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Abstract
Graphs are ubiquitous, and graph learning has long been a fundamental topic in machine learning. While Graph Neural Networks (GNNs) have
achieved remarkable results,  they are typically designed for specific tasks or graphs,  requiring retraining to adapt the diversity of real-world
graph data. Recently, foundation models, such as Large Language Models (LLMs), have driven revolutionary progress in the language domain
through universal pretraining. Their success has sparked growing interest in designing Graph Foundation Models (GFMs), a novel family of
graph neural  networks pre-trained on large-scale,  diverse graph data,  which are capable of supporting a wide range of downstream tasks on
different graphs. Early efforts in the literature often adapt LLMs by transforming graph data into sequential representations. However, unlike
word sequences in natural language, graphs are inherently non-Euclidean structures that encapsulate complex intercorrelations among entities.
Existing GFMs often trivialize the structural diversity and complexity inherent in graph data. To address this gap, we propose to study graph
foundation model from the perspective of Riemannian geometry, and design a novel Curvature-guided Riemannian Graph Foundation Model
(CRGFM).  To the best  of  our  knowledge,  CRGFM is  the first  GFM to introduce a  curvature-based graph description along with geometric
standardization.  Specifically,  to  capture  structural  diversity,  the  input  graph  is  represented  using  a  mixture  of  geometric  experts.  A  novel
geometric  standardization  is  then  introduced  via  an  augmented  Lorentz  transformation.  To  model  structural  complexity,  we  design  a
Riemannian  graph  transformer  within  a  standardized  product  bundle  that  disentangles  graph  structure  from  node  attributes.  Finally,  we
introduce graph prompt learning on the manifold to bridge contrastive learning with downstream tasks. Extensive experiment on a diverse set
of real-world graphs demonstrates the superiority of CRGFM.
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 ■ 1  Introduction
Graphs  are  the  neural  description  of  real-world  systems  with
intercorrelated objects, and there exists a diversity of graphs ranging
from social media analysis, recommender systems and transportation
networks to financial technology, drug discovery, and crystal design
[1,2].  Besides  the  ubiquity,  the  graphs  are  complex,  presenting  a
typical  non-Euclidean  structure  compared  to  the  Euclidean  ones
nested in the language or vision domain [3,4]. In this decade, Graph
Neural  Networks  (GNNs)  [5]  excel  in  representation  learning  on
graphs. Although achieving the state-of-the-art performance, the vast
majority  of  GNNs  are  specialized  models,  either  message-passing
neural  networks  such  as  graph  convolutional  nets  [6]  or  the  recent
graph  transformers  [7].  Given  the  graph  data,  GNNs  are  typically
trained by certain tasks in an end-to-end fashion, and thus a laborious
re-training is necessary to maintain the expressiveness for other tasks
[8].  Recent  years  have  witnessed  the  integration  between  the  self-

supervised  learning  and  GNNs,  e.g.,  graph  contrastive  learning  [9]
and masked graph autoencoders [10]. These methods learn from the
graph  data  themselves  and  disentangle  GNNs from the  downstream
learning  tasks.  However,  the  performance  is  limited  by  the  gap
between  self-supervised  pre-text  and  target  task  [11],  and  is  often
unpredictable on the new graphs [12].
Foundation models such as Large Language Models (LLMs) have

marked a revolutionary advancement in recent years. In the language
domain,  LLMs  (e.g.,  GPT4,  o1,  and  Gemini)  exhibit  the  universal
expressiveness  that  a  single,  pre-trained  network  is  capable  of
addressing  numerous  learning  tasks  on  a  diversity  of  datasets  [13].
Encouraged by the tremendous success  of  LLMs,  there has recently
been  a  surge  of  interest  in  Graph  Foundation  Models  (GFMs)  [14].
Conceptually, GFMs refer to a novel family of graph neural networks
that  are  pre-trained  on  broad  graph  data  at  scale  and  exhibit  a  deep
understanding  of  underlying  structural  patterns  to  support  a  wide
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range  of  downstream  learning  tasks  (e.g.,  node  classification,
clustering,  and  link  prediction)  on  the  diverse  real-world  graphs.  In
the  literature,  existing  studies  approach  GFM  mainly  from  two
research directions.  The one line leverages LLMs for  representation
learning,  where  the  graphs  are  re-casted  as  sequences  readable  by
LLMs  [15],  while  the  other  line  designs  GFM  upon  GNNs  and
introduces  prompt  learning strategies  to  unify  the  downstream tasks
[16].  So  far,  GFM  is  still  far  from  reality,  and  the  significant
challenges are discussed below.
Firstly, structural complexity against euclidean backbone networks.

Understanding  graph  structures  shows  a  fundamental  importance  in
learning  about  graphs.  However,  the  existing  GFMs  largely  ignore
the structural complexity in the graph domain, limiting the expressive
power.  On  the  one  hand,  LLM-based  methods  [17]  deconstruct  the
structural  regularity  when  translating  graphs  into  language-like
descriptions,  given  that  the  underlying  structure  of  LLM  is
Euclidean.  For  example,  the  order  of  description  affects  the
performance  of  representation  learning  [6],  violating  a  critical
topological rule of permutation invariance [18]. Another evidence is
given  by  Section  4  experiment  that  they  often  struggle  in  link
prediction  and  clustering  tasks,  demonstrating  the  deficiency  in
structure understanding. On the other hand, GNN-based methods [5]
typically  utilize  the  traditional  Euclidean  backbone,  i.e.,  the  graph
convolutional  network  [6].  In  fact,  a  graph  structure  aligns  with  a
certain Riemannian manifold, and there exists no isometric mapping
between  the  Riemannian  manifold  and  Euclidean  space  [19].  Note
that  these  methods  cannot  be  directly  transferred  to  the  manifold,
given  the  distinction  in  formulation  and  operation  owing  to  the
essential  difference  in  geometry.  We  emphasize  that  the  complex
structural  patterns1)  typically  go  beyond  the  expressiveness  of
constant curvature spaces2). In other words, there is an urgent call for
an  expressive  backbone  network  suitable  for  the  structural
complexity underlying the graph domain.
Secondly,  structural  diversity  against  the  mission  of  model

