibility offered
by fluidized bed units to combine generation of heat,
power and chemicals in polygeneration schemes has
attracted increasing interest [2—9]. One possibility would
for example be to use a single fluidized bed divided into
different sections [7], where exothermic reactions in one
section could drive endothermic reactions in another [10].
This requires a detailed understanding of the heat and
mass transfer in the bed, to enable optimal design and
operation [11].

Computational fluid dynamics (CFD) simulations
represent a well-established tool for detailed investiga-
tions of transport phenomena in fluidized beds [10—15].
However, efficient scale-up of existing processes and
design of novel ones will also necessitate viable reduced-
order models. Models where chemical kinetics and heat
and mass transfer are described through effective para-
meters, to some extent can substitute comprehensive
descriptions of the transient motion of solids, and their
overwhelming computational cost [16—24]. Based on
experimental evidence showing the lateral mixing of
solids and gas to follow a diffusion-like pattern at the
macroscopic scale (e.g., [25]), in such reduced-order
models for fluidized beds, convective and diffusive
transport phenomena in the lateral direction are typically
lumped together, so that the lateral motion of the bed
material can be described using an effective solids lateral
dispersion. Effective retrofitting of fluidized bed reactors
would thus benefit immensely from a possibility to derive
such effective parameters for reduced-order models in
silico using detailed CFD simulations.

As the heat and mass transfer in a bubbling fluidized
bed is mainly governed by the motion of the bed material,
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the challenge of understanding and quantifying the heat
and mass transfer becomes intimately linked to
understanding and quantifying the momentum transfer in
the bed. It is thus clear that, in principle, it should be
possible to derive an effective solids dispersion coeffi-
cient from either a momentum, mass or energy basis, and
that one would expect the three approaches to return
similar values. CFD simulations offer the possibility to
perform such derivations in parallel, without interference
between methods, based on the same underlying
prediction of the solids mixing. However, to the best of
our knowledge, no such comprehensive analysis has been
performed on the same numerical data set, although
studies employing either one of the three individual
approaches (momentum [13], heat [26] or mass
[14,15,27-31] transport) are available.

In this work, we perform CFD simulations of two
different bubbling fluidized beds. Our primary objective
is to assess to what extent the extracted value of the
effective lateral solids dispersion depends on whether the
analysis is performed using the solids velocity field, the
temperature field or a passive tracer concentration field as
its basis. We also investigate the influence of the size of
the computational domain and the representation of the
gas inlet device on the prediction. The accuracy of the
numerical results is established by comparisons to
experimental measurements from both beds. Finally, we
conclude by discussing the differences in accuracy,
computational cost and data storage requirements for the
investigated dispersion analysis methods.

2 Theory

2.1 The two-fluid model (TFM)

This study makes use of the Eulerian-Eulerian framework
in fluidization commonly called the TFM. In the TFM,
both phases are treated as interpenetrating continua with
their own separate but analogous conservation equa-
tions. In this setup the interfacial terms as well as the
solid phase stress tensor are unclosed and need to be
modeled. Here, these models are provided by the kinetic
theory of granular flow (KTGF), as well as an appropriate
drag law.

The complete framework of equations used, including
the drag law and the submodels for the KTGF, is
provided in the Electronic Supplementary Material
(ESM). This framework has been used in previous studies
to estimate particle dispersion in conjunction with a
particle tracking routine [10] and to estimate particle
dispersion [32]. Apart from the drag law, the framework
is also similar to that used by Oke et al. to estimate
particle dispersion [14]. Although the specific
combination of closure models used could well influence
the result, this has not been investigated further in the

present study as the focus lies in the post-processing step
of the simulation.

2.2 Heat transfer and solids mixing in fluidized beds

Lateral heat transfer in dispersive flows can be described
by means of an effective thermal conductivity k. as
shown in the left-hand side of Eq. (1), where Q is the heat
flow in the horizontal direction through a certain vertical
cross-sectional area 4 and 07/0x is the temperature
gradient in the normal direction to A.

