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B Appendix A

A.1 Preliminary about Two Team Games

A two-team zero-sum game [1] I can be defined as a tuple G =
(7,8,0, A,R,P,v), where where 7 = {T1,T>} represents the set
of two teams. Team 77 is a finite set of players cooperating against
an adversarial team 7. S is the global state space. O = O; X O,
is the product of local observation spaces of two teams, namely the
joint observation space, where Oy = X! 01 ; and O, = X?;OZ,]
denote the product of local observation spaces of the players in team
Ty and T», namely team’s joint observation space. O1,;, O3 ; is the
local observation spaces of players i € Ty and j € T5 respectively. The
joint action space is given by A = A; X A,, where A; = ><?=11A1,i
and A, = x;’i A2, j represent the joint action spaces of the two teams.
Here, each Ay ; is the action space of player i € Ty.. AAj ; denotes the
set of probability distributions over action space Ay ;, and AA denotes
the set of probability distributions over team joint action space Ay.
R aZk ) € Ag.
A team strategy is a vector of individual player strategies:

The joint action of team T}, is denoted by a; = (a llc’ e

Tk = (T 1o oo Theomy )

where 7y ; : Og; — AAj ; maps each observation oy ; € O ; to
a probability distribution over the action space Ay ;. The individual
strategy space of player i € T is denoted by IT ;. The team strategy
space is denoted by IIy, and T} ’s opponent team strategy space is
denoted by II_j. A pure team strategy is defined similarly, with

>P _ (P p
”k - (ﬂ-k,l’ "ﬂk,nl)’
where 7(;:1. : Og,i — Ag,; maps each observation oy ; € Oy ; to a

deterministic action in Ay ;. Let H]f ; denote the set of pure strategies
for player i € Ty. Let H‘Z denote the pure strategy space for team 7%,
and 17 « denote the pure strategy space for Tj’s opponent team.

The reward function is given by R = (Ry, R;), where

R : S X A — [~Rmax, Rmax], k € {1,2}.

In two-team zero-sum games, players within the same team share
the team reward with Ry | = Rg > = --+ = R », = Ri/ng, and the
rewards of two teams sum to zero Ry + R, = 0.

Let P : S X A xS — R denote the transition probability function,
and y € [0, 1) discount factor. The transition probabililty function
P, team policy 71, opponent team policy 75, and the initial state
distribution d, induce a marginal observation distribution at time ¢,
denoted by p; e At time step t € R and s; € S, team Ty observes

()

its local observations oy ; € Ok (0 ; = (0}( /-
observations) and take team joint actions a ; € Ay according to its

iy o
...,ok”‘t) is the “joint

policy 7. At each time step, two teams take actions simultaneously
based on their observations with no sequential dependency. At the end
of each time step, team T}, receives its joint reward Ry (S, @ ¢, @—k 1),
transits to global state s;..1, and observes 0 ;4. ok ; and ay_; represent

'Our methods mostly apply to stochastic games including Google Research Football
mentioned in Section 3. Normal-form games can be considered as special cases of stochastic
games with |O] = 1.
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the observation and action of team Ty at time step ¢, and o_ ; and
a_j; represent the observation and action of its opposing team 7 /Ty
at time step ¢. Following this process infinitely long, team 77 and 75
respectively earn a discounted cumulative return of

13

t
Rly IR0y Ri(se,ar s, az,),

1>

R;y 220V Ra(sr.ar . azy).
The expected reward of the team can be written as the following
function:

Ry (7_?1,;!2) =E

000 = =
S0:00~Pg | i, 281,0:00 771,82, 0:00~7T2

o
ZV’Rl(Sz,al,naz,z) -
1=0

A.2 Preliminary about Heterogeneous Team Games

Definition 1 (Teammate Permutation) Let X (7} ) denote the set of all
permutations of players in team 7. For any p € £(Ty), the permuted
teammate ordering is

p(Ty) = (p(1), p(2), ..., p(ng)).

Definition 2 (Policy Permutation) Given a permutation p € X(T%)
and a joint team policy 7; € Iy, the permuted joint policy is

p(y) = (ﬂk,pfl(lyﬂk,pfl(z)’ : "’ﬂ-kalfl("k))

where the i-th strategy corresponds to the original player at position
L.

Note that p (7;) may not constitute a valid strategy profile when
players have heterogeneous strategy sets. However, if all players in
team Ty share the same strategy set (i.e., [T | = Iy ; for all i), then
p (7) € Iy holds for all 7ty € .

Definition 3 (Ordinary Player Symmetry). A permutation p €
>(Ty) is called an ordinary player symmetry if, for all 713 € Iy, the
following conditions hold:

o p(y) € Oy

* Ri(Rp, @) = Ric(p (k). A_)-
We denote the set of ordinary player symmetries of team Ty in game G
by IT° (G, Ty).

Heterogeneous Team Game Heferogeneous team games form
a subclass of two-team games in which each team consists of agents
with distinct strategy sets, roles, or capabilities. A two-team zero-sum
game G = (7, 0, A, R, P,v) is defined as a heterogeneous team game
if there exist players i,i’ € T € 7 who perform non-interchangeable
roles and thus cannot be permuted without altering the game, following
the criteria in [2]. This condition holds if either of the following is true:

1. There existi,i’ € Ty € 7 such that ITy ; # Iy ;7;

2. Forall i,i’ € Ty € T, Hi; = I ;, but the set of ordinary
player symmetries does not include all teammate permutations,
ie., [I°(G,Ty) # Z(Ty).
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Remark. Although agents sharing the same policy may act dif-
ferently when encountering distinct states, such variations arise from
environmental circumstances and do not imply structural heterogeneity.
For example, a shared policy necessarily maps the same state input to
the same action for all teammates, which prevents it from encoding
intrinsic role differences. In contrast, heterogeneous teammates that
are characterized by distinct policy spaces or role-dependent action
capabilities can ensure that their behaviors remain non-exchangeable
regardless of state inputs. As a result, distinct policy functions (or
non-overlapping strategy spaces) is essential to capture the structural
heterogeneity that distinguishes heterogeneous team games from their
homogeneous counterparts.

