
� 1 The proof of Theorem 1
Proof. According to Lemma 1, 𝑓 (𝑥) = 𝑥𝑟+𝑠𝑔(𝑥𝑞−1) permutes F𝑞2

if and only if both gcd(𝑟 + 𝑠, 𝑞 − 1) = 1 and 𝑥𝑟+𝑠𝑔(𝑥)𝑞−1 permutes
𝜇𝑞+1. Thus, we only need to prove the permutation property of the
polynomial 𝑥𝑟+𝑠𝑔(𝑥)𝑞−1 over 𝜇𝑞+1.

By substituting 𝑔(𝑥) = 𝑔1 (𝑥)𝑔2 (𝑥) into 𝑥𝑟+𝑠𝑔(𝑥)𝑞−1, we can obtain

𝑥𝑟+𝑠𝑔(𝑥)𝑞−1 = 𝑥𝑟+𝑠
𝑔(𝑥)𝑞
𝑔(𝑥) = 𝑥𝑟+𝑠

(𝑔1 (𝑥)𝑔2 (𝑥))𝑞
𝑔1 (𝑥)𝑔2 (𝑥)

. (1)

Since 𝑥𝑞 = 𝑥−1 over 𝜇𝑞+1 and 𝑎
𝑞

𝑖
= 𝑎𝑠−𝑖 , it follows that

𝑥𝑠𝑔2 (𝑥)𝑞 = 𝑥𝑠 (
𝑠∑︁
𝑖=0

𝑎𝑖𝑥
𝑖)𝑞 =

𝑠∑︁
𝑖=0

𝑎
𝑞

𝑖
𝑥𝑠+𝑞𝑖 =

𝑠∑︁
𝑖=0

𝑎𝑠−𝑖𝑥
𝑠−𝑖 = 𝑔2 (𝑥).

(2)
According to the equation (1) and the equation (2), we can get

𝑥𝑟+𝑠𝑔(𝑥)𝑞−1 = 𝑥𝑟+𝑠
𝑔1 (𝑥)𝑞𝑔2 (𝑥)𝑞
𝑔1 (𝑥)𝑔2 (𝑥)

= 𝑥𝑟
𝑔1 (𝑥)𝑞𝑔2 (𝑥)
𝑔1 (𝑥)𝑔2 (𝑥)

.

Note that 𝑔2 (𝑥) has no root in 𝜇𝑞+1. Then,

𝑥𝑟+𝑠𝑔(𝑥)𝑞−1 = 𝑥𝑟
𝑔1 (𝑥)𝑞
𝑔1 (𝑥)

= 𝑥𝑟𝑔1 (𝑥)𝑞−1.

Since 𝑥𝑟𝑔1 (𝑥)𝑞−1 permutes 𝜇𝑞+1, it follows that 𝑥𝑟+𝑠𝑔(𝑥)𝑞−1 per-
mutes 𝜇𝑞+1. The proof is complete. �

� 2 The proof of Theorem 2
Proof. According to Lemma 1, 𝑓 (𝑥) = 𝑥𝑟−𝑠𝑔(𝑥𝑞−1) permutes F𝑞2

if and only if both gcd(𝑟 − 𝑠, 𝑞 − 1) = 1 and 𝑥𝑟−𝑠𝑔(𝑥)𝑞−1 permutes
𝜇𝑞+1. Similar to the proof of Theorem 1, we only need to prove the
permutation property of the polynomial 𝑥𝑟−𝑠𝑔(𝑥)𝑞−1 over 𝜇𝑞+1.

According to the proof of Theorem 1, the equation 𝑥𝑠𝑔2 (𝑥)𝑞 =

𝑔2 (𝑥) holds. Since 𝑔(𝑥) = 𝑔1 (𝑥)𝑔2 (𝑥) and 𝑔2 (𝑥) has no root in 𝜇𝑞+1,
it follows that

𝑥𝑟−𝑠𝑔(𝑥)𝑞−1 = 𝑥𝑟−𝑠
𝑔(𝑥)𝑞
𝑔(𝑥) = 𝑥𝑟−𝑠

𝑔1 (𝑥)𝑞𝑔2 (𝑥)
𝑔1 (𝑥)𝑔2 (𝑥)𝑞

=𝑥𝑟
𝑔1 (𝑥)𝑞𝑔2 (𝑥)
𝑔1 (𝑥)𝑔2 (𝑥)

= 𝑥𝑟𝑔1 (𝑥)𝑞−1.

