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Abstract The facility Location and Capacity Acquisition
Problem (LCAP) is one of the most widely used groups in
operations research and has been extensively used for health-
care, emergency center locating, etc. The allocation of cus-
tomers to facilities is mainly based on the Euclidean distance
between customers and facilities in previous studies. How-
ever, in addition to the distance, the attraction of facilities
also depends on some features, such as the scale and service
level in the retail store locating. To this end, a continuous
model for the LCAP with dense demand is proposed in this
paper, where in addition to the distance, these features, char-
acterized by the weighting coefficients, are taken into con-
sideration, which help to describe the real attraction process
of facilities. Furthermore, a power diagram based algorithm
is developed to solve the LCAP, in which the allocation de-
cisions are determined based on the power diagram. On the
one hand, the gradient descent method is applied to optimize
the weighting coefficients of facilities. On the other hand,
Lloyd’s method is employed to update the location of each
facility. Computational results demonstrate the effectiveness
of our proposed method.

Keywords Location-allocation problem, facility location,
capacity acquisition, power diagram, dense demand

1 Introduction

The Location-Allocation Problem (LAP) is one of the clas-
sic problems in operations research, which is widely used
in practical applications, such as the blood supply chains,
healthcare, clustering problems, and the emergency center
locating, etc. Cooper [1] first introduces the basic concepts
of the LAP, which locates a set of new facilities such that
the transportation cost from facilities to customers is min-
imized. Recently, a more generalized version of the LAP
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has been introduced, called the facility Location and Capacity
Acquisition Problem (LCAP), which is essential to real-word
firms, e.g. the retail store locating, cloudlet placement for
mobile edge computing [2], and automotive service firms lo-
cating [3], which mainly involves the issues of where to build
facilities, how much capacity to acquire, and which parts of
the market region each facility should serve.

There are roughly two categories of methods to investigate
the LCAP models. The first one is the discrete model, and
the other one is the continuous model. For the former model,
probability distribution functions, such as Poisson distribu-
tion and Normal distribution, are used to estimate the de-
mands of customers. Different from the former model, dense
demands, represented by the approximation continuous func-
tions, are considered in the latter model.

Existing research algorithms have certain limitations for
the LCAP with continuous model. Iri et al. [4] introduce
a Voronoi diagram based algorithm for the LCAP. Murat et
al. [5] propose a vertex-based iterative algorithm to solve the
LCAP, which requires much more time consuming as com-
pared with the previous algorithms. However, the allocation
decisions are determined based on the Euclidean distance in
the above algorithms, which cannot well express the attrac-
tion process in some real-world applications. For instance,
the attraction of facilities is closely related to the scale and
service level of facilities in the retail store locating. Bourne
et al. [6] present an iterative algorithm for the LCAP with uni-
form dense demand. In addition to the distance, the attraction
of facilities depends on a set of features, which are character-
ized by the weighting coefficients [7]. However, due to the
diverse demands of customers, these demands are often ran-
domly distributed, so modeling demands as a general dense
demand is more preferable in practical applications, instead
of uniform dense demand [5].

Therefore, we propose a power diagram based iterative
method for the LCAP with general dense demand, in which
the gradient descent method is employed to update the weight-
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ing coefficients of facilities, and Lloyd’s method is applied to
optimize the location of each facility. The main contributions
of this work are summarized as follows:

1) introducing a continuous model for the LCAP, in which
the transportation cost is a non-linear function of the
Euclidean distance.

2) employing the power diagrams to determine the allo-
cation decisions with general dense demand.

3) developing a novel iterative method to solve the LCAP
with dense demand, which is fast and efficient.

The remainder of this paper is organized as follows. Sec-
tion 2 briefly reviews the related work. Section 3 introduces
the continuous model for the LCAP. The allocation method
and iterative algorithm are presented in Section 4. Section 5
illustrates some computational results and some conclusions
are given in Section 6.

2 Related work
In recent years, many studies have been conducted on the
LAP and its variants, which can be classified into two cate-
gories. The first one is the discrete model, and the other one is
the continuous model. For the former model, probability dis-
tribution functions, such as Poisson distribution and Normal
distribution, are used to estimate the demands of customers.
Different from the former model, dense demands, represented
by the approximation continuous functions, are considered in
the latter model. Table 1 presents a classification of the exist-
ing methods of the LAP and its variants.

Table 1 A classification of the existing method of the LAP and its vari-
ants.

Methods Type Model Capacity
Fernandez et al. [8] LAP DM UC

Lin [9] LAP DM UC
Li et al. [10] LAP DM UC

Ankrah et al. [11] LAP DM UC
Zhou et al. [12] LAP DM UC
Murat et al. [5] LCAP CM C

Marucheck et al. [13] LAP CM UC
Wang et al. [14] LAP CM UC
Yin et al. [15] LAP DM C

Harris et al. [16] LAP DM C
Liu et al. [17] LAP DM UC

Grine et al. [18] LAP CM UC
Dasci et al. [19] LCAP CM UC

Iri et al. [4] LCAP CM UC
Murat et al. [20] LCAP CM UC
Turken et al. [21] LAP CM UC

DM: Discrete model; CM: Continuous model
UC: Uncapacitated; C: Capacitated

For the discrete model, early studies model the LAP on the
basis of scenarios [8]. Besides, the uncertain demands can be
estimated by probability distribution, so as to achieve a more
general discrete model. Lin [9] employs Poisson distribution
to demonstrate these demands, while Normal distribution is
applied in [10]. However, the distribution of customers may
be unfixed in some practical applications, instead of fixed in

the previous studies. Ankrah et al. [11] introduce the LAP
with dynamic customer, in which customers move over time.
Furthermore, Zhou et al. [12] model the LAP with fuzzy de-
mands, and three types of fuzzy programming models are
proposed, which can effectively solve the LAP. The optimal
solution can be obtained in the previous studies with small
demands, nevertheless, more time consuming is required in
the computation process with the increasing of demands.