A.3 Preliminary about the Solution Concept and Algorithms in Hetero-
geneous Team Games

TMECor as a Maxmin Problem. The central solution concept in
heterogeneous team games is the Team-Maxmin Equilibrium with
correlation (TMECor) [3,4]. TMECor is a Nash equilibrium where
the team 77 plays according to the ex ante coordinated strategy =y :
01 — AA; and the opponent team 75 plays according to the ex ante
coordinated strategy m, : Oy — AA,. According to definition, a
TMECor is reached if, for each team 7" € 7, its coordinated team
strategy is a best response to the coordinated team strategies of teams
€ T\T. Upon reaching a TMECor (], x3), players in both 77 and
T, cannot cooperatively deviate from their team strategies to obtain a
higher team reward:

(1a)
(1b)

Ry(n],73) = Ry (71, #3) Vmy ey,

Ry(n},m3) = Ry(n},m3) Vmy €Il

Define the exploitability of a pair of coordinated team strategies (7, 773)
as e(my,m) = Ry(m1, BR(r7)) + Ry (BR(7r3), 7r5), where BR(7rq) is
the coordinated opponent team strategy which achieves the highest
reward responding to the team coordinated strategy 71 and BR(7;)
is the coordinated team strategy that achieves the highest reward
responding to the coordinated opponent team strategy x». Due to the
zero-sum property of two-team zero-sum games, a coordinated team
strategy pair (71, 7) is a TMECor when e(xr,m5) = 0, and is an
e—approximate TMECor if e(7q, ;) < €.

Policy Space Response Oracle (PSRO) PSRO [5] provides an
iterative mechanism for finding a Nash equilibrium approximation in
two-player zero-sum games. These algorithms work in expanding a
restricted policy set I} for each team 7} € 7 iteratively. Ateach epoch,
alocal TMECor o = (07, o) is computed for a restricted game which
H;,Hf_k). Then, a
best response to the local TMECor o is computed and added to team
Ty’s restricted policy set ITj, = I U {BR (0_¢)}. When the iteration
terminates with {BR (¢_¢)} € I} and {BR (o)} € I1” , the local
TMECor o* = (07}, ;) for the restricted game is approximating an

is formed by a tuple of restricted policy sets IT" = (

TMECor in the original team game.

Team Correlation In large-scale team games, it becomes hard for
BR(o7) to find a best response to meta policy o due to the exponen-
tially large joint team policy space Iy and IT,, making the convergence

time infinite. On the other hand, simultaneously optimizing over un-
correlated multiple teammates’ policy spaces is significantly harder
than optimizing over a joint single team policy space. For example,
for extensive-form games, two-player zero-sum Nash equilibria are
polytime [6], but solving for CTME (Correlated Team Maxmin Equilib-
rium [3]) is known to be Af -complete [7]. To address this, [8] utilize
a team correlation method of policy sharing to approximate the team
Best Response policy in large team games. That is, teammates share
information and correlated with each other through a shared policy. At
the same time, some other correlation methods have also been proposed.
For example, in sequential team correlation [9, 10], teammates are
allowed to share and propogate information in a sequence manner while
a monotonic improvement on the team reward is guaranteed.

B Appendix B

Team Games as Two Player Games To compute TMECor in hetero-
geneous team games, it is straightforward to treat each heterogeneous
team as a single player with a joint strategy space [11]. By transforming
a heterogeneous team game into an equivalent two-player zero-sum
game (2p0s), the problem of finding a TMECor becomes equivalent
to the problem of finding a Nash equilibrium in two-player zero-sum
games, thus more amenable to the techniques that have been developed
over the past 80 years [5,12—17]. [4] propose Column Generation (CG),
which designs a hybrid representation to reduce the space of the join
team plans and builds a subset of jointly-reduced plans progressively to
avoid enumerating the whole space. While these algorithms perform
well in small to medium-scale heterogeneous team games, scaling them
to larger games is challenging because the joint policy space of both
teams grows exponentially with the increasing number of players.

Team Games as MARL Problems Another perspective for solving
heterogeneous team games is to formulate it as a multiplayer cooperative
challenge, e.g., considering opponent team part of the environment
and modeling the problem of solving TMECor as an optimization
problem, which aims to maximize the reward of team 7} and find an
optimal ex ante correlation solutions for heterogeneous players in Tj.
To achieve this goal, various Multi-Agent Reinforcement Learning
(MARL) algorithms [9, 18-20] have been proposed. While these
algorithms achieve remarkable performance in games like StarCraft
IL, they suffer from unsteady performance when applied to real-world
scenarios, where diverse opponent teams are encountered (see results
in Table 2).

Team Games as Mixed Cooperative-Competitive Games To over-
come the above challenges, researchers model team games as mixed
cooperative-competitive games and integrate the cooperative reinforce-
ment learning techniques with competitive frameworks like Policy Space
Response Oracle (PSRO) [5] to solve the mixed cooperative-competitive
games. For example, [8] integrate PSRO with a homogeneous-agent
based cooperative algorithms, iteratively constructing a population of
shared policies to find an approximate TMECor. However, it requires
players in both teams to be homogeneous, and cannot converge when
applied to heterogeneous team games as shown in Section 2.1.

For further discussion about the technical details, please refer to
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Appendix F.

B Appendix C

C.1 Mechanism of Team PSRO

Team PSRO employs a policy-sharing mechanism to enable team-
level coordination. Specifically, all players in team 7 € 7 share
a common policy 7k ghare, forming a joint team policy Zg share =
{7k, shares - - - » Tk share }- We denote the space of such team policies
by I share- Team PSRO iteratively expands a restricted policy set
H;,share
o _k and incorporating it into the set:

by computing a best response to the opponent’s meta-policy

— T

n k,share U {BRk,share(‘T—k)},

r
k,share

where the best response oracle under shared policies is defined as
BRk,share
BRy share (0—k) already exists in HZ’Shm

The procedure terminates when
for all T, € 7, or when

H | B Hk,share-

a predefined time limit is reached. It then returns a pair of meta-policies

*

_ * * r r
O share = (o—k,share’ O-—k,share) € Al_[l,share x Al

2,share”

While this policy-sharing scheme avoids additional computational
overhead as the number of teammates increases, it limits both policy
expressive ability and equilibrium expressive ability in heterogeneous
team games. As a result, the solution O—S*hare produced by Team PSRO
often corresponds to a local rather than a globally optimal equilibrium.

