B 1 The proof of Theorem 1
Proof. According to Lemma 1, f(x) = x

75 g(x91) permutes F,2

if and only if both ged(r + 5,4 — 1) = 1 and x"*g(x)9~! permutes
Hg+1- Thus, we only need to prove the permutation property of the
polynomial x”+5g(x)4~! over Mg+l

r+s

By substituting g(x) = g1 (x)ga(x) intox"*5g(x)9~!, we can obtain

r+s q-1 _ res 804 _ IS (g1(x)g2(x))? 1
T = T s m

over pgy1 and aiq = as—_j, it follows that

Since x4 = x~!

N
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According to the equation (1) and the equation (2), we can get

res 8109809 L g1(x)9g2(x)

xr+sg(x)q—l —x —x )
g1(x)ga2(x) g1(x)ga(x)
Note that g (x) has no root in gg41. Then,
q
xr+sg(x)q—l _—; g1(x) zxrgl(x)q—l.

g1(x)

Since x" g1 (x)4! permutes Hg+1, it follows that x+$ g(x)27! per-
mutes (441 The proof is complete. O

H 2 The proof of Theorem 2
Proof. According to Lemma 1, f(x) = x"~Sg(x9~!) permutes Fp
if and only if both ged(r — 5,4 — 1) = 1 and x” ~Sg(x)9~! permutes
Hg+1- Similar to the proof of Theorem 1, we only need to prove the
permutation property of the polynomial x”~5g(x)9~! over Hg+l-
According to the proof of Theorem 1, the equation xSg;(x)4 =
g2(x) holds. Since g(x) = g1(x)g2(x) and g2 (x) has no root in pg41,
it follows that

xr—sg(x)q—l e~ g(x)? =y g1(x)9g2(x)
g(x) g1(x)ga(x)9
q
_ 81078 (x) _ g1 (0)d-.
g1(x)g2(x)
Since x" g (x)97! permutes g1, it follows that X Sg(x)d1 per-

mutes 441. The proof is complete. O

B 3 The proof of Theorem 3

241 4 x4+ 1 and x5 + x5 + 1 by g,(x) and g5(x),

Proof. Denote x
respectively. Then the polynomial /1 (x) = g1 (x)g2(x).

Firstly, we will prove that g, (x) has no root in pym, 1. Assume that
there exists @ € ppm, such that @% +a+1 = 0. Then it is obvious
that @ # 0 and @ # 1. By substituting @ = « + 1 into the equation
>+a+1=0 wecangeta(a+1)+1=a’+1=0. Since m is
even, it follows that ged(3, 2™ + 1) = 1. Then, the equation @3 +1 = 0
only has one solution @ = 1 in upm, |, which is contradict to o # 1.

Thus, the equation x2

+x + 1 = 0 has no solution in pym,i. For all
X € pomy1, X5 € promyq, thus g2 (x) = x25 + x5 + 1 = 0 has no solution

in pomy;.

. k .
Now we will prove that X2+l g1 ()c)zm_1 permutes pom,q. Since

ged(2K—1,2741) = 1, it follows that x>+ g1 (1) 2”1 = %
permutes pom, 1 by Lemma 2. W
Since g, (x) has no root in uym, and x2k+1g1(x)2'"—1 permutes
Homy1, the polynomial fi(x) = 22y 1(x2" 1) permutes Foom if
and only if ged(2% +2s+1,2™ — 1) = 1 according to Theorem 1. The

proof is complete. O

B 4 The proof of Theorem 4
Proof. Denote ¥ +x+1 and x> + x5 + 1 by gi(x) and gr(x),
respectively. Then the polynomial £, (x) = g1 (x) g2 (x).

According to the proof of Theorem 3, the equation g (x) = x5
x% + 1 = 0 has no solution in uym, . Since ged(2X +1,2" +1) =1,

. k m 2kyy, ok
it follows that x2 *lg; (x)2"~! = ﬁ permutes ppym4; by
Lemma 3.
. kine m_
Therefore, the polynomial f>(x) = x2 *25+1p, (x2" 1) permutes

Fyom if and only if gcd(2% + 25+ 1,2 — 1) = 1 by Theorem 1. The
proof is complete. O

B 5 The proof of Theorem 5

Proof. Denote x2

+x+1by g2(x). According to the proof of Theorem
3, the equation g, (x) = x2 +x + 1 = 0 has no solution in pym,|. Now
consider two cases.

Case 1: k is even.

Denote x>*1 4 x + 1 by g1(x). Then h3(x) = g1(x)/g2(x) be-
cause k is even. Since gcd(Zk - 1,2™ + 1) = 1, it follows that

k.. B k _ okpr, 2k
K@D g (1271 = (2 (1271 o e 4 permyges
x25 e x+1

Hom 1 by Lemma 2.

Case 2: k is odd.

Denote x2* + x + 1 by g1(x). Then h3(x) = gi(x)/g2(x) be-
cause k is odd. Since gcd(2k +1,2™ + 1) = 1, it follows that

. k k
x2k+s(2m+l)+1gl(x)2m—l :x2k+1g1(x)2’"—l — X2 X 4x

- ermutes
x2K px+l P

Hom41 by Lemma 3.