Q/A

=TT o )
The resulting thermal conductivity can be assumed to be
the result from the contribution of three different factors,
as depicted in the right-hand side of Eq. (1): a static
contribution k. ;. (dependent on the volumetric fraction
and intrinsic properties of the bed material and gas) and
contributions induced by the mixing of gas and solids
(kmixe and k. o), respectively. These latter two can,
through Eq. (2), be expressed as a function of their
respective dispersion coefficients Dy ;, heat capacity ¢

density p,, and volume fraction a;:

kstatic + kmi)@,g + kmix,s'

p.°

i = a’ipicp,iDL,i- 2

The contribution of the gas mixing to the total effective
thermal conductivity is usually negligible compared to the
contribution of the solids mixing because of the high
solids-to-gas density ratio. Additionally, the ratio
Katic/ Kmixs = Dins/Drs, With Dy, being the solids thermal
diffusivity. As D, ¢ < 1074 m?-s™! and typically D >
1074 m?s7!, it can also be stated that the contribution of
the solids mixing is much higher than the contribution of
the static term. Thus, the sensible heat transported
laterally in fluidized beds is dominated by the solids
mixing, and therefore it is reasonable to assume that kg ~
k and thus:

mix,s®

3

DL,s ~ erf/aspscp.s‘

3 Method

Two works using Geldart group B solids are taken as
experimental reference: one employed finer material
under high fluidization velocity [33]—hereon referred to
as high voidage case, HiVoid—and the other using
coarser bed material at lower fluidization velocity—
hereon referred to as low voidage case, LoVoid. Table 1
shows a breakdown of the different simulation cases used
in this study. All CFD simulations are performed in three-
dimensional (3D) as it is well established that the
dimensionality plays a dominant role in predictions of the
lateral solid mixing, and that two-dimensional simulations
therefore are less reliable [34]. The grid resolution used
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was optimized to 6 and 15 mm for the HiVoid and
LoVoid cases respectively, based on the observed
convergence of the predicted time-averaged bed height
and bubble sizes and trajectories for resolutions of < 30
particle diameters. The time step used was 10™#s.

The simulation domain is periodic in the z-direction to
avoid wall effects, and on the sides in the x-direction a
symmetry condition is imposed to minimize wall effects
yet prevent particle movement. Two domain sizes are
used for both beds to evaluate the influence of the domain
size on the simulated solids dispersion. In general, one
would expect that the estimated dispersion value is
independent of the choice of domain size once the domain
is large enough; that is, when the domain is significantly
larger than the bubble size [35].

A pressure-outlet boundary condition is applied above
the bed. Two different types of inlet boundary conditions
for the gas are used: a uniform condition (i.e., the
conventional “porous plate” boundary condition) and a
more elaborate boundary condition mimicking the effect
of industrial nozzles. In the latter boundary condition,
approximately 94% of the bottom plane is a no-slip wall,
with the remaining area representing separate inlet
channels for the gas. These gas inlets are spaced as
nozzles in an industrial bed. At the bottom of the gas
inlet channels, a pressure-inlet boundary condition
drives a flow through the channel so that the average
fluidization velocity attained is constant and equal to that
specified in the corresponding uniform case (Table 1).
The solid phase velocity is set equal to zero in the inlet
channels to prevent bed material from falling out of the

Table 1 The simulation cases evaluated in the present work

bed. This case offers the possibility to study the influence
of the velocity boundary condition on the attained solids
dispersion.

The bed is initialized as static and made to fluidize.
After fluidization is achieved and observed to be pseudo-
steady (as judged from observing the pressure drop over
the bed), the evaluation is started. The start of the
evaluation consists of applying a marker function to half
of the domain, marking the bed solids in that region. In
addition, two source terms are added to the energy
equation in the outer parts of the domain. The source
terms maintain a constant bed temperature in those
regions to provide a set-up analogous to heat transfer
through a slab with fixed temperatures at the ends. The
setup is shown in Fig. 1, which depicts the marked bed
regions and the frozen temperature fields. Note that the
solution to the energy equation has no influence on the
bed motion, and also the aforementioned marker function
provides no backreaction to the bed.