Since 𝑥𝑟𝑔1 (𝑥)𝑞−1 permutes 𝜇𝑞+1, it follows that 𝑥𝑟−𝑠𝑔(𝑥)𝑞−1 per-
mutes 𝜇𝑞+1. The proof is complete. �

� 3 The proof of Theorem 3
Proof. Denote 𝑥2𝑘+1 + 𝑥 + 1 and 𝑥2𝑠 + 𝑥𝑠 + 1 by 𝑔1 (𝑥) and 𝑔2 (𝑥),
respectively. Then the polynomial ℎ1 (𝑥) = 𝑔1 (𝑥)𝑔2 (𝑥).

Firstly, we will prove that 𝑔2 (𝑥) has no root in 𝜇2𝑚+1. Assume that
there exists 𝛼 ∈ 𝜇2𝑚+1 such that 𝛼2 + 𝛼 + 1 = 0. Then it is obvious
that 𝛼 ≠ 0 and 𝛼 ≠ 1. By substituting 𝛼2 = 𝛼 + 1 into the equation
𝛼2 + 𝛼 + 1 = 0, we can get 𝛼(𝛼 + 1) + 1 = 𝛼3 + 1 = 0. Since 𝑚 is
even, it follows that gcd(3, 2𝑚 + 1) = 1. Then, the equation 𝛼3 + 1 = 0
only has one solution 𝛼 = 1 in 𝜇2𝑚+1, which is contradict to 𝛼 ≠ 1.
Thus, the equation 𝑥2 + 𝑥 + 1 = 0 has no solution in 𝜇2𝑚+1. For all
𝑥 ∈ 𝜇2𝑚+1, 𝑥

𝑠 ∈ 𝜇2𝑚+1, thus 𝑔2 (𝑥) = 𝑥2𝑠 + 𝑥𝑠 + 1 = 0 has no solution
in 𝜇2𝑚+1.

Now we will prove that 𝑥2𝑘+1𝑔1 (𝑥)2
𝑚−1 permutes 𝜇2𝑚+1. Since

gcd(2𝑘 −1, 2𝑚+1) = 1, it follows that 𝑥2𝑘+1𝑔1 (𝑥)2
𝑚−1 = 𝑥2𝑘+1+𝑥2𝑘 +1

𝑥2𝑘+1+𝑥+1
permutes 𝜇2𝑚+1 by Lemma 2.

Since 𝑔2 (𝑥) has no root in 𝜇2𝑚+1 and 𝑥2𝑘+1𝑔1 (𝑥)2
𝑚−1 permutes

𝜇2𝑚+1, the polynomial 𝑓1 (𝑥) = 𝑥2𝑘+2𝑠+1ℎ1 (𝑥2𝑚−1) permutes F22𝑚 if
and only if gcd(2𝑘 + 2𝑠 + 1, 2𝑚 − 1) = 1 according to Theorem 1. The
proof is complete. �

� 4 The proof of Theorem 4
Proof. Denote 𝑥2𝑘 + 𝑥 + 1 and 𝑥2𝑠 + 𝑥𝑠 + 1 by 𝑔1 (𝑥) and 𝑔2 (𝑥),
respectively. Then the polynomial ℎ2 (𝑥) = 𝑔1 (𝑥)𝑔2 (𝑥).

According to the proof of Theorem 3, the equation 𝑔2 (𝑥) = 𝑥2𝑠 +
𝑥𝑠 + 1 = 0 has no solution in 𝜇2𝑚+1. Since gcd(2𝑘 + 1, 2𝑚 + 1) = 1,
it follows that 𝑥2𝑘+1𝑔1 (𝑥)2

𝑚−1 = 𝑥2𝑘+1+𝑥2𝑘 +𝑥
𝑥2𝑘 +𝑥+1

permutes 𝜇2𝑚+1 by
Lemma 3.

Therefore, the polynomial 𝑓2 (𝑥) = 𝑥2𝑘+2𝑠+1ℎ2 (𝑥2𝑚−1) permutes
F22𝑚 if and only if gcd(2𝑘 + 2𝑠 + 1, 2𝑚 − 1) = 1 by Theorem 1. The
proof is complete. �

� 5 The proof of Theorem 5
Proof. Denote 𝑥2 +𝑥 +1 by 𝑔2 (𝑥). According to the proof of Theorem
3, the equation 𝑔2 (𝑥) = 𝑥2 + 𝑥 + 1 = 0 has no solution in 𝜇2𝑚+1. Now
consider two cases.