C.2 Examples for Convergence Issue of Team PSRO
Example 1. Let us consider the heterogeneous team game Team
Rock-Paper-Scissors shown in Figure 1. In team RPS, TMECor is
reached when both teams choose Rock, Paper, and Scissors with
equal probability. Let the shared policies be 71 ghare = (x,1 — x)
and 75 _ghare := (¥, 1 — y). Team PSRO maintains two populations of
and HS’Shm. Initially, IT

-
,share 1,share —
= (1,0) representing a team policy of Rock,

shared policies denoted by IT}
{ﬂ'},share} with ﬂi,share
g,shm = {”é,share} with ni’shm = (1,0) representing an opponent
team policy of Rock. To expand the population Hi,share’ the Best
Response to meta policy ”é,share of opponent team 75, a Paper policy,
should be added to H{,share' However, the Paper policy cannot be
represented in the form of the shared policy. This is because team
T1 makes a Paper decision with a probability of 1.0 if and only if the
player My chooses action a with a probability of 1.0 (x = 1.0) and the
player M, chooses action b with a probability of 1.0 (x = 0.0), which
is impossible at the same time. As shown by our experimental results
in Figure 1, the Team PSRO algorithm converges to a Rock policy and
never finds a global TMECor in Team RPS, even though such a solution
exists. This example illustrates the convergence issue of Team PSRO
due to the insufficient policy expressiveness and insufficient equilibrium
expressiveness.
Example 2. Consider a heterogeneous team game with two teams
71 = {M1,M,}, T, = {O1,0;}, one state and joint action spaces
A ={0,1} x{0,2}, A, = {0, 1} x {0, 3}, where the reward is given
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by:

4 © _ @ 0 _ o

= =1,n, =7 =
Rl — 1,M; 1,M, 2,01 2,0, (za)
vy —vy+1 otherwise,
Ry =—Rq. (2b)
_ (1) (2) _ 5 (D) (3) (0)
where v| = 2”1,1\/11 + 27T1’M2 and vy = 2ﬂ2,01 + 37r2’07. Here, M,

denotes the probability of action O for player My € Ty. An TMECor
in this case is a probabilistic policy over both teams’ joint action
space: team Ty takes joint action (0, 0) with probability 0.6, (0, 2) with
probability 0.4, and other actions with probability 0, and opponent
team T takes (0, 0) with probability 0.4, (1, 0) with probability 0.6 and
other actions with probability 0. However, we show that policy sharing
among teammates constrains the team joint policies to a small subset
of the entire policy space, and excludes the above TMECor solution.
A shared policy is a vector of shared action distribution, which can
be denoted by 71 _ghare = (¥1,X2) OF T2 ghare = (¥1,¥2). With a shared
action distribution, the team joint policy will be constrained to a
subset of the whole joint action distribution denoted by Il ghare =
{(x%,xlxz,xle,xg) | x1 € [0,1],x € [0,1],x1 +x2 = 1.0} & AA,
or My ghare = {(¥2, ¥1y2.¥251.¥3) | y1 € [0.1],y2 € [0, 1],y +
y2 = 1.0} & AA,, in which the probability of joint action (0,2) is
constrained to be equal to the probability of joint action (1, 0) for team
T1. However, this conflicts with the TMECor strategy of team 77, where
the probability of joint action (0, 2) is 0.4, and the probability of joint
action (1,0) is 0.0.

C.3 Mechanism of H-PSRO

H-PSRO starts with randomly initialized team policies 7ri hetes 71% hete>

and the restricted sets of team policies and opponent team policies are
-1 -1 . .

H;,hete = {n],hete} s Hs,hete = {nl’hete}. Consider the restricted game

where the team policy space is I1

r
2,hete

as Uyxp. If the game is symmetric, we also have a joint population
— r r

My = Hl,hete v HZ,hele’

denoted as Uy = U(142)x(142)- In each iteration, H-PSRO expands

r
k,hete

policy with sequential BRO denoted by BRy seq @ g — Tg seq

r
1,hete

. We denote the payoff matrix of this restricted game

and the opponent team policy
space is IT

and the corresponding payoff matrix is
the restricted policy set I1

,Tx € 7 by computing a Best Response

against the meta policy o_ seq Of opposing team, which is a local

TMECor probability over the restricted policy set TI” & hete a0d adding
the best response policy to the restricted policy set H; hete = l'[;( hete Y

{BRg 5eq(0_k,seq)}- The detailed procedure of sequential BRO is
shown in Algorithm 1. Theorem 2 proves that the sequential BRO
can achieve better ex ante team coordination than the policy sharing
based BRO in the homogeneous PSRO framework. At the end of
each iteration, the payoff matrix Uyx> (or U(142)x(142))) is updated
by game simulations. H-PSRO terminates with a local TMECor
O-:eq = (O-ik,seq’ a-;,scq) € AH;,hete X AHg,hcte
fixed number of training steps.

after convergence or a
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Decision Tree of Team Ty

(@,a)] 0,0 |-1,1f1,-1[1,-1

(a,b)| 1,-1] 0,0 [-1,1]-11

Reward Function of Team RPS

Homogeneous PSRO framework in Team RPS

Restricted Policy Set of T;
1 {(b, b)}

Restricted Policy Set of T,
{(b,b)}

(ba)|-11[1,-1| 0,0 | 00

(b,b)|-11| 1,-1| 0,0 | 0,0

(a,a) (a,b) (b,a) (b,b)

Scissors
T,

Rock Paper

BRI, homo (br b)
~
{(b,b), (a,a)}

BRZ, homo(b: b)
—~—
{(,b), (a,a)}

3 Terminated with BR; pomo(a, @) = BR; nomo(a,a) = (a,a)

Pure strategy (a, b) of both T, and T, cannot be represented by the homogeneous PSRO framework

Fig. 1 Procedure of the homogeneous PSRO framework in Team Rock-Paper-Scissors, which is a typical heterogeneous team game, with four agents, two teams 7y = {My, M2} and
T, = {Oy, 03}, one state, and joint action spaces Ay = A, = {a, b}z. Agents play Rock-Paper-Scissors between the teams: if player My in team 77 (or Oj in team 7>) chooses action
b, then the team plays Scissors no matter the choice of the other player in the team; if both players choose action a, then the team plays Rock; otherwise, the team plays Paper. The

two players in team 77 or opponent team 75 are heterogeneous because the actions a and b serve different functions for them. Specifically, player My (or O1) can unilaterally choose the
plays 1 Pp 2 8 P Y, play 1 1 y

team decision Scissors by playing action b, while player M (or O) must coordinate with the other player to choose Paper by playing action b.