Solution data are exported continuously during the
simulation. For most cases the sampling interval was
0.05 s—this sampling frequency was motivated by a
power spectral density (PSD) analysis, as presented in the
ESM. The exception was the LoVoid-large-uniform case
where additional data was exported on two planes at
different elevations in the domain. On those two planes,
data was exported at a frequency of 400 kHz. After data
collection, the time-resolved data needs to be post-
processed further to yield an effective solids dispersion
value. In the present work, four different methods for this
post-processing were tried.

Simulation study

Case d /mm g/t Hym L./m
b 0 ! L /m Inlet boundary condition
HiVoid-small-uniform 0.3 33.7 0.2 0.6 0.6 Uniform
HiVoid-large-uniform 1.2 Uniform
LoVoid-small-uniform 0.9 2.3 0.45 1.29 0.99 Uniform
LoVoid-large-uniform 1.995 Uniform
LoVoid-small-nozzle 0.99 Nozzles
(a) (b)
L, L
il 1

Imitial concentration field

Fig. 1

7
| : / L

L,

Constant temperature regions

The domain with (a) imposed initial and (b) boundary conditions for methods 2 and 1, respectively.
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3.1 Method 1—Fitting a heat conduction value from a
transient response (CondTrans)

A straightforward way to quantify the solids lateral
dispersion is to calculate it via the effective conduction of
the bed (cf. Section 2.2). The effective conduction can be
obtained by comparing the transient heat transfer
response in the bed to an analytical system in which the
conduction is known (a slab with fixed temperatures at
each end, see Fig. 1(b)) and the temperature profile, T
can be obtained analytically. For the 3D-CFD
temperature field to be compared to the one-dimensional
(1D) analytical solution, averaging is required. The
average is twofold, both along the z-axis and the y-axis,
the latter average being a weighted mean with the solid
volume fraction as weight. Details on the calculation of
T" and the averaging procedure are provided in the ESM.
Given both the analytical temperature profile and the
simulated profile, the effective conduction value, kg, for
the simulated system is then obtained as the value
minimizing the loss function:

L=|T" (x,t5k) = T (x,1)], 4)

where T" represents the analytical temperature profile and
T the averaged profile from the simulated system. Having
obtained the value for the effective lateral conduction,
Eq. (3) can be used to calculate the output of method 1,
i.e., the bed-averaged D, -value that produces the closest
resemblance to the transient analytical 1D heat conduc-
tion problem (the solution of which is given in the ESM).

3.2 Method 2—Fitting a solids dispersion value from a
transient response (DispTrans)

An alternative and more direct route could be to quantify
the average lateral dispersion coefficient of the bed
through a fitting method where the analytical system
instead is initially segregated, such that half of the
domain is marked with an indicator function. The
concentration profile across the domain for such a system
is gradually flattened over time through dispersive mixing
following the diffusion equation. The analytical solution
to the ideal transient 1D diffusion problem is presented in
the ESM. The output of this method is thus the bed-
averaged D, -value that produces the closest resemblance
to this analytical solution.

This fitting method was well described by Oke et al.
[14], and before them Liu and Chen [32] had used
essentially the same procedure, albeit with tracer particles
instead of a marker function. Given the ideal solution, the
procedure is analogous to that of method 1 in that a loss
function is formulated and the simulation data averaged
first along the z-axis and then volume-fraction weighted.
In essence, the major difference between methods 1 and 2
is the problem setup for the ideal system. In method 1 the
initial condition is a constant value across the domain and

the boundary values are fixed. In method 2 the initial
condition is a step function, and the boundary values are
free to slide.