However, due to the difficulty of predicting the demands
of customers in the discrete model, these demands are mod-
eled as approximation continuous functions (“demand den-
sity functions”) in other studies, which can be divided into
uniform and general demand densities based on the type of
demand density function. In the case of uniform dense de-
mand, Maruchek et al. [13] consider the uniform dense de-
mand on the rectangular regions and propose a branch-and-
bound algorithm for the LAP. However, due to the diverse
demands of customers, these demands are often randomly
distributed, so modeling these demands as a general demand
density is more preferable. Joseph et al. [22] introduce the
population density patterns by both the monocentric and poly-
centric models, and Wang [14] proposes the two-stage LAP
of multiple facilities with curved demands, and applies it to
the West-to-East natural gas transmission project, which can
effectively obtain the optimal solutions.

Furthermore, some researchers focus on the capacitated
LAP, in which the capacities of facilities are limited. Yin
et al. [15] propose a capacitated LAP model to minimize the
cost of allocating facilities, and an evolutionary bi-objective
approach to the capacitated facility location problem is de-
scribed in [16]. However, setting the preset capacities of
facilities may be difficult in practical applications, such as
the retail store locating and automotive service firms locat-
ing [17], etc. Some studies turn to the uncapacitated LAP,
where the capacities of facilities are limitless. Grine et al.
[18] propose an effective metaheuristic algorithm for solving
the uncapacitated single allocation p-hub median problem.

Recently, a more generalized version of the LAP, called
the LCAP, is illustrated in [19]. Iri et al. [4] introduce a
Voronoi diagram based algorithm for the LCAP, and an equiv-
alent dynamic programming formulation that prioritizes al-
location decisions is introduced in [20]. Besides, Murat et
al. [5] propose a vertex-based iterative algorithm to solve the
LCAP, which requires much more time consuming as com-
pared with the previous algorithms. However, the allocation
decisions are determined based on the Euclidean distance in
the above algorithms. In addition to the distance, the attrac-
tion of facilities is closely related to the scale and service level
of facilities in the real-world applications, such as the retail
store locating, etc. Turken et al. [21] analyses the impact
of factors, such as the and command-and-control and carbon
tax, on the facility location decision.
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3 Continuous model for the LCAP
In this section, we describe the continuous model for the
LCAP in detail. Furthermore, we reformulate our model as a
multi-facility locating problem.

3.1 Problem description

Consider a market region M ⊂ R2 in the convex polygon
shape, over which a large number of customers are distributed,
which are modeled as a spatial density function ρ(x). Let
X = {xi}

n
i=1 denote the coordinates of n independent facilities,

where xi = (xi, yi) ∈ M represents the location of i-th facility.
The market region M is therefore partitioned into n disjoint
subregions (called “service regions”) R = {Ri}

n
i=1, and service

region Ri is assigned to the facility located at xi. Based on the
previous studies on the LCAP, the total cost has three main
components in our model: (1) the annualized fixed cost Fi,
(2) the capacity acquisition cost fi, and (3) the transportation
cost Ci. A multi-objective optimization continuous model is
built to find the optimal solution as follows:

min
X, R

ELCAP =

n∑
i=1

{Fi + fi + Ci} (1)

3.2 Fixed cost

The annualized fixed cost can be considered as the required
cost before constructing a new facility, e.g. the cost of pur-
chasing or renting, etc. Therefore, the annualized fixed cost
is closely related to the location of each facility, and the an-
nualized fixed cost of i-th facility is F(xi) = Fi(xi).

3.3 Capacity acquisition cost

The capacity acquisition cost is vital characteristic in the LCAP,
which can be considered as the cost of building or running the
facilities. The total demand within the service region Ri can
be represented by mi =

∫
Ri
ρ(x)dx. Based on the description

in [20], the capacity acquisition cost fi = f (xi,mi) of the i-th
facility is assumed to depend on both the location xi and the
allocated demand volume mi:

f (xi,mi) = k(xi) + a(xi)mi + b(xi)mα
i , f or i = 1, 2, ..., n

(2)
where k(xi) is the annualized fixed cost of the capacity acqui-
sition cost. The coefficients a(xi) and b(xi) are both the an-
nualized variable capacity acquisition cost per unit demand.
Exponent α represents the economies (0 < α < 1) or disec-
onomies (α > 1).