universality.  A  key  feature  of  the  foundation  model  is  the
universality.  In  the  language  domain,  different  datasets  present  a
unified  structure  of  sequence  and  a  shared  semantics  of  word
vocabulary  [21].  In  contrast,  different  graphs  exhibit  obvious
structural diversity, rendering the construction of GFM even tougher.
Specifically, the challenge of structural diversity is how to model the
nodes  of  different  graph  structures  in  a  unified  way.  As  mentioned
above,  the language-like graph description is  problematic.  Recently,
analogous to the word vocabulary, [14,22] put forward the notion of
structural  vocabulary  consisting  of  tree  and  cycle  substructures.
However,  it  is  nontrivial  to  identify  the  cycles  in  large  graphs  [23],
and there exists even richer structural semantics in the graph as well.
Also,  we  emphasize  that,  though  Riemannian  geometry  offers  the
systematic  tools  for  structural  description,  the  majority  of
Riemannian  graph  representation  learning  is  orthogonal  to  the
mission of foundation models [20]. Concretely, they primarily focus
on  personalized  structural  matching  to  geometric  counterparts  of

κ

Riemannian  manifolds  (e.g.,  hyperbolic  space  [3,24],  product
manifolds  [25,26],  the  -stereographic  model  [27]  and  pseudo
Riemannian  manifold  [28]),  rather  than  the  architecture  design  for
model universality. In short, it still largely remains open to tackle the
structural diversity and universality of GFM.

κ

Our  solution  is  a  Riemannian  perspective  on  graph  foundation
models.  Grounded  on  the  Riemannian  geometry,  we  rethink  the
graph foundation model regarding structural complexity and diversity
in  the  graph  domain,  and  propose  a  novel  Curvature-guided
Riemannian  Graph  Foundation  Model  (CRGFM).  The  key
innovation  lies  in  that  we  introduce  the  first  curvature-based  graph
description and its geometric standardization into GFM, to the best of
our knowledge. In CRGFM, Riemannian geometry offers the concept
of  the  tangent  bundle  for  the  disentanglement  between  the  non-
Euclidean graph structure and node attributes, where the Riemannian
manifold is employed to depict the graph structure while the section
of  tangent  spaces  accommodates  node  attributes.  Specifically,  to
address the structural diversity, our idea is to describe the input graph
by  a  mixture  of  geometric  experts  and  then  follow up  with  a  novel
standardization  phase,  minimizing  the  embedding  distortion.  In
particular, the geometric expert is given by the unified formalism in
the  -stereographic  model.  Input  graphs  are  standardized  in  the
representation  space  of  the  product  bundle  in  light  of  the  limited
expressiveness  of  a  single  geometry,  and  the  geometric
standardization  is  performed  through  the  augmented  Lorentz
transformation.  To  address  the  structural  complexity,  we  propose  a
Riemannian  graph  transformer  for  graph  modeling  in  the
standardized  product  bundle.  In  particular,  the  structural  encodings
are  positioned  on  the  manifold  by  the  cross-geometry  attention,
whose  advantage  against  the  traditional  attention  is  shown  in  the
experiment.  Meanwhile,  the  attribute  encodings  are  learned  via  the
aggravation  with  parallel  transport  on  the  manifold.  Subsequently,
we  conduct  curvature-based  self-supervised  learning  without  task-
related annotations, i.e., contrasting positive and negative samples in
a shared space. Last but not least, we design a graph prompt learning
that  a  parameterized  displacement  on  the  manifold  is  introduced  to
perturb the geometric distribution, bridging the gap between the pre-
trained model and downstream learning tasks.
The key contributions are three-fold:

●  We  rethink  the  graph  foundation  model  regarding  structural
complexity and diversity in the graph domain, and for the first
time  connect  GFM  to  geometric  standardization  in
Riemannian  geometry  for  universal  graph  structural
understanding and modeling, to the best of our knowledge.

●  We  present  the  novel  CRGFM with  the  representation  space
of  product  bundle,  where  the  graphs  are  described  by  the
mixture of geometric experts, standardized by the augmented
Lorentz  transformation,  encoded  by  the  Riemannian  graph
transformer, and finally aligned with the target task by prompt
learning on the manifold.
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1) The graph structure is rather complex, negatively curved (hierarchical) in some regions and positively curved (cyclical) in others [20].
 

2) The terminologies of space and manifold are used interchangeably throughout this paper.
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●  Extensive  experiments  on  real-world  graphs  demonstrate  the
superior  cross-domain  transferability  of  CRGFM in  few-shot
learning  and  zero-shot  learning,  and  we  also  examine
CRGFM  effectively  supports  a  wide  range  of  downstream
tasks,  including  node  classification,  link  prediction  and  node
clustering.

The remainder of this paper is organized as follows. We introduce
the notations  and necessary background in  Section 2.  Subsequently,
Section  3  presents  our  solution  to  Geometric  Graph  Foundation
Model  (CRGFM).  We  show  the  empirical  results  on  a  diversity  of
real-world  graphs  in  Section  4.  Section  5  briefly  summarizes  the
related  work  and  specifies  their  connection  to  ours.  We  close  with
Section 6 of the conclusion and future directions.