3.3 Method 3—Getting a heat conduction value from the
average heat flux at pseudo-steady-state (CondSteady)

A third estimate of the solids lateral dispersion can be
gained from the pseudo-steady-state heat conduction
behavior of the simulated beds. It is known from Fourier’s
law that the temperature profile in a slab with fixed end
temperatures should tend to be a straight line at steady-
state. A conduction value can then be obtained
algebraically via k. =—¢q,Ax/AT, and recast into a
dispersion via Eq. (2). Here, g, is extracted from the
simulation, and Ax and AT are known from the geometry
and boundary condition specification. While the
evaluation procedure for this method might seem simple,
the pseudo-steady-state might not be easily recognized in
a simulated fluidized bed: due to the chaotic motion of
the bed and the high thermal mass of the sand, rather
large fluctuations are to be expected. Thus, for this
method, the quantity of interest is the time-averaged heat
flux. As with any average, sufficient data needs to be
sampled so as to get a stable value. Further, over
sufficient long time, a pseudo-steady temperature profile
with constant gradient, i.e., constant heat flux, should be
expected as the hot and cold regions become thoroughly
mixed. Related to this, an estimation of when the system
has reached a pseudo-steady-state is of high importance
since analysis of data from the time before the pseudo-
steady-state would overestimate the heat flux and thereby
also the solids dispersion derived from it.

3.4 Method 4—Getting a solids dispersion from the
velocity fluctuations (DispFluct)

A fourth method to assess solids dispersion was presented
by Jiradilok, Gidaspow and Breault [13], who proposed to
make an estimate of the solids radial and axial dispersion
values based on the flow alone without introducing any
analogy to heat or mass transfer. They therefore compute
the turbulent dispersion (the dispersion due to oscillations
of particle clusters in the bed) based on the fluctuating
solids velocity. The procedure in which the turbulent
dispersion coefficient, D, is calculated from the sampled
velocity fluctuations is explained in the ESM.

This method yields local dispersion values at each point
in the domain, and to arrive at a value that is comparable
to the previous global assessments, these local values
must be averaged. This averaging is performed along a
plane in the bed, as suggested by Jiradilok et al. [13].
Two planes were evaluated, one at y = 0.3525 m and one
at y = 0.1125 m. It should be noted that the auto-
correlation is a time-averaged quantity, thus once again
sufficient time-resolved data needs to be obtained to
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capture the relevant phenomena in the bed. Note also that
since the auto-correlation is evaluated in terms of a
specific lag 7, the time series available to form the
average with should in fact be shortened by as much as
the maximum ¢ evaluated, leading to even longer
simulation times required.

An advantage with method 4, in relation to the other
methods, is that it does not require fitting of a dispersion
value by comparison with an ideal reference problem. For
this reason, method 4 can be applied to quantify the
mixing in all directions simultaneously. Another point
worth noting is that it is not obvious that the values
returned by this method should match those of the other
three methods. The dispersion coefficient returned by this
method is based on the deviations from the mean flow in
each cell. While this makes the value truer to the concept
of dispersion, it also means that on a larger scale any
contribution to the lateral mixing by the mean flow will
be neglected. The other three methods have had all lateral
transport mechanisms lumped together, i.e., both the “true
dispersive” motion and the convection by the mean flow.
Thus, the values outputted by this method are not meant
for comparison with those from the other methods used in
this work, but rather as data offering a deeper analysis of
the solids flow. The interested reader is directed to
Askarishahi et al. [36] for a comprehensive discussion on
the differences between solids dispersion and solids
diffusion.

3.5 Experiments

Experimental data on the lateral solids dispersion for the
bed simulated in the HiVoid cases are available in Sette et
al. [33]. These experiments used an indirect tracking
method for bed material using magnetic separation and
are thus based on a mass-transfer approach. For the
LoVoid cases, new experiments were carried out to
determine the lateral dispersion of solids in fluidized beds
under conditions relevant for industrial operation using a
heat-transfer approach. The parametric study included the
effect of fluidization velocity, solids particle size and

(a) (b)

v/m

0.250.500.75 E.ﬂD 1.251.501.75
x/m

pressure drop over the distributor. The results from these
experiments are used in the present work for model
validation. A description of the experimental setup and
methodology is provided in the ESM; for a complete
account of the study the reader should refer to Martinez
Castilla et al. [37].