3.4 Transportation cost

The LCAP aims to reasonably locate a set of new facilities
to meet the demands of customers in the market region M.
Distribution in each service region Ri is based on the direct
shipping where each customer receives a single delivery. Let

d(xi, x j) denote the distance between xi and x j based on the
Euclidean metric. We assume that the transportation cost be-
tween xi and x j in the market region can be approximated by
ϕ(xi, x j) = Φ(d(xi, x j)). Consequently, the transportation cost
(or distance cost) Ci = C(xi,Ri) of the facility located at xi

and assigned service region Ri in our model is formulated as
follow:

C(xi,Ri) =

∫
Ri

ρ(x)ϕ(xi, x j)dx (3)

Previous studies focus on the linear relationship between
the transportation cost and the Euclidean distance, that is,
Φ(d(xi, x j)) = Ad(xi, x j) + B, where A and B are constants.
However, Iri et al. [4] introduce that a customer in the ser-
vice region Ri would enjoy a service of the i-th facility and
the cost for him to get access to the facility can be expressed
as a function (ordinarily, monotone increasing, and even con-
vex) of the Euclidean distance. Therefore, the complexity of
the urban traffic and the physical power of people are taken
into account in our model, and we assume that the relation-
ship between transportation cost and the Euclidean distance
is non-linear. For simplification, the transportation cost is de-
fined as follow:

ϕ(xi, x j) = Φ(d(xi, x j)) = c||xi − x j||
2 (4)

where ||xi − x j|| =
√

(xi − x j)2 + (yi − y j)2 represents the Eu-
clidean distance, and c is a constant coefficient used to de-
scribe the transportation cost per unit. With Eq. (4), we can
observe that the transportation cost per unit increases with the
increasing of the Euclidean distance under the complex exter-
nal situations. Consequently, the transportation cost C(xi,Ri)
of the i-th facility in the market region M can be reformulated
as follow:

C(xi,Ri) = c
∫

Ri

ρ(x)||xi − x j||
2dx (5)

3.5 Simplification

In what follows, we simplify the LCAP based on some as-
sumptions, and the model in Eq. (1) is reformulated as a
multi-facility problem, so that it can be solved in an itera-
tion way. We assume that the number of facilities is an ex-
ogenous decision, that is, the number of facilities is preseted
in our model. Based on the simplification in [5], we select
F(xi) = F, k(xi) = k, a(xi) = a, and b(xi) = b, whereas F, k,
a, and b are constants. Furthermore, the LCAP is to locate a
set of new facilities to meet the demands of customers in the
market region M, and the sum of customers’ demands in all
service regions is equal to the demand volume of the whole
market region M:

n∑
i=1

mi =

∫
M
ρ(x)dx (6)
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Fig. 1 Three allocation strategies based on geometric structure. The dots represent the location of facilities, wi show the weighting coefficients, and the facet
formed by red segments denote the allocation decision of the corresponding facility. (a) ordinary Voronoi diagram; (b) multiplicatively weighted Voronoi
diagram; and (c) power diagram.

Accordingly, we can simplify the LCAP and further reformu-
late the model in Eq. (1) as:

min
X, R

ELCAP =

n∑
i=1

{bmα
i + c

∫
Ri

ρ(x)||xi − x j||
2dx}

where mi =

∫
Ri

ρ(x)dx
(7)

The first term in Eq. (7) is called the capacity acquisi-
tion cost, whereas the second term is represented as the trans-
portation cost between customers and facilities. The simpli-
fied term in Eq. (1) is reformulated as the fixed cost. As
we know, due to the joint location and allocation decisions,
the LCAP is non-convex, which can hardly be solved. In the
next section, we propose an iterative method for solving the
LCAP.

4 Methodology
We now introduce the allocation method and present an equiv-
alent formulation. Furthermore, an iterative method is pro-
posed for solving the LCAP.

4.1 Allocation method

As mentioned above, both the location and allocation deci-
sions are strategic decisions in the LCAP. Previous studies
focus on the allocation decisions based on the Euclidean dis-
tance between customers and facilities, such as delivery ser-
vices and door-to-door services, in which Voronoi diagrams
are used to investigate the properties of allocation decisions
[4]. Based on the Voronoi diagram, the allocation decisions
are determined according to the following definition:

Ri = {x ∈ M| ||x − xi|| ≤ ||x − x j||, ∀ j , i} (8)

However, there are some situations where the Euclidean
distance cannot well express the attraction process of each
facility, such as the retail store locating. In addition to the dis-
tance, the attraction of facilities depends on a set of features,
such as the scale and service level of facilities, which are

characterized by the weighting coefficients W = {wi}
n
i=1 [7].

For instance, the larger scale and the higher service level of
facility, the greater the weighting coefficient, which means
that more customers will be attracted, and the larger service
region will be assigned to it. Some weighted Voronoi di-
agrams [23] can be more useful for identifying and char-
acterizing these features, such as multiplicatively weighted
Voronoi diagrams, as shown in Fig. 1(b). A set of weighting
coefficients W = {wi}

n
i=1 (also called “weights”), are applied

in these diagrams, such that the service region Ri increases
with the weight wi. Note that the weighted Voronoi diagrams
will degenerate to the ordinary Voronoi diagram when all the
weights are equal [24]. In addition, as shown in Fig. 1(b),
the service region Ri defined by the bisector between xi and
x j may be non-convex, which may result in holes in the opti-
mization process [25], that is, there may be some customers
having no facility to provide services for them. Furthermore,
more time consumption is required for computing the multi-
plicatively weighted Voronoi diagram.

