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Multisequents and co-multisequents

Given sets A, O, I of formulas, a multisequent A | © | I is valid if for any assign-
ment v, either v = A, or v = O, or v =T, where

vEAIfEA € A(v(A) =1),
vE=0Oiff EB € ©(v(B) =mn),
v Tt EC € I'(v(C) =1).

A co-multisequent A : © : I' is satisfiable if there is an assignment v such that

vE2 AvE2 0O, and v =2 T, where

vExz Aif AAe A(v(A) # ¢t
vEx Oiff ABe€O(v(B)#m
vExDiff AC €T (v(C) #
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Monotonic and nonmonotonic systems

Monotonic system G: the axiom is of form

A'ne'nT’ #10
Ale|Tl

where A, ©, " are sets of literals; A', 0", T" are sets of variables and A" | ©' | " is a
variant form of A |© |T.
Nonmonotonic system G~: the axiom is of form

A'ne'nl’ =0
A:6:T




Soundness and completeness theorem

(1) A|© [T is provable in G if and only if A | © | ' is valid;
(2) A:©: T is provable in G™ if and only if A: © : T'is satisfiable.



Cuts

Let %1, %9 € {\, ~, ~~} with %9 # xo.
(1) The first class of cuts:

Al_, *1A|@1|F1 Ag, *2A|@2|P2

A1,A2|01,02|'1, T’
Al, *1A|@1|F1 A2|(‘)2, ~J *QAIFQ
(C12)

A1,A35|01,05|'1, T

(Cu1)

(013) Al, *1A|@1|F1 AQl("’)QI ~InY *QAt FQ
| A1,A5|01,05|'1, T



Cuts

(2) The second class of cuts:

A1|@1, *1A|F1 AQ, N *2A|@2|r2

A1,04]01,0,|[', T
AIIC-)I,*1A|F1 AQl@Q,*QAlPQ
(Ca2)

A1,A9|01,05|['1, Ty

(Ca1)

(ng) A1|@1,*1A|F1 Agl@2| i *QA,FQ
AI,A2|®1,@2|F1,FQ



Cuts

(3) The third class of cuts:

All(—)ll *1 A,Fl AQ, o~ *2A|@2|F2
A13A2|@1362|P1~,r2 i
(032) All@ll *1 A,F1 AQ|(")Q,NN *2A|F2
A1, A9|©1,05|T'1, T
A11@1| *1 A, F1 A2|@Q| *9 A, PQ
(Ca3) ,

(Cs1)

A1, A2|01, 05|, T



Cut elimination theorem

Let GT be G plus the cuts.
Theorem(Cut elimination theorem). For any multisequent A|O|T, if T A[O|T
then - A|O|T.



Variants

Given sets A, 0, of formulas, |= A!O!T if there is an assignment v such
that v = A,v = © and v = T, where

v = A if for each A € A,v(A) =t
v |= O if for each B € ©,v(B) =m
v |= T if for each C € I',v(C) = {£.

In propositional logic, A!l" is equivalent to I' : A; and in L-valued propositional
logic, A!O!T'! is not equivalent to A : © : I.
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