4 Results and discussion

4.1 General characterization of the simulated flow

To provide some visual understanding of the main bed
characteristics, instantaneous voidage contours of the
simulated beds are presented first in Fig. 2. The smaller
particles and much higher fluidization velocity in the
HiVoid cases (Table 1) yield the bed characteristics as
illustrated in Fig. 2(a), exhibiting a more aerated bed
volume than for larger particles and lower fluidization
velocity presented in Fig. 2(b) and exemplifying LoVoid
cases. Also worth noting is the much more structured
character of the bed used in the LoVoid-small-nozzle,
which is depicted in Fig. 2(c). Here, a nozzle boundary
condition is employed and, as can be expected for a
shallow bed like this, the nozzles seem to lock the bubble
paths into a self-reinforcing pattern [38].

4.2 Comparison with experiments

Figure 3 shows the collected results for the HiVoid cases
(higher fluidization velocity, higher voidage). The figure
shows data for methods 2 and 3, but not for methods 1
and 4 since these proved to be unreliable for reasons
discussed in the followings. The deviation between the
solids dispersion coefficient values obtained from
simulations and the experimental one is between 5% and
56%, where the cases with a larger simulation domain
yield a better agreement to experiments. Hence, both
methods 2 and 3 can give a reasonable estimate given a
large enough domain. Method 3 seems less sensitive to

(c) a

0.56
0.48

0.8

0.6 IHJ.40
r0.32

04 w i0_24

0.16

Hoao -
0. 0.6 .8 iggz

x/m

Fig.2 A visual comparison of instantaneous volume fraction fields in the different beds studied. (a) The HiVoid case with smaller
sand corresponds to the solids used in the experiments of Sette et al. [33], and (b, c¢) the LoVoid cases with larger sand corresponds to
the solids used in the experiments of Martinez Castilla et al. [37]. The LoVoid-small-nozzle case (c) employs “nozzle” inlet boundary
condition instead of the uniform “porous plate” inlet boundary condition used in the other cases (a, b).
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domain effects compared to method 2.

The corresponding comparison for the LoVoid (lower
fluidization velocity) cases is shown in Fig. 4. Worth
noting is that, regardless of the domain size, all the cases
which employed a uniform (porous plate) inlet boundary
condition yield a higher dispersion coefficient than the
experimentally-derived value (by a factor between
roughly 3 and 4). In contrast, the simulations using
nozzles yield dispersion coefficient values almost fully
within the experimental uncertainty range. This
observation is consistent with the fact that these
experimental results were obtained with a low-pressure-
drop gas distributor.

4.3 Evaluation of methods

To assess the different methods of estimating D,, the
complete set of results is summarized in Fig. 5. The most
striking observation in this comparison is that method 1 is
consistently lower than the other methods—for the lighter
bed even drastically so—suggesting that there is some
systematic difference at play. Another interesting
observation is that the spread between the methods seem

0.025

0.020+ .

s

0.0154

1

(m-

0.010- L

D,

0.005

0.000
0

LT

10 20 30 40 50

to decrease when using a larger simulation domain.
Further, the uniform (porous plate) boundary condition
cases yield higher values than the case with nozzles.

Owing to the long simulation times and large data
storage requirements of method 4 (DispFluct), only one
case was analyzed using this method. From the current
data, this prediction seems to follow the overall trend
albeit being lower compared to the other methods. Further
investigation and application to different fluidization
conditions would be beneficial.

43.1 Method 1

The consistently lower values obtained from method 1
can be explained by further examining the simulated
temperature profiles. As discussed in Section 2.2, the
value of kg obtained is mainly characterizing the solids
lateral motion, and thus constitutes convective fluxes.
However, at any given time, the net flux across the
boundary between a fixed-temperature region and the
inner bed (Fig. 1(b)) must be one-directional. Hence, the
average temperature of the boundary felt by the inner
region of the bed will always differ somewhat from the

® Experiment (HiVoid)
Simulation (HiVoid-small-uniform) - Method: 2 (DispTrans)
® Simulation (HiVoid-large-uniform) - Method: 2 (DispTrans)
Simulation (HiVoid-small-uniform) - Method: 3 (CondSteady)
* Simulation (HiVoid-large-uniform) - Method: 3 (CondSteady)

Fig.3 Experimental [33] and simulated (current work) values of the solids lateral dispersion coefficient for the HiVoid cases,

extracted using methods 2 (DispTrans) and 3 (CondSteady).