As an extension of Voronoi diagrams, power diagrams [23]
play an essential role in solving this problem, as shown in
Fig. 1(c). An important characteristic of power diagrams is
that the resulting partitions are always convex, and the bisec-
tors are straight lines. Furthermore, power diagrams have the
characteristics of precise capacity constraints. Therefore, the
allocation decisions are determined based on the power dia-
grams as follow:

Ri = {x ∈ M| ||x − xi||
2 − wi ≤ ||x − x j||

2 − w j, ∀ j , i} (9)

Consequently, the strategic decisions based on the power
diagram are actually the facility locations and weighting co-
efficients (or “weights”) decisions.

4.2 Power diagram-based iterative method

We apply the power diagrams to determine the allocation de-
cisions in this paper, where the weighting coefficients W =

{wi}
n
i=1 characterize the attraction of facilities. First of all, we

present some definitions and concepts here. Let X = {xi}
n
i=1

denote the location of facilities to be located in the market
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region M, R = {Ri}
n
i=1 are the service regions allocated to fa-

cilities. Assume that the population distribution (or demand
distribution) in the market region can be represented by a den-
sity function ρ(x), and the total demand of service region Ri

is mi. Additionally, ei j denotes the regular edge between two
adjacent facilities xi and x j. e∗i j represents the dual edge sep-
arating the service regions Ri and R j, and Ωi denotes the set
of facilities adjacent to the i-th facility. Fig. 2 illustrates a
power partition of a rectangle market region with ten facili-
ties. From the results we observe Ω4 = {1, 2, 3, 5, 6, 8}, and
Ω6 = {3, 4, 7, 8, 10}.

Fig. 2 Service regions of ten facilities based on power diagrams.

As soon as the location decisions and weights are decided,
the solutions can be easily obtained. In this paper, an effec-
tively iterative method is introduced, where two key opera-
tions are: (1) finding the optimal weights W of facilities us-
ing the gradient descent method; and (2) employing Lloyd’s
method to optimize the location X of facilities.

4.2.1 Weight optimization

In what follows, we analyze the optimization process of weights
of facilities when the location of each facility is given. When
the location of each facility is fixed, the optimization pro-
cess of weights of facilities can be considered as a univariate
function optimization process. We provide an equivalent for-
mulation of Eq. (7) as follow:

min
W

ELCAP =

n∑
i=1

bmα
i + c

∫
Ri

ρ(x)||x − x∗i ||
2dx

s.t. x∗i = arg min
xi
{bmα

i + c
∫

Ri

ρ(x)||x − xi||
2dx}

(10)

As mentioned above, given the location of each facility,
the LCAP aims to find the weights of facilities to minimize
the total cost in Eq. (10). We adopt the gradient descent
method to update the weights of facilities, in which the back-
tracking line search method is applied to compute the optimal
step size to minimize the total cost. To this end, we derive the
gradient of the total cost in Eq. (10). According to the gen-
eral Leibniz rule [26], the derivation of the total cost ELCAP

w.r.t. weight wi of facility i can be computed as follow:

∇wi ELCAP =
∑
j∈Ωi

[αb(mα−1
j − mα−1

i ) + c(w j − wi)]∇wi m j (11)

As described in [27], the derivation ∇wi m j can be computed
as follow:

∇wi m j = −
ρ̄i j

2
·
|e∗i j|

|ei j|
(12)

where the average value of the field ρ(x) over e∗i j is referred
as ρ̄i j. The gradient of the total cost ELCAP with respect to wi

is provided in the appendix A.

4.2.2 Location optimization

Given a set of service regions, the LCAP can be reduced to
the p-median problem, which locates a set of facilities to min-
imize the total cost between customers and facilities. Existing
studies have been conducted to solve the p-median problem,
and indicate that the transportation cost is minimized when
each facility is located at the mass center of the correspond-
ing service region [28]. In this paper, Lloyd’s method is em-
ployed to optimize the location of each facility, that is, the
location of facility i is moved to the mass center x̃i of the
service region Ri according to the following term:

x̃i =

∫
Ri

xρ(x)dx∫
Ri
ρ(x)dx

(13)

4.2.3 Iterative algorithm

Algorithm 1 Iterative algorithm for solving the LCAP

Input: the market region M, demand density function ρ(x),
the number of facilities n, and a threshold ε as the termi-
nation

Output: (X,R)
1: Initialization: set k = 0, X(0) to be n randomly generated

sites, and W = 0
2: repeat
3: Compute the gradient ∇wi ELCAP in Eq. (11)
4: Estimate the step-size ∆t for updating W by the back-

tracking line search method
5: wi = wi + ∆t · ∇wi ELCAP

6: Compute the mass centers x̃ of service regions based
on Eq. (13)

7: Move the facilities to their respective mass centers us-
ing Lloyd’s method

8: k = k + 1
9: Compute the total cost E(k)

LCAP in Eq. (10)

10: until |E
(k)
LCAP−E(k−1)

LCAP |

E(k−1)
LCAP

< ε

Consequently, our method works as shown in Fig. 3. Firstly,
we start from a feasible location X(0) randomly generated in
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the market region M, and the weights W(0) of all facilities are
set to be equal. Assuming X(k), the position in the k-th iter-
ation, is a feasible location as well, and W(k) is the weights
in the k-th iteration. Next, we compute the reduced-gradient
vector based on Eq. (11) and feed it to the backtracking line
seach solver to update W(k) to W(k+1). Meanwhile, Lloyd’s
method is applied to update X(k) to X(k+1) based on Eq. (13).
Thus, the (k + 1)-th iteration yields the next position X(k+1)

and weights W(k+1). The iterative process is repeated until
the termination condition is satisfied. The pseudocode of our
method is given in algorithm 1.