B Appendix D

D.1 Proof of Sufficient Equilibrium Expressive Ability of Heteroge-
neous Team Policies

Theorem 1. The joint policy space with heterogeneous policies under
PSRO framework is equal to S = II; x II,, therefore enabling the
PSRO framework to achieve a global ex ante equilibrium.

Proof. With heterogeneous policies, for example, 71 pete = (71,1, - - - »

r
1,hete

under the PSRO framework is a probabilistic strategy over the restricted
. . -1 =2 - s i .

policy population I| = {7y, 77, . .o} with ) € I pete, Vi €

{1,...,n}. Together with the meta policy 0 hete € AIT hete®

of restricted meta policies Al pete X AL pete can cover equilibrium

71,n,)> and its policy space Iy pee, the meta policy o7q pete € AII

the space

set E, and thus guarantee an global TMECor.
For example, consider a condition where 7y ; and 7, ; represent

deterministic policies. With the iteration of the PSRO framework going

r r
1,hete 2,hete

grow to contain all deterministic

(see details in Section 2.3), the restricted policy set IT and I1

r r
expands. When I1 1hete and HZ,hete

policies, then the space of distributions over the restricted policy sets

r r
AHl,hete and AHZ,hete

team policy space II; and II,. This is to say, meta policy o7 pere and

can represent any probabilistic policy over the

02, hete Can represent any joint policy of team 77 and opponent team
- . . - -

T,. As a result, with iteration going, Al'[l’hete X AHZ,hete

the whole TMECor set E, and therefore is able to achieve the global

TMECor. o

can cover

D.2 Proof of Better Ex Ante Coordination of Sequential BRO

Theorem 2. Given an opponent team policy 7, € I, (or a team
policy my € IIy), the sequential BRO can approximate better ex
ante team coordination than the policy sharing based BRO with

Ri(BRy seq(72),72) = Ry (BRY ghare (72), w3) and Ry (711, BRy geq (711))0;

> Ry (71, BR) ghare (1)), Where Ry is the reward function of team Tj,
IT}, is the team policy space of team Ty, BRy gpare is the policy sharing
based BRO of team T, and BRy seq is the sequential BRO of team
Ty. In some cases, Ry(BRy seq(72),72) > Ry(BRy share (72), 72)
and Ry (71, BR seq (1)) > R2 (71, BR; ghare (1)) hold.

Proof. Given a meta policy of opponent team 75 (or of team 77) 75 (or
m1), the Best Response computed by sequential BRO is BRy geq(72)
(or BR; sq (1)) and the Best Response computed by sequential BRO
is BRy ghare (712) (or BR) ghare(7r1)). Then Ry (BRl,seq(ﬂ'Z)v"Z) 2
Ry (BRY share(72), 72), and similarly Ry (71, BR) seq(71)) = R2(7rq,
BR; ghare (r1)). This is because: 1) when the best response BR(7r;) =
argmax Ry (BR(72), w2) € Iy share & M1, BR(72) = BRy eq(72) =
BR{ share (r2) and therefore Ry (BRl,seq(HZ)» 73) = Ry (BRy share (72),
75); 2) when the best response BR(7r5) = arg max Ry (BR(73), ;) €
I\ g shares BR1 seq(72) # BRY share (r2) and Ry (BRy seq (72), 72) >
R1(BRY share(772), 2). Since the team policy set I\l ghare # @
and the opponent team policy set IIL\II gpare # O, the sequential
BRO achieves better ex ante team coordination than the BRO with pol-
icy sharing with Ry (BRy seq(m2), 72) > R1(BRy ghare (772), 72) and
Ry (71, BRy seq (1)) > Ro (71, BRy share (1)) holding in the second
case. O

D.3 Exploitability Comparison of H-PSRO and Team PSRO

Theorem 3. In heterogeneous team games, assume H-PSRO and Team
PSRO with exact inner-loop best responses runs sufficiently many inner-
loop updates in each iteration such that their optimal best response
policies are both reached. H-PSRO achieves lower exploitability than
Team PSRO. Formally, e(o} seq® op ’ Seq) <e(oy share” 0';’ share
) is the meta policy that Team PSRO converge to, and

), where

* *
(0-1 ,share’ O_Z,Sharc

(ai"seq, o-iseq) is the meta policy that H-PSRO converge to.

Proof. According to definition, o ) is a meta

_ * *
share — <a-l,share’ O-Z,Share
TMECor within the joint policy space Iy share X II2 ghare, and O':eq =

(o-ik’seq,a;,seq) is a meta TMECor within the joint policy space

II; x II;. We prove the theorem from two different cases: 1) if
is a global TMECor within IT; X I, then e(o7y fo )=

,share’ = 2 share

) = 0 since a':eq is also a global TMECor; 2) how-

share

* *
e(o-l,seq’ 0—2,seq

ever, o, may not always be a global TMECor with Iy share &

share

II; holding for all 7, € 7. In case that O-S*hare is not a global

TMECor, e(o-f Lox ) > 0, making
,share’ ~ 2,share

6(0'1*’ ) hold. Asaresult, e(o

* _ *
seq’ 0-2,seq) =0 and e(O'1

* * *
seq’ O—Z,Seq) < e(a-l,sharc’ 0, share
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e(oy ), and e(oy ) < e(oy ) in

* * *
,share’ O-Z,Share ,seq’ 0-2,seq ,share’ O-Z,Share

the second case.
]