0.012
X
0.010 X
0.008 4 X x Simulation (LoVoid-small-uniform) - Method: 2 (DispTrans)
2 » Simulation (LoVoid-small-uniform) - Method: 3 (CondSteady)
» Simulation (LoVoid-large-uniform) - Method: 3 (CondSteady)
‘e 0.0064 % Simulation (LoVoid-large-uniform) - Method: 2 (DispTrans)
:_ B Simulation (LoVoid-small-nozzle) - Method: 3 (CondSteady)
= 0.004- B Simulation (LoVoid-small-nozzle) - Method: 2 (DispTrans)
: | | Experiment (LoVoid)
n
0.002 4 n
0.000 - - - -
0 1 2 3 4 5

”"”l:ll

Fig. 4 Experimental [37] and simulated (current work) values for the denser bed (LoVoid cases). The experimental error bars
indicate lower and upper bounds for the method used (more information is provided in the ESM).
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Method: 1 (CondTrans)

od: 2 {DispTrans)
Method: 3 (CondSteady)
Method: 4 (DispFluct)

0.020

0.015

0.010

D /(m*s™)

0.005

0.000

HiVoid-small-uniform
HiVoid-large-uniform {
LoVoid-small-uniform A
LoVoid-large-uniform {
LoVoid-small-nozzle

Fig.5 A collected comparison of the different analysis methods
tried for all the available data sets. The solid black lines indicate
the experimentally obtained D, for the HiVoid case and the
experimentally obtained uncertainty interval for D; for the LoVoid
cases (Fig. 4).

desired fixed boundary temperature, since only incoming
particle fluxes (to the inner bed) contribute to maintaining
this temperature, whereas outgoing particle fluxes do not
implement any external boundary condition. To this
background, method 1 will always tend to underestimate
k., and hence also D;. A more elaborate analysis of the
temperature profiles attained is presented in Fig. S3 (cf.

ESM).

432 Method 2

The boundary condition for this method is that no mass is
transferred through the wall, a simulation condition which
accurately resembles the experimental reference system.
The ESM contains a comparison of the analytical to the
simulated concentration profiles over time which
exemplifies the good agreement between the theoretical
setup and experimental data (Fig. S4, cf. ESM). Note that
the simulation time needed with this method is relatively
short since the valuable information is gathered before the
system reaches steady-state, rather than after.

Overall method 2 would seem to be the most promising
method, owing to well-described boundary conditions,
simplicity of numerical implementation, reduced simula-
tion time, and, nonetheless, the good agreement with
experimental values.

433 Method 3

While the results from method 3 seem to follow those of
method 2 in most cases, there are some points to be made
about its reliability still. While the conduction value can
be deduced through a simple algebraic relation, it is based
on averaging the time-varying heat flux through the
domain. As with the formation of any average, this
method requires sufficient data to provide a stable value.
An illustration of the slow convergence of the rolling

mean of the heat flux is provided in Fig. S5 (cf. ESM).
The straightforward interpretation of method 3 is a
desirable trait and, based on the results in Figs. 3 and 4, it
does seem to approximate the experiments reasonably
well given a suitably large domain. The biggest downside
of this method is the long simulation times needed to
reduce the uncertainty of the average heat flux value to
desirable levels.

4.3.4 Method 4

For this method, as with method 3, the same kind of
complications with respect to the large data requirement
for statistical robustness of the time-average value
formation arises. Figure 6 shows the calculated time-
averaged turbulent dispersion coefficients in the x, y, and
z directions, over two planes at different elevations in the
dense bed. It should be noted that none of the planes was
situated in the splash zone of the bed, where solids
ejected by bubble eruptions might possibly increase the
lateral dispersion [34].

As seen previously from Fig. 5, the calculated value for
the turbulent dispersion is lower than the lateral
dispersion values from methods 2 and 3. This is in line
with the fact that the turbulent dispersion represents only
one part of the lumped dispersion coefficient assessed by
the other methods. Thus, the value obtained with method
4 tells about the breakdown of the lumped mixing into
convective and true dispersive mixing.