Input: the market region M, 

demand density function ρ(x) , 

facility number n, a threshold  

Set k = 0, X(0) denotes n randomly 

generated sites, and W=0

Update W(k) by using the 

gradient descent method

Optimize locations X(k) based 

on the Lloyd s method

Set k = 0, X(0) denotes n randomly 

generated sites, and W=WW 0

Update W(k)kk by using the 

gradient descent method

Initialization

Weight optimization

Optimize locations X(k)kk based 

on the Lloyd s method

Location optimization

Compute the total cost ELCAP

Satisfy termination 

condition  ?

Output: Facility locations X and 

weights W

N

Y

Fig. 3 Overview of our iterative algorithm.

4.3 Step size revision

In the above, the gradient descent method is used for updating
the weights of facilities, where the backtracking line search
method is applied to find the optimal step size to minimize
the total cost. However, in the line-search process, the impact
of excessive step size on the power diagram construction is
ignored. The service region of some facilities may be empty
when the step size is too large. As shown in Fig. 4, there
are five points representing the retail stores. Each retail store
has associated features, represented by the weight. The com-
putation result of the service region Ri with appropriate wk is
demonstrated in Fig. 4(a), while Fig. 4(b) shows the compu-
tation result with inappropriate wk.

There may be some empty service regions in the power
diagram construction when using the backtracking line search
method to find the optimal step size to minimize the total cost.
To solve this issue, the too large step size is revised in our

(a) (b)

Fig. 4 Computation of the service region Ri with different weight wk . (a)
appropriate weight wk; (b) inappropriate weight wk .

method as follow:

∆wi = ∆t′ · ∇wi ELCAP = β · ∆t · ∇wi ELCAP (14)

where 0 < β < 1 is the adjustment ratio, ∆t represents the
original step size found by the backtracking line search method,
and ∆t′ denotes the revised step size. As we know, the empty
service region is associated with the weights of the adjacent
facilities in the process of constructing power diagrams. There-
fore, the empty service region can be avoided by reducing the
variance of the weights.

5 Experiments
In this section, we present the computational results to ver-
ify the efficiency of our proposed method, and investigate the
influence of different parameters in our experiments. We im-
plement our algorithm in C++, and all the experiments are
performed on a computer with 3.6 GHz Inter(R) Core (TM)
i7-9700K CPU and 16GB memory.

Based on the description in [5, 6], the market region M
is selected as a squared service region with a side length
of 1, and the coefficient b is set to 0.5. Three types of de-
mand densities are considered in our experiments: uniform
(UD), linear (LD), and non-linear (NLD) demand densities.
It is worth noting that Gaussian demand density is a special
case of non-linear demand density, as illustrated in Fig. 5.
The number of facilities to be located in the market region
is chosen from the set {2, 3, ..., 16}. The default value of the
exponent α is 0.5, and the default value of the parameter c
is set to 100. The threshold value ε is fixed at 10−5. To
study the effect of different values of parameters on the re-
sults, the above-mentioned default values are allowed to alter
as α ∈ {0.5, 1, 2}, and c ∈ {75, 100, 125} in our experiments.

It is worth mentioning that the total demand in the mar-
ket region may be different with various demand densities.
To ensure the consistency of the experiments, the demand of
each service region is replaced with the percentage of the to-
tal demand of the market region.

5.1 Computational performance

Since the gradient descent method is used to update the weight
of each facility, the numerical tolerance parameter is criti-
cal for computational performance. We first test the effect of
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(a) LD-1 (b) LD-2 (c) NLD-1 (d) NLD-2 (e) Gaussian

Fig. 5 Linear and non-linear demand density functions used in our experiments. (a)ρ(x, y) = 0.1+1.8x; (b)ρ(x, y) = 1.8−0.9x−0.9y; (c)ρ(x, y) = 0.1+x2+y2;
(d)ρ(x, y) = 0.1 + 2 × [(x − 0.5)2 + (y − 0.5)2]; and (e)ρ(x, y) = 1.8 × e−[(x−0.3)2+(y−0.3)2].

threshold value ε on the computational performance, which
is related to the computation accuracy of the proposed algo-
rithm. Table 2 illustrates the number of iterations and the
computational time of the LCAP with n = 10, and demand
density LD-1, where other parameters are set to the default
values. In our implementation, we start with an initial toler-
ance of 10−2 and reduce it gradually as needed. The threshold
value, shown in the second column, denotes the tolerance pa-
rameter set in the gradient descent method. The last column
represents the actual accuracy, which is defined as follow:

Actual accuracy =
|E(k)

LCAP − E(k−1)
LCAP|

E(k−1)
LCAP

Table 2 Effect of numerical tolerance on the computational performance
(n = 10, and LD-1).