Case 1: 𝑘 is even.
Denote 𝑥2𝑘+1 + 𝑥 + 1 by 𝑔1 (𝑥). Then ℎ3 (𝑥) = 𝑔1 (𝑥)/𝑔2 (𝑥) be-

cause 𝑘 is even. Since gcd(2𝑘 − 1, 2𝑚 + 1) = 1, it follows that
𝑥2𝑘+𝑠 (2𝑚+1)+1𝑔1 (𝑥)2

𝑚−1 = 𝑥2𝑘+1𝑔1 (𝑥)2
𝑚−1 = 𝑥2𝑘+1+𝑥2𝑘 +1

𝑥2𝑘+1+𝑥+1
permutes

𝜇2𝑚+1 by Lemma 2.
Case 2: 𝑘 is odd.
Denote 𝑥2𝑘 + 𝑥 + 1 by 𝑔1 (𝑥). Then ℎ3 (𝑥) = 𝑔1 (𝑥)/𝑔2 (𝑥) be-

cause 𝑘 is odd. Since gcd(2𝑘 + 1, 2𝑚 + 1) = 1, it follows that
𝑥2𝑘+𝑠 (2𝑚+1)+1𝑔1 (𝑥)2

𝑚−1 = 𝑥2𝑘+1𝑔1 (𝑥)2
𝑚−1 = 𝑥2𝑘+1+𝑥2𝑘 +𝑥

𝑥2𝑘 +𝑥+1
permutes

𝜇2𝑚+1 by Lemma 3.
Therefore, the polynomial 𝑓3 (𝑥) = 𝑥2𝑘+𝑠 (2𝑚+1)−1ℎ3 (𝑥2𝑚−1) per-

mutes F22𝑚 if and only if gcd(2𝑘 + 𝑠(2𝑚 + 1) − 1, 2𝑚 − 1) = 1 by
Theorem 2.The proof is complete. �

� 6 The proof of Lemma 5
Proof. According to Definition 1, 𝑣1 (𝑥) is the compositional inverse
of 𝑢1 (𝑥) if 𝑢1 (𝑣1 (𝑥)) = 𝑣1 (𝑢1 (𝑥)) = 𝑥 in 𝜇2𝑚+1. It is easy to conclude
that 𝑢1 (𝑣1 (𝑥)) = 𝑣1 (𝑢1 (𝑥)) since 𝑡 ≡ −2 (mod 2𝑚 + 1). Note that
𝑥2𝑚+1 = 𝑥 in 𝜇2𝑚+1. Thus,

𝑢1 (𝑣1 (𝑥)) =
𝑥𝑡2

𝑘+𝑡 + 𝑥𝑡2
𝑘 + 1

𝑥𝑡2𝑘+𝑡 + 𝑥𝑡 + 1
=

𝑥2𝑚 + 𝑥 + 1
𝑥2𝑚 + 𝑥2𝑚−1 + 1

=
𝑥(𝑥2𝑚−1 + 1 + 𝑥2𝑚 )
𝑥2𝑚 + 𝑥2𝑚−1 + 1

= 𝑥.

The proof is complete. �

� 7 The proof of Lemma 6
Proof. According to Definition 1, 𝑣2 (𝑥) is the compositional inverse of
𝑢2 (𝑥) if 𝑢2 (𝑣2 (𝑥)) = 𝑣2 (𝑢2 (𝑥)) = 𝑥 in 𝜇2𝑚+1. It is easy to conclude

1



that 𝑢2 (𝑣2 (𝑥)) = 𝑣2 (𝑢2 (𝑥)) since 𝑡 ≡ 2 (mod 2𝑚 + 1). Note that
𝑥2𝑚+1 = 𝑥 in 𝜇2𝑚+1. Thus,

𝑢2 (𝑣2 (𝑥)) =
𝑥𝑡2

𝑘+𝑡 + 𝑥𝑡2
𝑘 + 𝑥𝑡

𝑥𝑡2𝑘 + 𝑥𝑡 + 1
=

𝑥3 + 𝑥 + 𝑥2

𝑥 + 𝑥2 + 1
=

𝑥(𝑥2 + 1 + 𝑥)
𝑥 + 𝑥2 + 1

= 𝑥.