 ■ 2  Preliminaries
In this section, we introduce the necessary background on manifolds,
curvature  and  constant  curvature  space,  and  formulate  the  studied
problem  of  designing  a  graph  foundation  model  in  account  of
structural  complexity  and  diversity  in  the  graph  domain.  The
important notations are summarized in Table 1.

 2.1  Riemannian geometry

Md

g d

x ∈M
TxM∈ Rd x
M
TM =⊔

x∈MTxM

x
logx(·) :M→T§M

κx

x

Riemannian Geometry offers a systematic construction for structural
analysis.  The  elementary  object  is  called  Riemannian  manifold,
which refers to a smooth manifold   endowed with a Riemannian
metric  ,  where    is  the  dimensionality.  It  typically  does  not  obey
the  usual  vector  operations  but  Lie  algebra  is  defined  instead.  In  a
Riemannian manifold, each point   is associated with a tangent
space   around  . A tangent bundle is defined as a smooth
manifold    equipped  with  a  section  of  disjoint  tangent  spaces
surrounding it  .  Riemannian manifold follows the
addition  group  of  Lie  algebra,  so  that  exponential  and  logarithmic
map  are  inherited  for  the  projection  between  the  tangent  space  and
the  manifold.  In  particular,  the  logarithmic  map  at    does

,  while  the  exponential  map  acts  inversely.  The
transform between two tangent spaces is done via parallel transport.
The  curve  of  the  minimal  length  connecting  two  points  on  the
manifold is referred to as a geodesic, which is typically curved rather
than straight. The curvature   is a geometric quantity that describes
the extent how a surface deviates from being flat at  .

 2.2  Constant curvature spaces

H
S

A manifold  is  said  to  be  a  Constant  Curvature  Space  (CCS)  if  and
only  if  its  curvature  is  equal  everywhere.  Accordingly,  there  exists
three  types  of  constant  curvature  spaces:  hyperbolic  space    with
negative  curvature,  hyperspherical  space   with  positive  curvature,
and  “flat”  Euclidean  space,  a  special  case  of  zero  curvature.
Specifically,  hyperbolic  space  excels  in  modeling  tree-
like/hierarchical  graphs  as  its  intrinsic  geometry  aligns  with  the
branching  construction  of  such  structures.  Another  evidence  is  that,

for  any tree,  the  embedding distortion3)  is  proved to  be  bounded in
low-dimensional  hyperbolic  spaces,  but  it  is  not  bounded  in  any
Euclidean space [29]. The flat geometry of Euclidean spaces usually
struggles in capturing the irregular structures. Hyperspherical spaces
are adept at representing cyclic or symmetric structures, such as rings
and  cycles.  Constant  curvature  spaces  provide  significant  geometric
priors  for  representation  learning,  and  how  to  connect  them  to
universality of GFM is still under investigated.

κ 2.3   -Stereographical model
Constant  curvature  spaces  are  instantiated  with  the  model  spaces,4)

such  as  Lorentz  model,  Poincaré  ball  model,  Poincaré  halfplane
model  and Klein model.  In  this  paper,  we construct  the formulation

 

Table 1    Importation notations

Notation Description

G Graph

V Graph nodes set

E Graph edges set

X Node attributes matrix

A Graph adjacency matrix

M A smooth manifold

g Riemannian metric

TxM xThe tangent space at 

TM The tangent bundle surrounding the manifold.

d Dimension

κ Curvature

‡i Structure encoding in tangent space

H Hyperbolic space

S Hyperspherical space

L A unified formalism of Lorentz/Spherical model

o North pole of the model space

p ∈ L Node coordinate on the manifold

z ∈ TpL Node encoding in the tangent space

ϕ :L×L→ R A parameterized scalar map

f (·) :Lm→Ln Manifold-reserving linear operation

[·||·] Vector concatenation

∥ · ∥ L2 norm

Expx(·) The exponential map

Logx(·) The logarithmic map

PTx→y(·) x yThe parallel transport from   to 
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1
|V|2

∑
i j

∣∣∣∣ dG (vi ,v j)
d(xi ,x j)

−1
∣∣∣∣ vi ∈ V xi dG d 

3) Embedding distortion is defined by the average of  , where each node   is embedded as   in representation space.   and   denote the
distance in the graph and the space, respectively.
 

4) Different model spaces of the same geometry are equivalent to each other in essence.
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κ κ < 0
κ > 0

κ = 0 n
κ

Md
κ = {z ∈ Rd | − κ∥z∥22 < 1}

gκz = (λκz)
2 I λκz

in the  -Stereographical Model, which unifies hyperbolic ( ) and
hyperspherical ( ) geometries with a single analytical framework
in the gyrovector ball.  Another advantage is  that  it  converges to the
usual  Euclidean  geometry  in  the  limit  of  .  Concretely,  a  -
dimensional  smooth  manifold  of  curvature    is  written  as

  equipped  with  a  Riemannian  metric
, where the conformal factor   is derived as follows:

 

λκz = 2(1+ κ∥z∥22)−1. (1)

κ > 0

R = 1/
√
−κ κ < 0

In  the  hyperspherical  regime  ( ),  it  reduces  to  the  classical
stereographic  sphere  model,  while  recovering  the  Poincaré  ball  of
radius    for  .  There  exists  the  close-form expression
of distance, exponential map, logarithmic map and parallel transport,
summarized in Table 2.