Case no ε Iterations Total time (s) Actual accuracy
1 1.00E-02 8 0.124 8.98E-03
2 1.00E-03 18 0.307 8.34E-04
3 1.00E-04 28 0.477 8.53E-05
4 1.00E-05 36 0.619 7.92E-06
5 1.00E-06 79 2.819 9.97E-07
6 1.00E-07 230 6.220 9.99E-08

We then analyze the effect of various demand densities and
the number of facilities on the computational performance.
For the demand densities, we experiment with three types of
demand densities: uniform (UD), linear (LD) and non-linear
(NLD) demand densities, as shown in Fig. 5. Fig. 6 illus-
trates the computational time for six demand densities and
three different numbers of facilities (n = 4, 8, and 12). The
threshold value ε is fixed at 10−5 in this experiment.

UD LD-1 LD-2 NLD-1 NLD-2 Gaussian
0.0

0.5

1.0

1.5

2.0

2.5
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Fig. 6 Computational time with various demand densities.

From the results in Table 2 and Fig. 6, we can observe
that the threshold value plays an essential role in the compu-
tational performance. The number of iterations and compu-
tational time increase with the threshold value reducing. For
instance, when the threshold value is less than 10−7, there are
hundreds of iterations to be conducted in the iterative algo-
rithm. Furthermore, the computational performance is also
affected by the number of facilities. When the number of
facilities increases, the computational time of the iterative al-
gorithm increases, accordingly. Besides, the computational
results in Fig. 6 demonstrate that demand densities have sig-
nificant impact on the computational time of our proposed
method. Much more time consumption is required for the
LCAP with complex demand densities, as compared to sim-
ple demand densities.

5.2 Analysis

5.2.1 Result analysis

In this section, a comprehensive set of computational exper-
iments are conducted to verify the effectiveness of our pro-
posed method. Based on the results of a set of preliminary
experiments, the optimal values for the fixed cost of a single
facility is set to 0.15 in our experiments. Table 3 illustrates
the computational results of the LCAP with uniform demand
density. In our experiment, the exponent α is 0.5, and the
coefficient c is set to 100. The first column “n” shows the
number of facilities to be located. The column “CAC” de-
notes the capacity acquisition cost as the objective function.
The transportation cost (TC) and fixed cost (FC) are reported
in columns “TC” and “FC”, respectively. The column “SC”
represents the total cost (the sum of CAC, TC, and FC). The
last two columns, labeled as “CAC%” and “TC%”, denote the
percentage of the corresponding cost. Furthermore, for every
solution obtained by our proposed method and reported in
Table 2, we plot the location of facilities in the market region
along with the corresponding power partitions, and depict the
resulting layouts in Fig. 7.

From Table 2 and Fig. 7, we can observe that when the
number of facilities is small, the transportation cost has a
larger of the total cost, whereas the capacity acquisition cost
and fixed cost have a smaller share. In other words, more ma-
terial resources will be consumed on delivery. Note that, as
the number of facilities increases, the transportation cost re-
duces, while the fixed cost and the capacity acquisition cost
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Table 3 Computational results of the LCAP with uniform demand den-
sity.

n CAC TC FC SC CAC% TC%
2 0.707 10.418 0.300 11.425 6.19% 91.18%
3 0.865 6.618 0.450 7.933 10.90% 83.42%
4 1.000 4.167 0.600 5.767 17.34% 72.26%
5 1.115 3.551 0.750 5.416 20.59% 65.56%
6 1.219 3.049 0.900 5.168 23.59% 59.00%
7 1.321 2.564 1.050 4.935 26.77% 51.96%
8 1.413 2.165 1.200 4.778 29.57% 45.31%
9 1.500 1.852 1.350 4.702 31.90% 39.39%
10 1.579 1.706 1.500 4.785 33.00% 35.65%

(a) n = 2 (b) n = 3 (c) n = 4

(d) n = 5 (e) n = 6 (f) n = 7

(g) n = 8 (h) n = 9 (i) n = 10

Fig. 7 Computational results for different numbers of facilities.

get larger.

5.2.2 Exponent analysis

According to the economies of scale theory, different values
of exponent α represent the economies (0 < α < 1) or dis-
economies (α > 1) of scale. The capacity acquisition cost
varing different values of α is presented in Fig. 8(a), where
the slope of the capacity acquisition cost curve represents the
capacity acquisition cost per unit. It can be observed that the
capacity acquisition cost per unit gradually decreases under
economies of scale, while increasing under diseconomies of
scale.

We study the impact of the exponent α on the computa-
tional results. In our experiment, 15 facilities will be lo-
cated in the market region M, where customers are evenly
distributed. The value of exponent α is set to α ∈ {0.5, 1.0, 2.0},
and other parameters are set to the default values. Fig. 8(b-d)
show the resulting layouts with different values of exponent
α, where the red dots denote the location of facilities.

Specially, under the diseconomies of scale (α > 1), the
capacity acquisition cost is minimal when the capacities of
facilities are equal, and the optimal solution can be obtained
when facilities are located at their respective mass centers.
However, the value of exponent α is set to 1.0, which means
that the first term in Eq. (7) is a fixed value. The LCAP
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Fig. 8 Computational results with different values of exponent α.

degenerates to a p-center problem, and it can be solved by
Lloyd’s method.