Figure 6 shows the expected result that the dispersion is
about one order of magnitude higher in the axial direction
(y) than in the lateral directions (x, z)—which exhibit
similar dispersion coefficients although with some
deviation likely related to the asymmetry of the
simulation domain.

4.4 Requirements on the computational domain

The mixing in a bubbling fluidized bed is governed by the
convective motion of counter-current vortices around the
bubble paths in the bed [38]. The smallest tolerable
domain size is therefore dictated by the inherent length
scales of the specific bed to be simulated. To ensure that

0.050
0.0454
0.0404
0.0354
0.0304
0.0254
0.020
0.0154
0.0104
0.0054
0.000

y=03525m
y=01125m

Dy/(m*s™")

X y z

Fig. 6 The computed turbulent dispersion Dy in each direction
(averages along two planes at different heights in the bed).
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the mixing is not influenced by the domain size, the
domain needs to be large enough not to limit the sizes of
the aforementioned vortices. In studies where the
influence of bed width has been investigated, the lateral
dispersion has been observed to increase with bed width
until it eventually reached a stationary value [14,32].

Moreover, care should be taken to model the bottom
inlet geometry well, since in a shallow bed the bubble
paths tend to be fixed above the fluidization nozzles
[39,40], thus establishing additional restrictions on the
size of the vortices. In other words, the minimum domain
size might well be determined mostly by the nozzle
spacing for the type of beds investigated here.

It is also worth to highlight that the different methods
discussed here could be helped or even hampered to
different amounts by extension of the domain side
lengths, L. and L. An extension of L, means for the
fitting methods (1 and 2) that minor kinks in the curves
due to velocity fluctuations will have less impact on the
results, which is beneficial. However, for method 3 the
effects are more mixed. A longer mixing path means that
the profiles will evolve toward pseudo-steady-state under
a longer period of time, which means that the time until
the data collection can start for method 3 increases. On
the other hand, a longer mixing path would make the
material entering the hot or cold zones more
homogeneous, possibly lessening the fluctuations
somewhat. However, a further downside is the fact that
for method 3 the mixing length Ax is directly included in
the algebraic estimation of kg, acting as a multiplier on
any fluctuations. The effects on method 4 should be
minimal, since no reference system is introduced and all
that is needed is realistic flow patterns which should be
provided already by the smallest tolerable bed size as
discussed above.

The consequences of an extension of L, are clearer.
Aside from method 4 (for the reasons just discussed), all
methods should benefit from an extended z-dimension.
The reason for this is simply that, when extending L,
more material is being mixed, without taking longer
(physical) time to mix. For the fitting methods 1 and 2
this is akin to running multiple parallel mixing
experiments and ensemble averaging the results. Such a
procedure would lead to smoother curves and more true
profiles since a larger amount of different flow
interactions will take place within the simulated
experiment. For method 3, more material being mixed
should likely make the average mass flow across the hot
and cold planes approximated better. The only drawback
is the increase in computational cost.

4.5 Simulation time
While the simulation time needed is not something that

needs to be decided beforehand to set up the simulation, it
is still good to be able to assess how long a given

simulation will have to run; especially since 3D
multiphase simulations like these can tend to take
prohibitively long time. However, just as with the domain
requirements, the time needed is different for each
method examined. To help explain this more clearly a
diagram is provided in ESM. The main conclusion is that
methods 1 and 2, which only require part of a transient
for the fitting procedure to converge, are significantly
faster than methods 3 and 4 that depend on time-averaged
quantities. In particular, method 3 requires that the bed is
in a statistically steady-state before the data collection can
even begin.

4.6 General discussion

While there are many different factors that influence how
accurate a numerical prediction of the lateral bed
dispersion will be, most factors can be related to one of
the following three categories.