 2.4  Graphs, GNN, and GFM
G = (V,E) V

E ⊆V×V
X ∈ RN×F |V| = N

F
G

A
G

L = I− D−
1
2 AD−

1
2 D

K
xv k

An undirected  graph  is  described  as    on  the  node  set 
and edge set  . 5) The nodes are optionally associated with
a  feature  matrix  ,  where    is  the  number  of  nodes,
and    denotes  the  dimension  of  input  features.  Note  that,  non-
attributed  graphs  also  exist  in  the  real  world.  The  graph    can  be
alternatively  expressed  in  a  binary  adjacency  matrix    and,
accordingly,  the  normalized  Laplacian  of    is  written  as

,  where    is  the  diagonal  degree  matrix.  Graph
Neural  Networks  (GNNs)  are  the  dominant  solution  for  learning on
graphs.  For  example,  a  Message  Passing  Neural  Network  (MPNN)
recursively  aggregates  the  messages  in  the  neighborhood  by 
layers,  and  node  representation    of  the  th  layer  is  updated  as
follows:
 

x(k)
u = φ

(k)(x(k−1)
u ,Agg({x(k−1)

v : (u,v) ∈ E})), (2)

k = {1, . . . ,K} Aggfor  ,  where   is a permutation invariant aggregation

φ(k)

{G1,G2, . . . ,Gi, . . . ,GM}
Φ Θ Gi

G j j ∈ {1,2, . . . ,M}

function,  and    denotes  the  update  function.  Popular  MPNNs
includes  GCN  [6],  SAGE  [5],  and  GAT  [30].  Despite  the
effectiveness,  GNNs  are  often  cast  as  specialized  models,  and  re-
training  is  typically  unavoidable  for  learning  new  graphs  or  new
tasks.  Encouraged by the success  in  the language domain,  there  has
recently  been  a  surge  of  interest  in  Graph  Foundation  Models
(GFMs),  which  is  a  novel  family  of  graph  neural  networks  that  are
pre-trained  on  broad  graph  data  at  scale  and  are  able  to  support  a
wide  range  of  downstream  tasks  on  different  graphs.  Given  a
collection of  graph  ,  GFM aims to  pre-train  a
single,  universal  model    so  that  the  parameter    trained  from 
can generate informative representations for  ,   with
slight  treatments,  e.g.,  prompt  learning.  Distinguished  from  the
previous  GFMs,  we  are  interested  in  addressing  the  graph
universality (not  limited to textual-attributed graphs)  as  well  as  task
universality (including node classification,  link prediction,  and node
clustering),  where  we  emphasize  the  structural  complexity  and
diversity in the graph domain.

 ■ 3  Methods
Grounded on Riemannian geometry,  we propose a novel Curvature-
guided  Riemannian  Graph  Foundation  Model,  referred  to  as
CRGFM,  to  address  the  structural  complexity  and  diversity  in  the
graph domain. The overall architecture is sketched in Fig. 1, where a
novel  standardization  phase  lies  in  the  heart  of  CRGFM to  achieve
universality of foundation models. To the best of our knowledge, we
propose  the  first  geometric  standardization  from  the  lens  of
curvature.  In  a  nutshell,  for  an  input  graph,  it  is  described  by  the
mixture  of  geometric  experts  (Subsection  3.1),  standardized  by  the
augmented  Lorentz  transformation  (Subsection  3.2),  encoded  using
Riemannian  graph  transformer  in  the  latent  space  (Subsection  3.3),
trained with curvature-based self-supervised learning (Subection 3.4)

  
Hd Sd EdTable 2    Summary of the operations in constant-curvature space (hyperbolic  , spherical  , and euclidean space  )

Operation EdFormalism in  Hd SdUnified formalism in κ-stereographic model ( / )

Distance metric dκM(x, y) = ∥x− y∥2 dκM(x, y) =
2
√
|κ|

tan−1
κ

(√
|κ| ∥−x⊕κ y∥2

)
Exponential mapping expκx(v) = x+ v expκx(v) = x⊕κ

(
tanκ

(√
|κ|λ

κ
x∥v∥2
2

)
v

√
|κ|∥v∥2

)
Logarithmic mapping logκx(y) = x− y logκx(y) =

2
√
|κ|λκx

tan−1
κ

(√
|κ| ∥−x⊕κ y∥2

) −x⊕κ y
∥−x⊕κ y∥2

Parallel transport PT K
x→y(v) = v− x+ y PT K

x→y(v) = −λ
K
x

λK
v

((y⊕K −x)⊕K (y⊕K (−x⊕K v)))

Addition x⊕κ y = x+ y x⊕κ y =
(
1+2κxT y+K∥y∥2) x+

(
1− κ||x||2) y

1+2κxT y+ κ2||x||2||v||2

Scalar-vector multiplication r⊗κ x = rx r⊗κ x = expκ0
(
r logκ0(x)

)
Matrix-vector multiplication M⊗κ x = Mx M⊗κ x = expκ0

(
M logκ0(x)

)
κ-right multiplication X⊗k W = XW X⊗k W = expk

0

(
logk

0(X)W
)

Applying functions f ⊗κ (x) = f (x) f ⊗κ (x) = expκ0
(
f
(
logκ0(x)

))
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or  aligned  with  the  target  task  through  prompt  learning  on  the
manifold (Subsection 3.5). Note that another advantage of CRGFM is
that  the  geometric  structural  analysis  is  not  tied  to  node  attributes,
and thus  broadens  the  realm of  GFM beyond text-attributed graphs.
Before  elaborating  on  each  component,  we  specify  that  the  node
encoding  of  CRGFM  adopts  the  disentangled  construction  of
structural encoding and attribute encoding.

 3.1  Mixture of geometric experts

K

In  fact,  the  graph  structure  is  rather  complex,  hierarchical  in  some
regions  and  cyclical  in  others.  A  single  constant  curvature  space  is
inadequate  to  describe  the  graph  structure,  given  that  hyperbolic
space  is  suitable  for  the  hierarchical  structures  while  the  cyclical
structures  call  for  hyperspherical  space  in  the  meantime.  Such  a
challenge  motivates  us  to  introduce  the  Mixture  of  Geometric
Experts  (MoGE).  Without  loss  of  generality,  we  introduce 
geometric experts and a gating network (a.k.a. router) for node-wise
structural description, minimizing the embedding distortion in graph
representation.

