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Three-valued logic
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Three-valued logic should be different from two-valued logic [1,2].
In two-valued logic [6], a sequent I" = A is valid if for any assignment v, either

for some formula A € T',v(A) = £,

or
for some formula B € A,v(B) = t.

The negation of validity is the validity of co-sequent I' — A, that is, there is an
assignment v such that

for each formula A € T, v(A) # f£,

and
for each formula B € A,v(B) # t.



Multisequents

A multise-quent (many-placed sequent) A|O|T is G=7-valid if for any assignment
v, one of the following conditions holds:

for some formula A € A,v(A) = t;
for some formula B € ©,v(B) = m;
for some formula C' € A,v(C) = £.

The negation of validity is the validity of co-multisequent A : © : I', which is Gyyy-
valid if there is an assignment v such that

for each formula A € A,v(A) # t;
for each formula B € ©,v(B) # m;
for each formula C' € A, v(C) # £,

(51 51
where | d2 means that d;,0d> and 43 hold; and ¢ d2 means that either §; or ds or
03 03

03 holds.



A general case
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A multisequent A|O|T is G?1@2@5_yalid, denoted by =91%92@s A|Q|T, if for any

assignment v,
Q1A A(w(A) =1t)
QQB € @(’U(B) =nm
@3C € A(v(C) = £);

and a co-multisequent A : © : I' is Gg,g,0,-valid, denoted by =¢,0,0, A|O|L, if
there is an assignment v such that

Q1A € A(v(A) #t)
! Q2B € ©(v(B) # m)
QsC € A(v(C) # 1),

where Qla Q27 Q3 = {v, a}

=Q1@2Qs A|O|T is complementary to Foieuq, A : © : T, that is, for any sets
A,©,T of formulas, either 919293 A|Q|T or =g qguop A:©: T, where V =3,3 =
v.



A general case
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There are 8 validities of multisequents and 8 validities of co-multisequents [6,7],
and there are corresponding Gentzen deduction systems:

system | Q1 Q2 (@3 || co-system | Q1 Q2 Q3
G 3 3 3T | Gy V V V
G [T 3 V [[Gws v VvV 13
G |3 VvV 3 | Gy v 3 V
G |y 3 3 || Gaw 3 VvV Vv
G [3 V V [[Gyas v 3 3
G |V 3 V | Gas 3 v 13
G™ |v Vv 3 [ Gz 3 3 Vv
G™W |V V V [[Gaas 3 3 3




Gentzen deduction systems

Gentzen deduction systems are different for 16 cases.
Deduction rules for logical connectives for G?192@3 are same; and the deduction
rules for logical connectives for Gg,g,q, are same. The only differences are in axioms.



Axioms 1

(A333) %ﬂ)

(Avw) AOSTE=0
where A|O|T is literal, o(A’|®'|I") = A’|©’|I” is atomic, and o consists of the follow-
ing rules:

(NL) A p,e Iy (NNL) Alelp,r

SGERE ) Bl

M P, M P

Ty BT ) Bl
R b) R 3

(~) A|ep|~p,r () A|e|p~~p,r



Axioms 2

(AFW) A Or ©=( Or '=P0r (TNOCA&(~~OCAOT ~T'CA))
ALOADAT&(TNOZA Alelr@ A&
N OF rorv ~TZA
(Avss) LB ANRPBEA aF rin0g Za)

where A|O|T is literal.



Axioms 3

(AIW) A Or ©=0 Or I'=) Or (TNOCA&(~~OCA Or ~I'CA))
ALOADAT&(TNOZA A|9|g A&~TZA
N or ~~ ~
(AVEEI) #0AT&( ZA:@:[‘ 4 ZA)

where A|O|T is literal.



Axioms 4

(AVW) A’'=0 or ©'=0 or I''=0 or A':@':F':{p}
AJGIF
(AEEE') A'AQ£O &' £P&(A'#O' Or A'ATY Or ©'#I')
A:0:T

where A|O|T is literal, and o(A’|©'|T") = A’|©’|T” is atomic.




Gentzen deduction systems

system mono in A mono in ® mono in T’
GEEEI = AEEE! 4 G-
GEEIV — AEE!V 4iG=
GHW - AE!W Li@=
GYW = AWV 4. G=

) b g
2R
222X



Gentzen deduction systems

co-system mono in A mono in ® mono in I’
Gy = Ay + GF
Gwz = Aws + G7
Gvaz = Ayzz + G7
G33z = A3 + G7

H=E22=
o
R
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