The fidelity of the underlying TFM simulation. For
example, Oke et al. [14] evaluated the dispersion using
submodels with different onset of frictional stress, and in
their analysis an earlier onset of frictional stress led to
smaller bubble sizes in the bed and through that also
reduced lateral dispersion. Farzaneh et al. [41] evaluated
three different models for the frictional stress and found
that, based on what frictional stress model that was used,
the general flow pattern changed significantly, and the
range and localization of the local horizontal dispersion
coefficient changed as well. Furthermore, it is well
known that the drag law used has a significant influence
and could well represent one of the most important
factors in an accurate TFM implementation for dense
fluidized bed simulations [42]. In conclusion, the
influence of submodels and inlet geometries on lateral
dispersion is something that needs further attention,
especially in 3D.

The choice of analysis method. As the results in Fig. 5
show, even seemingly similar methods can give different
results. If a method based on fitting simulation results to
an analytical solution is to be used, care has to be taken to
ensure that the simulated setup really can be compared to
the analytical one. Method 1 provides a clear example of
a case where not all parts of the simulated problem were
compatible with the analytical problem. The choice of
method also influences the choice of data collection since
different methods utilize different parts of the generated
data. Lastly, the various methods differ in their inherent
assumptions, and depending on the intended use for the
estimated dispersion coefficient and the available
experimental data, a method which is more costly but has
fewer or less severe inherent assumptions could still be
preferred over a cheaper one.

The approach to data collection (i.e., what part of the
domain that is recorded and with what frequency). While
this aspect is mostly limited by practical issues like disk
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size, post-processing time and degree of automation, it
should still be considered. Sufficient data to make
unbiased spatial averages must be exported at a rate that
will resolve the diffusion process well. However, what is
enough will change on a case-to-case basis and vary for
different methods. As an example, for the LoVoid-large-
uniform case, the PSD showed that a sampling frequency
of 20 Hz would capture most of the observed variation.
The fitting of effective conduction and dispersion
coefficients in methods 1 and 2, on the other hand, is
rather robust and works well with even an order of
magnitude lower frequency in the stored data, as not more
is needed to resolve the transition to the steady-state in
the corresponding analytical problem well enough.
Moreover, for method 3, complete reconstruction of the
signal is not necessary since the quantity of interest is the
mean. In other words, given that the sampling frequency
is somewhat higher than the lower frequencies in the bed
and that the total sampling time at pseudo-steady-state is
long enough, capturing the smaller fluctuations is not
necessary to obtain the same average value over time.
Method 4, on the other hand, relies on characterizing
local velocity fluctuations, indicating that a higher
frequency is motivated as also the smaller fluctuations
contribute. For methods 1 and 2, the duration of the
transient is also affected by the length of the domain,
meaning that a larger domain could have a lower
sampling frequency and still be well resolved. In further
studies, a more thorough statistical investigation could be
made to quantify the effects of data collection more in
depth.

5 Conclusions

Four different methods have been assessed for the
numerical evaluation of the lateral dispersion coefficient
in a bubbling fluidized bed. Methods are based on: fitting
the transient response of an ideal heat or mass transfer
problem to an analytical solution, time-averaging a heat
transfer signal, and using information from the velocity
field in an analogy with turbulent dispersion.

Based on comparisons with experiments, we conclude
that the TFM can indeed be used to provide a
quantification of the solids lateral mixing in shallow
fluidized beds. However, care must be taken when
selecting a method for postprocessing the simulated data,
as the investigated methods may differ substantially in
their predictions. Given the results from this study, fitting
a simulated concentration profile to an analytical one has
the greatest potential. Among the other methods, only the
calculation of a dispersion coefficient through evaluation
of the time-averaged heat flux was able to provide a
reasonable estimation albeit at the additional cost of
needing much longer simulation times.

Simulations showed that the domain size had a

significant impact on the simulated solids dispersion
values. The current work also highlights the significant
improvements in the agreement to experimental data
when using a boundary condition mimicking the effect of
nozzles as compared to the conventional porous plate
(uniform) boundary condition. This observation should be
all the more relevant for industrial conditions. Further
work could investigate the influence of using different
submodels in the TFM formulation, as well as extend the
validation to beds fluidized at different conditions.
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