κ● Geometric expert in  -stereographic model
κ

κ

Our  geometric  expert  works  with  the  -stereographical  model,
enjoying  its  unified  formalism  in  hyperbolic  space,  hyperspherical
space,  and  Euclidean  space.  The  expert  is  designed  as  a  Message-
Passing Neural Network generalizing Eq. (2) to the manifold. The  -
stereographical MPNN is formulated as follows,

 

H(l+1) = σ⊗κ
(
Â⊠κ

(
H(l) ⊗κW(l)

))
, (3)

H W(l) ∈ Rd×d

Â = D−1/2(A+ I)D−1/2

κ

⊠κ

where    denotes  the  representations.    is  a  trainable
weight  matrix,  and    is  the  symmetrically
normalized  adjacency  matrix  with  added  self-loops.  The  -left-
matrix-multiplication   is wiritten as
 

(A⊠κ X)i• :=

∑
j

Ai j

⊗κmκ(X1•, . . . ,Xn•; Ai•), (4)

mκ(·) κwhere    denotes  the  gyromidpoint  in  the  -stereographical
model,
 

mκ(x1, . . . , xn;α) =
1
2
⊗κ

 n∑
i=1

αiλ
κ
xi∑n

j=1α j(λκx j
−1)

xi

 , (5)

λκx = 2/(1+ κ∥x∥2)

κ

∑
jα j(λκx j

−1) , 0 κ > 0
κ→ 0

with  the  conformal  factor  .  The  intuitive
understanding of  gyromidpoint  is  given as  follows.  As illustrated in
Fig. 1(b),  gyromidpoint  is  the  geometric  centroid  regarding  the
distance metric in  -stereographical model of Riemannian geometry,
analogous  to  the  midpoint  in  Euclidean  space.  In  particular,  we
further require the condition of   for  . Notably,
the  above  architecture  recovers  the  Euclidean  GCN  as  ,
seamlessly shifting among curved and flat geometries.

● Topological-aware gating network
Given  the  complexity  of  graph  structure,  a  node  may  live  in  a
hierarchical  (hyperbolic)  dominant  substructure  where  the  cyclical

 

 
Fig. 1    Overall architecture of the pre-training model in CRGFM. Each graph is described by the mixture of geometric experts, standardized in
the  product  bundle,  encoded  by  the  Riemannian  graph  transformer,  and  pre-trained  with  contrastive  learning  between  the  hyperbolic  and
hyperspherical  geometries.  (a)  Overall  architecture;  (b)  gyromidpoint;  (c)  the  lorentz  transformation  ans  augmented  lorentz  transformation;
(d) parallel transport
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i
ti

(hyperspherical)  component  exists  as  well.  Hence,  we  introduce 
geometric  experts  of  different  curvatures,  and  leverage  a  gating
network that routes the node to the best matching geometric experts.
In  particular,  we  adopt  the  soft  assignment  that  each  expert  will
receive  a  matching  score  (weight).  In  CRGFM,  the  principle  of
expert  assignment  lies  in  that  the  underlying  geometry  of  the
weighted expert  mixture aligns with the local  topology of the target
node. Accordingly, for a given node  , we first characterize its local
topology as a vector representation  , which is defined as the result
of a pooling function over the encodings of the nodes in the subgraph
surrounding the target node. Second, we design a network to generate
the assignment weight.
 

wi = softmax(ϕ(ti)) , (6)

ϕ

w h
w⊗κ h

where   is a shallow projection such as MLP applied to the subgraph
representation.  Note  that  the  weight    and  encoding   are  fed  into
the  geometric  standardization,  .  Third,  we  introduce  the
objective of embedding distortion to measure the agreement.
 

JMoGE =
1
|V|2

∑
i j

∣∣∣∣∣∣dG(vi,v j)
d(xi, x j)

−1

∣∣∣∣∣∣ , (7)

vi ∈ V xi

dG d
where  each  node    is  embedded  as    in  representation  space.
  and    denote  the  distance  measure  in  the  graph  and  the

representation  space,  respectively.  Geometrically,  each  assignment
corresponds  to  a  product  manifold  of  the  selected  experts  given  the
independence  of  geometric  experts.  The  remaining  challenge  is  to
define the distance measure (as stated in the next part), motivating us
to propose a standardization phase.

 3.2  Geometric standardization
In  CRGFM,  we  propose  a  novel  geometric  standardization  for  the
universality  under  structural  diversity.  Note  that,  MoGE  describes
each node with different product manifolds. The key challenge lies in
that  these  product  manifolds,  underlying  the  MoGE,  are  not
comparable.  Note  that,  it  is  nontrivial  to  formulate  a  well-defined
measure  among  a  diverisity  of  product  manifolds.  Instead,  we
propose  to  map  different  product  manifolds  into  a  unified  latent
space  through  geometric  transformation,  i.e.,  Geometric
Standardization. The following subsections detail the construction of
unified  latent  space,  the  formulation  of  transformation,  and  the
objective of standardization.