Therefore, the polynomial f5(x) = x2k+s<2m+1)_1h3 (x2"=1y per-
mutes Fy if and only if ged(2% +s(2™ + 1) - 1,27 — 1) = 1 by
Theorem 2.The proof is complete. O

B 6 The proof of Lemma 5

Proof. According to Definition 1, vy (x) is the compositional inverse
of uy(x)ifu;(vi(x)) =vi(u;(x)) = xin uymy. Itiseasy to conclude
that uj (vi(x)) = vi(u;(x)) since t = =2 (mod 2" + 1). Note that

x2"*+1 = x in ppm4,. Thus,

k
(v109) x +x2 41 PR |
ur(vi(x)) = =
11 xt2k+t+xt+1 22" 21 4 ]
_)c(xzm_1 +1 +x2m) B

o2l

12k 4t

The proof is complete. O

B 7 The proof of Lemma 6
Proof. According to Definition 1, v, (x) is the compositional inverse of
up (x) if up(vo(x)) = vp(up(x)) = x in pomyq. It is easy to conclude



that uy(vo(x)) = vo(ua(x)) since t = 2 (mod 2™ + 1). Note that

2"+ = x in pym, ;. Thus,

k k
AZH L2t Bax+x? x(xZ+1+x)
uz(v2(x)) = T = 5 = 5 =
X2 1 xt 41 x+x%+1 x+xt+1
The proof is complete. O

B 8 The proof of Theorem 6
Proof. In the cycilc subgroup ppm 1, the polynomial

K —
x2 +2s+1h1 (x)2’" 1

can be written as

k k . k k
a2+ DX xS+ 1) a2 x4
(4 x+ 1) (a2 +x5 + 1)

21

Then fl_l (x) can be concluded by Lemma 4 and Lemma 5. The proof
is complete. O

B 9 The proof of Theorem 7
Proof. Similar to the proof of theorem 6, the polynomial

k
)C2 +2S+1h2(x)2m—1

can be written as . .
X224 x
2 rx+1
over pipmy1. Then f° !(x) can be concluded by Lemma 4 and Lemma

6. The proof is complete. O

H 10 The proof of Theorem 8
Proof. Note that k = 2m — 1 is odd. Similar to the proof of theorem
6, the polynomail

x2k+s(2m+1)—1h3 (x)zm—1

can be written as

k
2 v x

K2
2 x4l
over ppm,1. Then f3_l (x) can be concluded by Lemma 4 and Lemma

6. The proof is complete. O

H 11 The proof of Theorem 9
Proof. For any positive integer n and any o, 8 € F

2]

m> the polynomial

«@F1(Bx™) is a monomial or a trinomial over F,2,. However, there
exist some k, s such that fj(x) has more terms than aF) (Bx™). For
example, let k = 3,5 = 2, then fj (x) = x132" 4 x 112742 £ (92744 |
x5<2’"+8 +x4~2'”’+9 +x3'2”"+10 +x2-2’"+11 +x2m+12 +x13 has nine terms
since m > 2.

According to Definition 2, there exist some k, s such that fj (x) is
multiplicatively inequivalent to F (x). Similarly, it is easy to prove that
there exist some k, s such that fj (x) is multiplicatively inequivalent to

F>(x). The proof is complete. O

W 12 The proof of Theorem 10

Proof. Letk =3,s =2, then fo(x) = x122"+1 4 x 102743 | (8245
L5242 | 3:2M410 | 2211 (2412 4 113 b nine terms
since m > 2. According to the proof of Theorem 9, it is obvious that
there exist some k, s such that f;(x) is multiplicatively inequivalent to

F1(x) and F,(x). The proof is complete. O

H 13 The proof of Theorem 11

Proof. Let k = 3,5 =0, then f3(x) = x02"+1 4 x> 2742 4 (3:27+4
x22"+5 4 %7 has five terms since m > 2. According to the proof of
Theorem 9, it is obvious that there exist some k,s such that f3(x)
is multiplicatively inequivalent to Fj(x) and F,(x). The proof is

complete. O

H 14 The proof of Theorem 12

Proof. Letw be an integer with 1 < w < 2™ thenw = Z;’;}ll wi2l+
2/, where w; € {0,1} and j is the minimum i such that w; # O.
Thus, w(2™ — 1) = 2;’;;11 w2+ L 2f(m ] - z;’;;il wi2i70),
Now consider the Hamming weight of w(2™ — 1). It is obvious that
wzz(zy;;il Wwi2HM) = iy (w)—1 andwtz(2m—1—2ﬁ;il w277y =
m — (wip(w) = 1). Since 27*m+1 5 27+m it follows that wiy (w (2™ —
1)) = wir(w)—1+m—(wta(w)—1) = m. Thus, wir (w(2™-1)+1) <
m + 1. Therefore, the algebraic degree of F(x) and F>(x) is less than

or equal tom + 1.

Letk =1 and s = 221 — 3, then there exists a term x22m_3 in
fi1(x). Since wp (22" — 3) = 2m — 1, the algebraic degree of fj (x) is
2m — 1. Note that 2m — 1 > m + 1. Thus, fj (x) has different algebraic
degree from Fj(x) and F(x). The proof is complete. O

B 15 The proof of Theorem 13

Proof. According to the proof of Theorem 12, the algebraic degree
of Fi(x) and F,(x) is less than or equal to m + 1. Let k = 1 and
s = 22m=1 _ 3 then there exists a term 23 in fr(x). Since
Wiy (22" — 3) = 2m — 1, the algebraic degree of f>(x) is 2m — 1. Note
that 2m — 1 > m + 1. Thus, f>(x) has different algebraic degree from
F)(x) and F>(x). The proof is complete. O

H 16 The proof of Theorem 14

Proof. According to the proof of Theorem 12, the algebraic degree of
F1(x) and F5(x) is less than or equal tom+1. Letk =2m—1ands =0,
2=l f3(x). Since wiy(22m-1 — 1) =
2m—1, the algebraic degree of f3(x) is 2m—1. Note that 2m—1 > m+1,
thus, f3(x) has different algebraic degree from F(x) and F,(x). The
proof is complete. O

then there exists a term x
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