As the results shown in Fig. 8, we can observe that there
are certain differences in facility location and allocation deci-
sions under different economies models. As mentioned above,
the optimal solution in Fig. 8(d) should be that the capacities
of facilities are equal, and the location of each facility is at its
mass center. According to our calculations, the capacity error
between the solution obtained by our algorithm and optimal
solution is no more than 2%.

5.2.3 Parametric analysis

As we all know, the transportation cost per unit in different
regions varies greatly. For instance, the price per kilome-
ter for taking a taxi is much higher in first-tier city than in
other cities. We study the effect of two other input param-
eters, namely the demand density ρ(x) and the coefficient c.
To this end, some experiments are further conducted by tak-
ing the default value as the input for other coefficients (i.e. α
= 0.5). The coefficient c is set to c ∈ {75, 100, 125}, and the
above-mentioned three types of demand density functions are
also taken into consideration in this experiment. Fig. 9 illus-
trates the total cost for varying numbers of facilities with dif-
ferent demand densities with three different values of c. The
final layout configurations for different demand densities are
shown in Fig. 10 for the LCAP with 12 facilities. Four de-
mand densities are used, including the linear (LD-1, LD-2)
and non-linear (NLD-1, NLD-2) demand densities.

As shown in Fig. 9-10, larger transportation cost result in
substantially higher total cost as the transportation cost in-
creases with larger value of c. As mentioned above, an in-
creasing number of facilities will lead to smaller transporta-
tion cost, and larger capacity acquisition cost. Thus, when the
number of facilities exceeds a threshold (i.e. n = 8 in Fig. 9),
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Fig. 9 Total cost curves with different values of c and various demand densities.

(a) LD-1 (b) LD-2

(c) NLD-1 (d) NLD-2

Fig. 10 Results for 12 facilities with various demand densities.

the total cost of the facility location and capacity acquisition
cost will gradually increase. Meanwhile, both the total cost
and the layout result are affected by different demand densi-
ties. The LCAP with NLD-2 has the largest total cost, while
gets the lowest with LD-1.

5.3 Comparison

To further evaluate our proposed method, we compare the
experimental results obtained by our proposed method with
those obtained by other methods proposed by Iri [4], Mu-
rat [5], and Bourne [6]. To maintain consistency in the ex-
periment, the squared region is selected as the default market
region. Additionally, the number of facilities is 16, and the
threshold value ε is fixed at 10−5. The computational time of
the LCAP obtained by our proposed method and other meth-
ods are reported in Table 4, where α = 0.5 in our proposed
method, a = 1.0 in the method proposed by Murat [5], and
λ = 0.5 in the method proposed by Bourne [6]. Further-
more, three demand densities are considered, and they are
uniform demand density (UD), linear demand density (LD-
1) and non-linear demand density (NLD-1).

It should be mentioned that the capacity acquisition cost is
not considered in [4], which is considered in other methods.
Besides, it is assumed that capacity acquisition cost can be
approximated with a linear function in [5]. With Eq. (6), we
can observe that the capacity acquisition cost in the market
region M is a fixed value. Bourne et. al [6] aim to solve
the LCAP with uniform demand density. Furthermore, the
relationship of transportation cost and the Euclidean distance
is linear in [5], while non-linear in other methods.

Table 4 Performance comparison to other methods with various demand
densities (in seconds).

Methods Allocation strategy Demand densities

VD1 PD2 UD LD-1 NLD-1
Iri et al. [4] X 4.230 4.536 4.457
Murat et al. [5] X 99.890 115.24 103.75
Bourne et al. [6] X 3.321 / /

Proposed method X 2.198 2.199 2.538
1 VD: Voronoi diagram 2 PD: power diagram

To illustrate the difference between the linear and non-
linear relationship of the transportation cost and the Euclidean
distance, the solutions of the LCAP obtained by the method
proposed by Murat et al. [5] and our proposed method are
presented in Fig. 11, where all parameters are set to the de-
fault values in our method. The blue as well as red dots rep-
resent the location of facilities, and each facet formed by seg-
ments denotes the service region assigned to the correspond-
ing facility. Furthermore, the total distance (TD) is computed
as follow:

T D =

n∑
i=1

∫
Ri

ρ(x)‖x − xi‖dx (15)

From Table 4 and Fig. 11, we can observe that our method
outperforms other methods. Much more time consuming is
required to solve the LCAP in other methods as compared
with our proposed methods. The high efficiency of our method
due to the steepest descent method based on the weights, in-
stead of the vertices in the method proposed in [5]. Further-
more, the non-linear relationship of the transportation cost
and the Euclidean distance in the multi-facility location and
capacity acquisition problem may effectively reduce the total
distance, and the solutions obtained by our method is more
symmetrical.
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(a) T D = 10.139 (b) T D = 9.740 (c) T D = 10.871

(a) T D = 9.924 (b) T D = 9.382 (c) T D = 10.694

Fig. 11 Solutions obtained by the method proposed by Murat et al. [5] and
our proposed method. The first row: solutions obtained by the method pro-
posed in [5]. The second row: solutions obtained by our proposed method.
The first column: uniform demand density (UD). The second column: lin-
ear demand density (LD-1). The third column: non-linear demand density
(NDL-1).