● Representation space of product bundle
Here,  we  construct  the  unified  latent  space  for  universal  graph
learning  in  account  of  the  following  two  issues.  First,  given  the
structural complexity and the importance of the geometric prior,  the
unified  space  is  preferable  to  model  different  structural  patterns.  It
motivates  us  to  adopt  the  product  manifold  of  multiple  geometric
measures  to  address  the  limited  expressive  power  of  a  single
geometry.  Second,  in  light  of  the  representation  disentanglement  in
our  model  philosophy,  we  propose  to  leverage  the  concept  of  the
tangent  bundle,  where  structural  information  and  node  attributes

reside  in  the  different  components  of  the  bundle.  Consequently,  the
unified  latent  space  is  given  as  a  Product  Bundle,  which  is  the
Cartesian  product  of  a  hyperbolic  tangent  bundle  and  a
hyperspherical tangent bundle.6)

Specifically, the product bundle is written as follows:
 

PdP =
(
HdH
κH
⊗TH dH

κH

)
⊗

(
SdS
κS
⊗TSdS

κS

)
,dP = 2dH +2dS , (8)

⊗ d(·) κ(·)

HdH
κH
⊗TH dH

κH

SdS
κS
⊗TSdS

κS

p
z

xi = [pH
i ||zH

i ||pS
i ||zH

i ] ∈ PdP

||

pH
i ∈ HdH

κH
zH

i ∈ TpH
i
HdH
κH

pS
i ∈ SdS

κS
zS

i ∈ TpS
i
SdS
κS

gPx = g
κH
x ⊕ IdH+1 ⊕ gκSx ⊕ IdH+1 IdH+1 (dH +1)

⊕

where    denotes  Cartesian  product.    and    stand  for  the
dimensionality  and  curvature,  respectively.  There  are  two factors  in
this product, i.e., hyperbolic bundle   and hyperspherical
bundle  , so that we are able to jointly capture hierarchical
and  cyclical  patterns  in  the  latent  space.7)  According  to
disentanglement, nodes are represented by both structural encoding 
in  the  manifold  and  attribute  encoding    in  tangent  spaces.  Hence,
the  node  representation  is  constructed  as  ,
where    denotes  the  concatenation  operation  between  vectors,  and
the  four  components  belong  to  manifolds  and  tangent  spaces  of
different geometries  ,  ,  ,  .
Accordingly, the Riemannian metric of this product bundle is yielded
as  ,  where    is  the  -
dimensional identity matrix, and   denotes the matrix direct sum.

● Representation disentanglement and tangent bundle
In  this  part,  we  further  elaborate  on  representation  disentanglement
and  product  bundle.  The  structural  information  and  the  attribute
information  are  disentangled  in  the  proposed  CRGFM,  where  the
manifold  is  responsible  for  structural  encoding  while  the  tangent
spaces for attribute encoding. The final node representation is given
as  the  concatenation  of  structural  encoding  and  attribute  encoding.
On  the  one  hand,  we  model  the  structural  information  on  the
manifold,  where  the  initial  input  is  the  eignvalues  of  Laplacian
matrix, which encapsulates the graph structure but is independent to
node  attributes.  The  structural  information  is  encoded  as  the
coordinates  on  the  manifold,  and  we  update  the  coordinates
regardless  of  tangent  spaces.  The  learning  on  structural  knowledge
keeps  separate  to  the  attribute  information.  On  the  other  hand,  we
consider the attribute information on the tangent spaces. Concretely,
we  conduct  neighborhood  aggregation  for  attribute  encoding.  As
attribute  encodings  live  in  the  tangent  spaces,  manifold  coordinates
are  needed  to  bridge  the  incompatibility  between  different  tangent
spaces.  Hence,  structural  information  and  attribute  information  are
conceptually kept separate yet interact with in the proposed model.

● Augmented lorentz transformation
The standardization is given by mapping the curvature space of each
expert  to  the  unified  product  bundle.  Without  loss  of  generality,  all
the  curvature  spaces  are  mapped  to  the  hyperbolic  space  as  well  as
the  hyperspherical  space,  as  shown  in  Fig. 1.  Hence,  it  calls  for  a
geometric  transformation  that  maps  between  the  manifolds  of
different curvatures and different dimensionality.
To  achieve  this,  we  propose  an  Augmented  Lorentz
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6) The hyperbolic tangent bundle refers to the tangent bundle of a hyperbolic space, and is also termed as hyperbolic bundle for short in the following parts.
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{[
xt

xs

]
∈ Rd+1|⟨x, x⟩κ = 1

κ
, xt > 0, xs ∈ Rd

}

Transformation, termed as ALT. We begin by introducing the classic
Lorentz  transformation  in  a  hyperbolic  space.  It  performs  the
equivariant  transforms  such  as  rotation  and  boost  through  a  clean,
closed  form  of  matrix-vector  multiplication,  where  the  multiplier
matrix  satisfies  certain  constraints,  e.g.,  orthogonal.  However,  the
constrained  optimization  is  usually  infeasible  in  deep  learning.  We
specify that, expressing linear transformation as a matrix is naturally
in  Euclidean  space,  but  it  is  not  the  case  in  the  manifold  endowed
with a Riemannian metric. Notably, different from maintaining in the
same space as in the Lorentz transformation, we face a much tougher
task of simultaneously transforming curvature and dimensionality. In
spirit of Lorentz transformation, in ALT, we adopt the clean form of
matrix-vector  multiplication,  but  recast  the  constrained optimization
as a network layer. Following the convention of classic formulation,
we  first  elaborate  on  ALT  in  the  Lorentz/Sphere  model  of  the
spacetime  formulation.  Specifically,  it  is  a  smooth  manifold

  coupled  with  the  inner-

product metric defined as
 

⟨x, y⟩κ := sgn(κ)xtyt + x⊤s ys, (9)

xt xs

sgn
Md1 ,κ1 Md2 ,κ2

x ∈Md1 ,κ1 W ∈ Rd2×d1

where    and    denote  the  time-dimension  and  space-dimension,
respectively.    is  the  sign  function.  Let  ALT  connect  the  source
manifold    and  target  manifold  ,  without  loss  of
generality. For any  , the ALT parameterized by 
is formulated as follows:
 