B Appendix E
E.1 Additional Performance Studies

We illustrate how the performance evolves for H-PSRO and other
baseline methods using the MAgent game [21,22] and Competitive
SMAC [23] in Appendix C.1, where H-PSRO is more effective at
approximating a TMECor with the enlarging task scales. In addition,
experiments on matrix heterogeneous team games demonstrate that
H-PSRO converges more reliably than baselines, highlighting its ability
to handle structural heterogeneity and to reach stable equilibrium
solutions. The study on relative performance against state-of-the-art
MARL algorithms of H-PSRO reveals that, with different MARL
opponent strategies, H-PSRO exhibits superior win rate and more
steady performance. The competitive videos are available at https:
//sites.google.com/view/h-psro-2024/h-psro

Performance Studies in Homogeneous Team Game MAgent
Battle [21,22] is a gridworld game where a red team of N homogeneous
agents fight against a blue homogeneous team. At each step, agents can
move to one of the 12 nearest grids or attack one of the 8 surrounding
grids of themselves. The game terminates if all agents in the same team
are killed or reaches a maximum number of steps. To compare the
scalability of H-PSRO, Team PSRO [8] and PSRO [5] in homogeneous
team games, we run algorithms in MAgent Battle games of different
scales, including 6-vs-6, 12-vs-12, 16-vs-16. Since the exploitability
cannot be exactly calculated in this games, we estimate the Single Side
Reward (SSR) of the final equilibrium policies against random policies
and differently correlated Best Response as opponent team policies.
The averaged results over 3 seeds are shown in Table 1.

Notably, H-PSRO agents achieve the lowest SSR in large scale
MAgent Battles (e.g., 12-vs-12 and 16-vs-16) and comparable per-
formance to PSRO and Team PSRO in mediated scale games (e.g.,
6-vs-6). This is because in mediated scale homogeneous team games,
such as 6-vs-6 MAgent Battle, TMECor can be found by enumerating
all possible attacking strategies with PSRO. However, in larger scale
games, the policy space (see Table 1) becomes exponentially enormous,
making PSRO methods very inefficient. On the other hand, the impacts
of insufficient policy expressive ability becomes more severe as the
game scale increases, making Team PSRO, though efficient, struggle to
approximate the global TMECor in large homogeneous team games.

Performance Studies in Matrix Heterogeneous Team Game We
conduct our matrix experiment on a carefully designed heterogeneous
team game, which involves two teams: 77 = {M{,M3} and T, =
{01,0,} with joint team action spaces Ay = {0, 1} x {0,2} and
Ay ={0, 1} x {0, 3}, and the reward structure of this game is defined
in Eq (2). The heterogeneity lies in the different action spaces of team
players in 71 and 75. The global TMECor in this game requires team 77
to take joint action (0, 0) with probability 0.6, (0, 2) with probability
0.4, and all other joint actions with probability 0, and requires opponent
team 7, to take joint action (0, 0) with probability 0.4, (1,0) with
probability 0.6, and all joint other actions with probability 0. We
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visualize the trajectory of the 8-dimensional joint policies of two teams
in a compressed 2D space in Figure 2(b) and Figure 2(c) in order to
compare the convergence properties of H-PSRO and Team PSRO. The
results show that Team PSRO gets stuck in a sub-optimal point with
071 share = (0.81,0.09,0.09,0.01) and 0 ghare = (1.,0.,0.,0.), where
R1(01,shares BR(01 share)) = 4.0 and Ry (BR(07 share)» 02, share) =
—1.05, leading to exploitability ~ 2.95 (see Figure 2(a)). In contrast,
H-PSRO approximates the global TMECor with exploitability < 1076,
The exploitability outcomes nicely align with Theorem 3, demonstrating
H-PSRO'’s superior ability to explore sufficient policy spaces, and to
approximate the global TMECor in heterogeneous team games.
Performance Studies in Heterogeneous Competitive StarCraft
We compare the win rate of H-PSRO and Team PSRO [8] against
several state-of-the-art MARL algorithms, including MAPPO [18],
HAPPO [9], and MAT [19] in Competitive StarCraft Benchmark [23].
The experimental results are shown in Table 2, where H-PSRO achieves
significantly higher win rate than Team PSRO when they are against
HAPPO and MAT, and achieves comparable win rate of approximate
100 when they are against the homogeneous coordination algorithm
MAPPO, which inherits an insufficient policy expressive ability. We
also observe that H-PSRO achieves relative steady performance against
diverse opponent strategies while the MARL algorithms and Team
PSRO suffer from severe performance instability, indicating a sub-
optimal TMECor.
E.2 Wall Time Analysis
Table 3 shows the comparison of training duration across various tasks
for different methods. Each cell reports the training time (top) and its
normalized value (bottom). Across all tasks, H-PSRO generally incurs
slightly higher training time compared to Team PSRO due to sequential
updates. However, the increase remains within a manageable range.
For instance, in MAgent 12v12, training time increases from 21h29m to
26h5m, with normalized time rising from 0.46 to 0.56. Despite this, H-
PSRO yields significantly stronger performance (as shown in Table 3),
making the marginal cost in training time a worthwhile trade-off. The
trend is consistent across both MAgent and StarCraft II tasks, with the
largest absolute increase observed in MMM_Compete, where training
time extends from 29h53m to 37h15m, while the normalized time
increases from 0.64 to 0.80. These results demonstrate that although
sequential update schemes require additional computation, the overhead
is moderate and controllable. All experiments were conducted on a
server with AMD EPYC 7742 64-Core Processor, NVIDIA GeForce
RTX 3090 GPU, and 252 GB RAM, running Ubuntu 20.04 and CUDA
12.6.
E.3 Hyper-parameters
We show hyper-parameters of both stochastic homogeneous and stochas-
tic heterogeneous team games in Appendix E.3. For each test environ-
ment, we report the average results over three random seeds.
Competitive StarCraft We list the hyper-parameters used for each
task of Competitive StarCraft in Table 4. All hyperparameters are
selected based on commonly used values in prior MARL studies [5,9,
18,24,25], with minor adjustments through preliminary runs to ensure
stable training. We note that SP and FSP baselines are excluded in
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Table 1 Performance of H-PSRO, Team-PSRO and PSRO in MAgent [21,22]. MAgent [21, 22] is a gridworld battle scenario where each player has 21 actions. When increas-
ing the number of teammates, the team joint action space explodes exponentially. We show in larger games (e.g., 12v12, 16v16), H-PSRO is capable of finding equilibrium poli-
cies with lower SSR when confronting opponent teams with different exploitation ability. Due to the symmetric team setting, we use a metric named Single Side Reward (SSR)

SSR(my,7m2) = 2R, (71, BR(7r1)) to measure the performance of the population.