The proof is complete. �

� 8 The proof of Theorem 6
Proof. In the cycilc subgroup 𝜇2𝑚+1, the polynomial

𝑥2𝑘+2𝑠+1ℎ1 (𝑥)2
𝑚−1

can be written as

(𝑥2𝑘+1 + 𝑥2𝑘 + 1) (𝑥2𝑠 + 𝑥𝑠 + 1)
(𝑥2𝑘+1 + 𝑥 + 1) (𝑥2𝑠 + 𝑥𝑠 + 1)

=
𝑥2𝑘+1 + 𝑥2𝑘 + 1
𝑥2𝑘+1 + 𝑥 + 1

.

Then 𝑓 −1
1 (𝑥) can be concluded by Lemma 4 and Lemma 5. The proof

is complete. �

� 9 The proof of Theorem 7
Proof. Similar to the proof of theorem 6, the polynomial

𝑥2𝑘+2𝑠+1ℎ2 (𝑥)2
𝑚−1

can be written as
𝑥2𝑘+1 + 𝑥2𝑘 + 𝑥

𝑥2𝑘 + 𝑥 + 1
over 𝜇2𝑚+1. Then 𝑓 −1

2 (𝑥) can be concluded by Lemma 4 and Lemma
6. The proof is complete. �

� 10 The proof of Theorem 8
Proof. Note that 𝑘 = 2𝑚 − 1 is odd. Similar to the proof of theorem
6, the polynomail

𝑥2𝑘+𝑠 (2𝑚+1)−1ℎ3 (𝑥)2
𝑚−1

can be written as
𝑥2𝑘+1 + 𝑥2𝑘 + 𝑥

𝑥2𝑘 + 𝑥 + 1
over 𝜇2𝑚+1. Then 𝑓 −1

3 (𝑥) can be concluded by Lemma 4 and Lemma
6. The proof is complete. �

� 11 The proof of Theorem 9
Proof. For any positive integer 𝑛 and any 𝛼, 𝛽 ∈ F∗22𝑚 , the polynomial
𝛼𝐹1 (𝛽𝑥𝑛) is a monomial or a trinomial over F22𝑚 . However, there
exist some 𝑘, 𝑠 such that 𝑓1 (𝑥) has more terms than 𝛼𝐹1 (𝛽𝑥𝑛). For
example, let 𝑘 = 3, 𝑠 = 2, then 𝑓1 (𝑥) = 𝑥13·2𝑚 + 𝑥11·2𝑚+2 + 𝑥9·2𝑚+4 +
𝑥5·2𝑚+8 + 𝑥4·2𝑚+9 + 𝑥3·2𝑚+10 + 𝑥2·2𝑚+11 + 𝑥2𝑚+12 + 𝑥13 has nine terms
since 𝑚 > 2.

According to Definition 2, there exist some 𝑘, 𝑠 such that 𝑓1 (𝑥) is
multiplicatively inequivalent to 𝐹1 (𝑥). Similarly, it is easy to prove that
there exist some 𝑘, 𝑠 such that 𝑓1 (𝑥) is multiplicatively inequivalent to
𝐹2 (𝑥). The proof is complete. �

� 12 The proof of Theorem 10

Proof. Let 𝑘 = 3, 𝑠 = 2, then 𝑓2 (𝑥) = 𝑥12·2𝑚+1 + 𝑥10·2𝑚+3 + 𝑥8·2𝑚+5 +
𝑥5·2𝑚+8 + 𝑥4·2𝑚+9 + 𝑥3·2𝑚+10 + 𝑥2·2𝑚+11 + 𝑥2𝑚+12 + 𝑥13 has nine terms
since 𝑚 > 2. According to the proof of Theorem 9, it is obvious that
there exist some 𝑘, 𝑠 such that 𝑓2 (𝑥) is multiplicatively inequivalent to
𝐹1 (𝑥) and 𝐹2 (𝑥). The proof is complete. �

� 13 The proof of Theorem 11

Proof. Let 𝑘 = 3, 𝑠 = 0, then 𝑓3 (𝑥) = 𝑥6·2𝑚+1 + 𝑥5·2𝑚+2 + 𝑥3·2𝑚+4 +
𝑥2·2𝑚+5 + 𝑥7 has five terms since 𝑚 > 2. According to the proof of
Theorem 9, it is obvious that there exist some 𝑘, 𝑠 such that 𝑓3 (𝑥)
is multiplicatively inequivalent to 𝐹1 (𝑥) and 𝐹2 (𝑥). The proof is
complete. �

� 14 The proof of Theorem 12

Proof. Let 𝑤 be an integer with 1 ≤ 𝑤 ≤ 2𝑚, then 𝑤 =
∑𝑚−1
𝑖= 𝑗+1 𝑤𝑖2𝑖 +

2 𝑗 , where 𝑤𝑖 ∈ {0, 1} and 𝑗 is the minimum 𝑖 such that 𝑤𝑖 ≠ 0.
Thus, 𝑤(2𝑚 − 1) =

∑𝑚−1
𝑖= 𝑗+1 𝑤𝑖2𝑖+𝑚 + 2 𝑗 (2𝑚 − 1 − ∑𝑚−1

𝑖= 𝑗+1 𝑤𝑖2𝑖− 𝑗 ).
Now consider the Hamming weight of 𝑤(2𝑚 − 1). It is obvious that
𝑤𝑡2 (

∑𝑚−1
𝑖= 𝑗+1 𝑤𝑖2𝑖+𝑚) = 𝑤𝑡2 (𝑤)−1 and𝑤𝑡2 (2𝑚−1−∑𝑚−1

𝑖= 𝑗+1 𝑤𝑖2𝑖− 𝑗 ) =
𝑚 − (𝑤𝑡2 (𝑤) − 1). Since 2 𝑗+𝑚+1 > 2 𝑗+𝑚, it follows that 𝑤𝑡2 (𝑤(2𝑚 −
1)) = 𝑤𝑡2 (𝑤)−1+𝑚−(𝑤𝑡2 (𝑤)−1) = 𝑚. Thus, 𝑤𝑡2 (𝑤(2𝑚−1) +1) ≤
𝑚 + 1. Therefore, the algebraic degree of 𝐹1 (𝑥) and 𝐹2 (𝑥) is less than
or equal to 𝑚 + 1.

Let 𝑘 = 1 and 𝑠 = 22𝑚−1 − 3, then there exists a term 𝑥22𝑚−3 in
𝑓1 (𝑥). Since 𝑤𝑡2 (22𝑚 − 3) = 2𝑚 − 1, the algebraic degree of 𝑓1 (𝑥) is
2𝑚 − 1. Note that 2𝑚 − 1 > 𝑚 + 1. Thus, 𝑓1 (𝑥) has different algebraic
degree from 𝐹1 (𝑥) and 𝐹2 (𝑥). The proof is complete. �

� 15 The proof of Theorem 13

Proof. According to the proof of Theorem 12, the algebraic degree
of 𝐹1 (𝑥) and 𝐹2 (𝑥) is less than or equal to 𝑚 + 1. Let 𝑘 = 1 and
𝑠 = 22𝑚−1 − 3, then there exists a term 𝑥22𝑚−3 in 𝑓2 (𝑥). Since
𝑤𝑡2 (22𝑚 − 3) = 2𝑚 − 1, the algebraic degree of 𝑓2 (𝑥) is 2𝑚 − 1. Note
that 2𝑚 − 1 > 𝑚 + 1. Thus, 𝑓2 (𝑥) has different algebraic degree from
𝐹1 (𝑥) and 𝐹2 (𝑥). The proof is complete. �

� 16 The proof of Theorem 14

Proof. According to the proof of Theorem 12, the algebraic degree of
𝐹1 (𝑥) and 𝐹2 (𝑥) is less than or equal to𝑚+1. Let 𝑘 = 2𝑚−1 and 𝑠 = 0,
then there exists a term 𝑥22𝑚−1−1 in 𝑓3 (𝑥). Since 𝑤𝑡2 (22𝑚−1 − 1) =

2𝑚−1, the algebraic degree of 𝑓3 (𝑥) is 2𝑚−1. Note that 2𝑚−1 > 𝑚+1,
thus, 𝑓3 (𝑥) has different algebraic degree from 𝐹1 (𝑥) and 𝐹2 (𝑥). The
proof is complete. �
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