ALTd1 ,κ1→d2 ,κ2 (W, x) =
[

w0 0⊤

0 W

] [
xt

xs

]
=

[
w0 xt

Wxs

]
, (10)

w ∈ R w0 =
√
|κ1 |
|κ2 | ·

1−κ2ℓ(W,xs)
1−κ1⟨xs ,xs⟩ ℓ(W, xs) = ∥Wxs∥2

κ

where  ,  , and  . Then, we

rewrite  ALT  in  the  -stereographical  model8),  which  is  done  via
stereographical  projection.  In  particular,  it  is  a  diffeomorphism
connecting the different model spaces
 

x = Π(x′) =
1

1+
√
|κ|x′t

x′s, x′ = Π−1(x) =
(
λκx x,

1
√
|κ|

(
λκx −1

))
,

(11)
x′ x

κ−

where   is a point on the Lorentz/Sphere model, and the image   is
the  corresponding  point  in  the  gyrovector  ball.  Finally,  in

stereographic model, ALT takes the form of
 

Π
(
ALTd1 ,κ1→d2 ,κ2 (W,Π

−1(x))
)
. (12)

κ

Here, we review the concept of Lorentz transformation to develop the
high-level  understanding  of  ALT.  Lorentz  transformation  can  be
regarded  as  the  linear  transformation  in  a  given  hyperbolic  space,
steaming  from  the  Einstein’s  Special  Theory  of  Relativity.  The
proposed ALT generalizes the Lorentz transformation and allows for
the  linear  transformation  between  any  two  -stereographical  model.
In other words, the realm of Lorentz transformation is extended from
the hyperbolic space to a wider family of constant curvature spaces.
Accordingly,  we  are  able  to  implement  the  regularization  of

embedding  distortion  in  the  standardized  product  bundle  with
augmented  Lorentz  transformation.  In  particular,  the  distance  is
given by the product of hyperbolic and hyperspherical  space,  where
we utilize the gyromidpoint with the weights of geometric experts in
each CCS.

 3.3  Riemannian graph transformer
In  CRGFM,  we  design  a  Riemannian  graph  transformer  on  the
standardized  product  bundle  to  learn  expressive  encodings.  We
notice  that,  recent  advance  extends  the  vanilla  transformer  to  the
hyperbolic space [31]. Key differences are dual: on the one hand, we
are  devoted  to  deriving  a  unified  formalism  for  constant  curvature
spaces  (the  formalism  is  preferable  to  work  with  both  hyperbolic
space  and  hyperspherical  sapce,  and  recovers  to  its  Euclidean
counterpart in the limit of curvature at zero); on the other hand, our
Riemannian  transformer  are  designed  to  instantiate  attention
mechanism over the tangent spaces, which has rarely been touched in
the literature.

● Structural encoding with cross-geometry attention
The  structural  encoding  is  the  node’s  location  in  the  manifold,
depicting its structural regularity in the graph. Towards this end, we
adopt  the  global  attention  mechanism in  order  to  capture  the  global
structure  context,  so  that  the  universal  mechanism  to  represent
structural  regularity  is  injected  into  the  model  parameters.  In  other
words,  given  an  arbitrary  graph  structure,  the  proposed  manifold
attention  is  responsible  to  learn  the  node  distribution  from  the
corresponding geometric perspective.
Specifically,  we generalize the vanilla global attention to constant

curvature spaces. Note that, we derive the initial structural encoding
with  the  graph  Laplacian,  which  is  manifold-valued  by  default.  We
elaborate  on  the  proposed  attention  mechanism  with  the  hyperbolic
factor  of  the  product  bundle.9)  In  our  design,  the  key,  query  and
value are given by the linearity on the manifold as follows:
 

ki =WK ⊗κ pHi , qi =WQ ⊗κ pSi , vi =WV ⊗κ vHi , (13)

⊗κ κwhere    denotes  the  matrix-vector  multiplication  in  -
stereographical  model.  Note  that,  the  query  is  given  by  the
counterpart  geometry in  the  proposed cross-geometry attention.  The
attentional weight is defined by the softmax function as follows:
 

αi j =
exp(ϕ([qi∥k j]))∑

j′∈V exp(ϕ([qi∥k j′ ]))
, (14)

|| ϕ

V

mκ(v1, . . . ,vn;α)

where   denotes  the  vector  concatenation,  and    is  a  scalar  scoring
function. The cross-geometry attention conducts the global attention
over the node set  . Thus, the structural encoding is updated by the
weighted  aggregation  in  the  gyrovector  ball,  which  is  written  as
gyromidpoint   in Eq. (5).
Accordingly,  the manifold attention learns structural  patterns with

the  geometric  prior.  We  argue  that  the  cross-attention  fuses  the
different  geometries  as  a  whole.  Also,  the  ablation  study  shows  its
superior expressiveness compared to single-geometry counterpart.
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8) Though the model spaces present different formal construction, they are the same in essence.
 