SSR (WINRATE) OVER DIFFERENT OPPONENTS

GAME SETTING ~ TEAM JOINT ACTION SPACE ~ ALGORITHM
SEQUENTIAL CORRELATION  JOINT CORRELATION  SYNCHRONIZED CORRELATION ~ No CORRELATION ~ RANDOM
H-PSRO 20.223 (0.66) 11.074 (0.48) 11.153 (0.56) 7.01 (0.43) -4.640 (0)
6v6 8.58e+7 Team PSRO  23.877 (0.73) 18.390 (0.62) 13.581(0.56) 14.842 (0.61) -2.980 (0)
PSRO 13.439 (0.56) 6.691 (0.33) 3.263 (0.11) 6.302 (0.26) -5.377 (0)
H-PSRO 12.964 (0.55) -1.172 (0) -2.062 (0.01) 0.403 (0.14) -7.749 (0)
12v12 7.36E+15 Team PSRO  28.182 (0.69) 4.931(0.24) 6.676 (0.32) 16.060 (0.55) -4.650 (0.01)
PSRO 16.222 (0.55) 2.488 (0.08) 2.138 (0.24) 7.418 (0.33) -4.992 (0)
H-PSRO 13.449 (0.43) -1.711 (0.03) -10.198 (0.09) -0.563 (0.24) -6.854 (0.01)
16v16 1.43e+21 Team PSRO  25.412 (0.60) -1.454 (0.01) -7.941 (0.13) 16.767 (0.48) -3.394 (0.01)
PSRO 26.929 (0.80) 0.597 (0.04) 6.396 (0.37) 22.239 (0.69) -2.656 (0)
2-D Distance 2-D Distance
1.0 = Team PSRO 07 220 07— 220
3.5 —e— H-PSRO 215 215
3o .\ 0.6 0.6
s \ 0.5 =0 0.5 =0
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(a) Exploitability.
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(b) Trajectory of Team PSRO.
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(c) Trajectory of H-PSRO.

Fig.2 Performance of H-PSRO and Team PSRO in a typical Matrix Heterogeneous Team Game.

Competitive Starcraft due to scalability issues and computational cost in
stochastic environments; Indep-PSRO and PSRO baselines are excluded
because of their poor performance. Our sensitivity analysis shows
that varying key hyperparameters (e.g., learning rate € {le-4, 5e-4, le-
3} and entropy coeflicient € {0.0005,0.001, 0.005}) only marginally
affects performance trends, confirming the robustness of our reported
results.

MAgent MAgent The 6-vs-6, 12-vs-12, and 16-vs-16 MAgent Battle
environments are gridworlds of size 16 x 16, 21 X 21, and 24 x 24,
respectively. Each agent receives a local observation represented as a
state vector, which includes a one-hot agent identifier, the agent’s own
position and health points (HP), as well as the positions and HP of both
teammates and opponents. The maximum episode length is set to 200
steps. Hyperparameters are summarized in Table 5, chosen following
standard PPO-based training practices and tuned within small ranges
for stability. We note that SP and FSP baselines are excluded due to
scalability issues and computational cost in stochastic environments;
Indep-PSRO baseline is excluded because of its poor performance. We
further verified that the performance of H-PSRO remains consistent
when varying the learning rate by one order of magnitude or altering
the entropy coefficient, indicating that our results are not sensitive to
these hyperparameters.

Google Research Football Google Research Football We directly
utilize the raw observations from GRF and encode them into a 292-
dimensional feature vector, capturing information about the active
player, ball state, teammates, opponents, relative positions, and game
mode. A detailed breakdown of the observation features is provided in

Table 6. The action space comprises 19 discrete actions, including idle,
directional movement, pass, shot, sprint, slide, and dribble. We employ
an MLP-based policy architecture and run H-PSRO on the full GRF
environment for 50 iterations. During each iteration, both the main
and counter policies are trained for 20,000 model steps. The self-play
ratio is set to 7 = 0.2. All hyperparameters are listed in Table 7. We
chose these values based on standard GRF training protocols [26,27],
and tuned learning rate and discount factor for stability. SP and FSP
baselines are excluded from GRF due to excessive computational
demands that prevented convergence within reasonable time; PSRO
baseline is excluded from GRF primarily due to the scalability issues
and computational cost; for example, methods with centralized actors
and critics struggle when the number of agents increases significantly.
We conducted a sensitivity study by varying the learning rate and PPO
clipping parameter, and observed only minor performance fluctuations,
suggesting that the conclusions are robust.

Hyperparameter Selection and Sensitivity. Across all domains,
hyperparameters are primarily based on established choices in the
literature, with limited tuning to ensure convergence and stability. Not
all baselines are applied to every environment because some entail
prohibitive computational cost in stochastic environments, especially
in large-scale stochastic team games. We additionally conducted
sensitivity tests on the learning rate, entropy coefficient, and PPO
clipping range, which confirmed that our main conclusions are robust
to reasonable hyperparameter variations.

Regarding Team PSRO in heterogeneous games, although agents may
not share identical action spaces, we implement it using action-masking
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Table 2 Performance of H-PSRO, Team-PSRO in Competitive StarCraft2 [23]. Competitive StarCraft2 is a battle game where each team consists of units from three species
(Marines, Stalkers, Zealots), and each unit has 9 actions. We consider heterogeneous scenarios where the units within each team are heterogeneous and the units in both teams are the
symmetric, as shown below. We evaluate H-PSRO and Team PSRO by comparing the win rate against the strategies of several state-of-the-art MARL algorithms, including MAT [19],
HAPPO [9], and MAPPO [18].