5.4 More results

We conduct experiments under three different market regions
to verify the versatility of our proposed method. In our ex-
periments, the market region is set as triangle region, convex
region, and star region. Note that, the demands of customers
in these regions are approximately set to 1. For simiplifica-
tion, the uniform demand density (UD) is selected, and the
number of facilities is fixed at 16, while other input parame-
ters are set to the default values. Fig. 12 illustrates the results
of the LCAP for various market regions, which demonstrate
that our algorithm can be applied to more complex market
regions.

(a) triangle region (b) convex region (a) star region

Fig. 12 Results of the LCAP with various market regions.

To further illustrate the feasibility of our proposed method
in practice, 25 emergency centers are to be located in a cer-
tain city, and we minimize the total cost on the premise that
all personnel are served. First of all, we collect census data
online to obtain sample data, and map these sample data to
a squared area with a side length of 1. Then, the Newling
model [29] is adopted to simulate the population density of
this city. The population density function is shown in Fig.
13(a), and the Newling model function is:

ρ(x, y) = 5.858 × e−5×[(x− 19
50 )2+(y− 35

50 )2]−0.05×[(x− 19
50 )2+(y− 35

50 )2]
1
2

(16)
It should be mentioned that the exponent α and the coef-

ficient c are set to the default values. Based on the optimal
solution obtained by our proposed method, the final layout
configuration of 25 emergency centers is presented in Fig.

(a) demand density (b) layout result

Fig. 13 The layout of 25 emergency centers.

13(b). The red dots denote the location of facilities, and facets
formed by green segments represent the service regions of fa-
cilities. The result in Fig. 13 proves that our proposed method
can effectively solve the actual locating problems.

6 Conclusion

In this paper, we propose a continuous model for the facil-
ity location and capacity acquisition problem with dense de-
mand. Various demand densities are employed to adapt to
the population distribution in the market region. A set of
weighting coefficients are used to characterize the features of
facilities, which represent the attracting process of each facil-
ity. To this end, the power diagrams are applied to determine
the allocation decisions, and a power diagram based iterative
method for solving the facility location and capacity acquisi-
tion problem with dense demand is developed. A comprehen-
sive set of computational experiments are conducted to verify
the effectiveness of our proposed method.

Limitation and future work. The capacity of each facilities
is unlimited in our proposed method, and it has a wide range
of options. However, in practical applications, the capacity
of each facilities may be subject to some constraints, such
as interval constraints, or partial fixed value constraints. In
future work, we will extend our proposed method to a more
general version.

Acknowledgements This study was partially supported by the National
Natural Science Foundation of China (Grant No. 61972128).

Appendixes

Appendix A The derivation of the total cost

In this section, we provide the derivation of the total cost
ELCAP with respect to the weights in Eq. (10) in the main
text.
Notion: We denote the regular edge between two adjacent
facilities xi and x j by ei j, the dual edge separating the service
regions Ri and R j by e∗i j, and Ωi denotes the neighbor facilities
of xi.
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Total cost: We now define the total cost in Eq. (10) as follow:

ELCAP =

n∑
i=1

bmα
i + c

∫
Ri

‖x − xi‖
2ρ(x)dx

where mi =

∫
Ri

ρ(x)dx
(17)

Derivation of wi: We now provide the derivation of the total
cost ELCAP with respect to wi:

∇wi ELCAP = b(αmα−1
i · ∇wi mi +

∑
j∈Ωi

αmα−1
j · ∇wi m j)

+ c ·
∑

j∈{i}+Ωi

∫
∂Ri

ρ(x)‖x − xi‖
2 · (∇wi x · n)dx

=
∑
j∈Ωi

[αb(mα−1
j − mα−1

i )]∇wi m j

+ c ·
∑
j∈Ωi

∫
e∗i j

ρ(x)(‖x − x j‖
2 − ‖x − xi‖

2)(∇wi x ·
xi − x j

|ei j|
)dx

(18)
where ∂Ri is the boundary of Ri, and n is the outward unit
norm vector on the boundary Ri. Based on the envelope the-
orem, we have

∇wi x · n = ∇wi ·
xi − x j

|ei j|
=

1
2|ei j|

, ∀x ∈ e∗i j (19)

Hence, the derivation of ELCAP with respect to wi can be com-
puted according to the derivations above:

∇wi ELCAP =
∑
j∈Ωi

[αb(mα−1
j − mα−1

i ) + c(w j − wi)]∇wi m j (20)

Appendix B The computational time in Section 5.2

In this section, more computational time results are provided
to verify the effectiveness of our proposed method.

Table 5 presents the computational time for the LCAP with
uniform dense demand under various number of facilities,
which is the corresponding execution time of Table 3 and Fig.
7. Besides, the computational time for the LCAP with vari-
ous values of α is shown in Table 6, which is the execution
time of Fig. 8. Furthermore, the computational time curves
with different number of facilities and various demand densi-
ties are introduced in Fig. 14, which represents the execution
time of Fig. 9.

Table 5 Computational time for the LCAP with uniform dense demand
(in seconds).

n 2 3 4 5 6 7 8 9 10
T (s) 0.043 0.057 0.064 0.127 0.229 0.294 0.484 0.691 0.802

*the corresponding computational time of Table 3 and Fig. 7.
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