‘WIN RATE ovER DIFFERENT OPPONENTS

Mars TyrE Team Units ALGORITHM
MAT HAPPO MAPPO
2s3z_coMmPETE (5V5) HETEROGENEOUS & SYMMETRIC 2 STALKERS & 3 ZEALOTS H-PSRO 34.0 56.0 98.0
Team PSRO 7.0 7.0 100.0
3s5z_compETE (8v8) HETEROGENEOUS & SYMMETRIC 3 STALKERS & 5 ZEALOTS H-PSRO 89.0 72.0 99.0
Team PSRO 18.0 1.0 100.0
MMM_competE (10v10)  HETEROGENEOUS & SYMMETRIC | MEDIVAC, 2 MARAUDERS & 7 MARINES H-PSRO 59.0 85.0 100.0
Team PSRO 20.0 10.0 95.0
Table 3 The comparison of training duration. The format of the first line in a cell is:
Training time. The second line of a cell represents the time normalized. Name Value
seed number 3
Task Team PSRO H-PSRO learning rate 5¢-4
MAgent 3v3 9 h40m + 9.8m 11Th§ m=+ 154 m discount rate y 0.99
(0.21 + 0.002) (0.24 + 0.004) GAE parameter Ag4r  0.95
MAgent 6v6 1I5h4lm+372m 18h6m=+14.5m gradient clipping 10
(0.33+£0.012) (0.39 £ 0.003) entropy coefficient 0.001
MAgent 12v12 21h29m+5m 26h5m=+11m optimizer Adam
(0.46 + 0.000) (0.56 + 0.002) parallel threads 100
MAgent 16v16 23h49m+23m 46h43 m=1hl3m batch size 256
(0.51 = 0.006) (1.0£0.024) chunk length 16
253Z_C0mpete 17h52 m+254m 19h40 m +£48.2 m PPO clipping 0.2
(0.38 £ 0.007) (0.42 £0.015) PPO epoch 5
3s5z_Compete 22h18m+19m 27h41m=+47.1m Clip p threshold 1.0
(0.48 + 0.005) (0.59 + 0.015) Clip pgp threshold 100
MMM_Compete 29h53m=+593m 37hl5m=+16.7m Teammate Number 6/12/16
(0.64 + 0.019) (0.80 + 0.004) Map Size 16/21/24
MLP layer num 3
Name Value MLP layer size 256/128/64
seed number 3 Activation ReLU
learning rate S04 Max PSRO iteration 25
discount rate Y 0.998 Table 5 Hyperparameters used in MAgent Battle environment.
GAE parameter Agag  0.95
gradient clipping 10
entropy coefficient 0.001 Length Information
optimizer Adam 21 active player id, sticky actions
parallel threads 150 5 active player id, position, direction, tired factor
chunk length 16 3 active player yellow card, red card, offside flag
PPO clipping 0.2 9 ball position, direction, ownership
PPO epoch 5 55 self team position, direction, tired factor
Clip p threshold 1.0 33 self team yellow card, red card, offside flag
Clip pg p threshold 100 55 opponent team position, direction, tired factor
Teammate Number 5/8/10 33 opponent team yellow card, red card, offside flag
MLP layer num 3 3 relative ball position, distance
MLP layer size 256/128/64 33 relative self team position, distance
Activation ReL.U 33 relative opponent team position, distance
Max PSRO iteration 25 9 game mode, goal difference, steps left

Table 4 Hyperparameters used in Competitive StarCraft environment. Table 6 Information in the state vector of GRF.
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Name Value
seed number 3
learning rate Se-4
discount rate y 0.9999
GAE parameter Agag  0.95
gradient clipping 10
entropy coeflicient 0.0
optimizer Adam
parallel threads 150
batch size 256
chunk length 16
PPO clipping 0.2
PPO epoch 5

Clip p threshold 1.0
Clip pg p threshold 100
Teammate Number 5
MLP layer num 3
MLP layer size 256/128/64
Activation Tanh

Max PSRO iteration 50

Table 7 Hyperparameters used in Google Research Football environment.

techniques so that a shared policy can still be applied across hetero-
geneous teammates. However, this shared-policy-based correlation
inevitably suffers from insufficient policy expressiveness. Comparing
the performance of Team PSRO and H-PSRO in heterogeneous team
games thus provides a quantitative measure of how such insufficient
expressiveness degrades the final performance.

B Appendix F

Team games are addressed from three different perspectives: the
competitive perspective, the cooperative perspective, and the mixed
cooperative-competitive perspective.

F.1 Competitive Perspective

From the competitive perspective, an entire team is treated as a single
player with a joint action space, effectively transforming a two-team
zero-sum game into a two-player zero-sum game [11,28]. Consequently,
finding a TMECor in a two-team zero-sum game is equivalent to finding
a Nash equilibrium in a two-player zero-sum game.

PSRO. Policy Space Response Oracles (PSRO) [5,15,16], have been
widely used to approximate Nash equilibria in large-scale two-player
zero-sum games and can be adapted to equivalent team games to approx-
imate TMECor. To manage the large policy space, PSRO incrementally
develops a population of joint team policies to approximate the whole
team joint policy space (e.g., I1y, II,). Initially, PSRO begins with a
population IT} = {71']1(} for team T} € 7, which consists of a single
randomly generated joint policy parameterized by ¥. At each iteration
t, an empirical payoff matrix U is derived from simulations of current
population ITj and I”, . This payoff matrix U is then utilized by a
meta-solver to determine the meta-policy o, and a new policy w_g,
parameterized by & _j is trained to be the best response (BR) to the

meta policy 0. Then new policy 7 _ is added to the population IT7,
and the process repeats. When the newly trained BR already exists in
the population, PSRO outputs a final distribution over the population
policies, effectively approximating the TMECor of the original team
game.

A significant challenge from the competitive perspective is that
transforming a two-team zero-sum game into a two-player zero-sum
game causes the equilibrium search space to grow exponentially with
the number of players in both teams. This makes directly applying
PSRO to solve TMECor infeasible for large team games.

F.2 Cooperative Perspective

Another perspective for solving TMECor is to model two team games
as cooperative games and treat the opposing team 75 part of the envi-
ronment. From this viewpoint, solving TMECor equates to maximizing
the following objective:

J(my) = Ry(my, ).

When the objective achieves its maximal value, no other strategy
71 € I can yield a higher reward, indicating that team 7' has reached
a TMECor. In the cooperative perspective, the challenge lies in how
to coordinate teammates within 77 while ensuring convergence to
TMECor. To solve this, various Multi-Agent Reinforcement Learning
(MARL) algorithms [9, 18, 19,29] have been proposed. Within these
approaches, players in 77 take the actions with the maximal value of
the state-action value function Qy, (01, a1), which is defined as:

On;(01,a1) £ Boy | ~P.ay o~mi |[R] 1 01,0 = 01,210 = ag] .
The advantage function of 7y is defined to be
Ag;(01,a1) = Qx,(01,a1) = Vr,(01), (3)
and V, (01) is the observation value function defined as?:
Va1 (01) = Bay . o~m1,01 1:00~P [R;y [ 01,0 =01]

.y im} of T] .
Write —i1.,, to refer to its complement, and i and —i, respectively, when

Let iy.,, denote an ordered teammate subset {i, ..

m = 1. The corresponding state-action value function for teammate
subset i{.,, in team Ty is defined as

il: il: A . . i : -1 .
7rlm (01,(11 m) - Ea*'l:mwnﬂl:m [Qﬂl (ol,a lm’a lm)]
1 1

Moreover, consider two disjoint subsets of agents, ji.x and i{.;,.
Then, the advantage function of i.,, with respect to j;.; for team 77 is
defined as

Al (Ol’ailzk’alllzm) 2 Qftediim (ol’a.{l:k’alll:m) _

Ji:k Jik
Qﬂ' (019a1 ) .

2We write a'l .

observation as to values, and a'l .

ai; and 01 ; when we refer to the action, joint action and joint

ay,; and 01, as to random variables.
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iy; i, . .
In words, Oz ™ (01 ay ’”) evaluates the value of agents i1.,, taking
actions all“"‘ in observation 01 while marginalizing out al_”:m, and

A;rll’" (01 , a{”‘, ai‘:'") evaluates the advantage of agents i.,, taking

actions a’l”" in observation 0 given that the actions taken by agents

Jik
1
expectation.

MAPPO. MAPPO [18] coordinates players in 77 by extending
PPO [24] to multiple players. To do this, MAPPO employs a trick of
policy sharing, where all agents in team 77 share a policy 71 ghare» SO

J1:k are a; ", with the rest of agents’ actions marginalized out by

that 71 share = (71 shares - - - » T1,share) [18,29]. As such, the policy is

updated to maximise

n(auo;)

LMAPPO(ﬂ] —
Told (al |0,)

Y np .
,share) = ]Eolwp,rold A1~ Told |Z[.71 min (

x(ailof)

clip (77&»14 (a‘llv'l)’ 1+e

Aﬂold (01,ay),

“
where the clip(, 1 + €) operator clips the input to 1 — €/1 + € if

Aﬂo]d (01,(11)

it is below/above this value, thereby preventing large policy updates
and stablizing the training process. Indeed, the algorithm does not
introduce much computational burden with the increasing number of
teammates |T7|. Nevertheless, the policy-sharing team strategy limits
the algorithm’s applicability and could lead to its suboptimality [9, 10]
when agents have different roles.

HAPPO. To handle this, Heterogeneous Agent Proximal Policy
Optimization (HAPPO) [9] was proposed. Instead of coordinating
agents by sharing one policy among them, HAPPO parameterizes
each agent’s policy 7y g,(71,;) by ¥, which, together with other
agents’ policies, forms a joint team policy 7y g, (1) parameterized
by &1 = (%4,....0,). To optimise the ¢y, HAPPO follows the
idea of PPO by considering only using first-order derivatives. This is
achieved by making agent i,,, € T choose a policy parameter ﬁll:’ 1
which maximises the clipping objective of

[T

m im
01~p5 ,a alm~
Tkl

: itm itm
. min |1(7; gke1)AZL™ (01, a™),
N’rl.ﬂ:.‘l*l 1*"‘1 7,9k { ( Pim T gk 1
im-

&)

Cl]’p(l’(ﬂl,f)[kr:l), 1+ e)A:.rll":"A (ol,alllzm)” i
1

_ i i i
wherer(ﬂl’ﬁrzﬁl) =1y gk (@] | 01) /7y gk (a]" | 07) andA”;:;f (01,

ai”"’) is the multi-agent advantage function [9,20] defined as:

©)

m
:m i:my & ij il:f*' if
A"w’f (01.a,™) = ZA"w’f (ol’al ! )
=1

Based on the Multi-Agent Advantage Decomposition Theorem [9],
HAPPO is proven to enjoy monotonic improvement and guaranteed con-
vergence to the Nash Equilibrium (NE) when environmental conditions
keep stable and opponent team strategies stay invariant.

MAT. Following this, [19] take effort to build a connection between
multi-agent reinforcement learning (MARL) problems and generic
sequence models (SM), and propose Multi-Agent Transformer (MAT),
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which leverages transformer architectures to model complex interactions
between cooperative players in team 77.

While the aforementioned algorithms have demonstrated remarkable
performance in team games such as StarCraft II [30], this performance is
achieved when the opponent team is fixed. Extending these algorithms
to broader scenarios, such as when encountering different human
opponent teams, remains a significant challenge.

F.3 Mixed Cooperative-Competitive Perspective

To address the challenges from both competitive and cooperative
perspectives and to approximate TMECor in large-scale team games
without losing generality, [8] extend the PSRO framework by in-
tegrating a homogeneous cooperative reinforcement learning tech-
niques (e.g., MAPPO), and propose a homogeneous PSRO frame-
work named Team PSRO. Specifically, it iteratively constructs a pop-

ulation of shared policies ﬂz’share = {ﬁ,L’Share,,

F share = (7 share” -~ T share) € Mk,share> by adding the best re-
. , .

sponse to the meta-policy over II k.share Vid Eq (4). Team PSRO

eventually converges to a TMECor within Il gpare X II3 ghare, main-

=>n
"’ﬂk,share}’ where

taining robustness against various opponent teams while not imposing
additional computational burden as the number of players in both teams
increases. However, as analyzed in Section ?? and Section ??, this
homogeneous framework may encounter convergence issues in hetero-
geneous team games, including terminating early and never converges
to the global TMECor, and being trapped into a sub-optimal point.
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