9) The attention in the hyperspherical factor has the same construction with the swapped superscript.
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● Attribute encoding through parallel transport
The structural encodings live in the same manifold, either hyperbolic
or  hyperspherical.  However,  attribute  encodings  reside  in  different
tangent  spaces,  which  poses  a  fundamental  challenge  that  attribute
encodings are incompatible.

x y
PTx→y

v ∈ TxL
TyL x y L

γx,y(t) = xcosκ(t)+ 1√
|κ| sinκ(t)y

x y t ∈ [0,1]

In  CRGFM,  we  leverage  the  geometric  operation  of  parallel
transport  to  address  the  incompatibility  among  different  tangent
spaces.  Specifically,  given  two  points    and    in  the  manifold,  the
parallel  transport  w.r.t.  the Levi-Civita  connection    is  a  linear
isometry that maps a vector in one tangent space   to another
tangent space   along the geodesic connecting   and   in  . That
is,  the  parallel  transport  can  be  given  by  the  movement  along  the
geodesic,  whose  unit  speed  is  written 
from    to    is  given  by,  for  .  Hence,  the  general  form  is
expressed with the logarithmic map as follows:
 

PT pi→pj (z) = z−
⟨logκpi

(pj), z⟩pi

d(pi, pj)

(
logκpi

(pj)+ logκpj
(pi)

)
, (15)

x ⟨a, b⟩x = a⊤gx b
gx L x κ

where the inner product at point   is defined as  , and
  denotes  the  Riemannian  metric  of    at  .  In  -stereographic

model,  parallel  transport  is  reduced  as  the  clean  expression  as
follows:
 

PT κpi→pj
(z) = −

λκpi

λκz

(
(pj ⊕κ −pi)⊕κ (pj ⊕κ (−pi ⊕κ z))

)
, (16)

⊕κwhere    is  the  addition  given  in  Table 2.10) More  intuitively,  the
operation  of  parallel  transport  is  analogous  to  the  translation  in
Euclidean  space.  Parallel  transport  can  be  understood  as  the  vector
movement  along  the  geodesic  on  the  Riemannian  manifold,  where
the  geodesic  is  the  shortest  curve  connecting  two  points  on  the
manifold.  Thereafter,  we  are  able  to  conduct  local  attention  among
attribute  encodings  in  different  tangent  spaces.  Specifically,  for  a
target node, we bring the attribute encodings of the neighbor nodes to
its  tangent  space  with  parallel  transport.  In  light  of  the  Euclidean
geometry  of  the  manipulation  tangent  space,  we  perform  the  local
attention  via  a  graph  attention  layer  of  [30]  on  the  local  subgraph
surrounding the target node.
In  the  standardized  product  bundle,  we  establish  a  universal

mechanism that learns the structural regularity in the manifolds while
extracting node attributes in the tangent spaces.

 3.4  Geometric self-supervised learning
This  part  elaborates  on  how  to  pre-train  CRGFM,  and  the  overall
procedure  is  summarized in  Algorithm 1.  As the  training with  task-
specific annotations tends to result in inductive bias, the pre-training
of  foundation  models  generally  follows  the  self-supervised  fashion.
Among  self-supervised  learning  methods,  contrastive  learning  has
emerged  as  a  successful  paradigm  where  data  augmentation  is
required to learn from the similarity among data themselves. Unlike
the  image  domain,  where  augmented  samples  are  readily  generated
by  operations  such  as  cropping  or  rotation,  it  is  inherently
challenging to generate meaningful augmented graphs.
Instead of explicit graph augmentation, in CRGFM, we explore the

diversity  of  geometries  in  the  product  bundle  and  enable
augmentation-free  graph  contrastive  learning.  To  be  specific,  the
product  bundle  itself  consists  of  hyperbolic  and  hyperspherical
geometry,  and  thus  offers  different  geometric  views  for  graph
contrastive  learning.  Next,  we  study  the  similarity  measure  for  the
geometric  contrast.  The  key  challenge  lies  in  the  fact  that  different
geometries  are  not  compatible,  and  the  case  becomes  more
complicated  when  the  tangent  bundle  is  taken  into  account.  To
resolve  the  incompatibility  issue,  we  consider  the  shared  tangent
space anchored at the north pole of the model space and, accordingly,
the  attribute  at  its  structural  position  is  parallel  transported  to  the
tangent  space  at  the  north  pole.  To  improve  efficiency,  we  only
perform  contrastive  learning  among  attribute  encodings,  since  the
parameters  related  to  the  manifolds  are  encapsulated  in  parallel
transport.  Finally,  the  contrastive  learning  objective  is  derived  as
follows:
 

JSSL =J(H,S )+J(S ,H), (17)
 

J(H,S ) = −
N∑

i=1

log
exp(⟨PT pH

i →o(zH
i ),PT pS

i →o(zS
i )⟩)∑N

j=1 exp(⟨PT pH
i →o(zH

i ),PT pS
j→o(zS

j )⟩)
, (18)

Nwhere   is the number of nodes. Note that, the pre-training process
is of fundamental importance to CRGFM, which learns the universal
structural knowledge in the graph domain.

 3.5  Riemannian prompt learning on graphs
Prompt learning is typically adopted to bridge the gap between model
pre-training and the target learning task. In the literature, a series of
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10) The Möbius addition in the gyrovector ball.
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works have designed advanced prompt  learning to  improve the task
universality of graph neural networks [16]. However, all of them are
formulated in the traditional Euclidean space, and cannot be directly
adjusted to Riemannian manifolds.

Φ

Qt vi

qi pi

p′i

To fill this gap, we propose the first Riemannian Prompt Learning
for  graph  foundation  model,  to  the  best  of  our  knowledge,  and  the
prompt  learning  procedure  is  summarized  in  Algorithm  2.  Its
intuitive understanding is given as follows: we perturb the encoding
distribution  on  the  manifold  with  parameterized  displacement  to
align with the target learning task. To be specific,  we first  froze the
pre-trained  parameters  ,  initializing  a  task-specific  prompt  matrix
.  For  each  node    within  every  factor  bundle  of  the  product

bundle,  first  project  the  prompt  vector   onto  the  manifold    to  a
new position   via the exponential map:
 

expκpi
(qi) = pi ⊕κ

(
tanκ

(√
|κ|
λκpi
∥qi∥2
2

)
qi√
|κ|∥qi∥2

)
. (19)

zi

pi p′i

Subsequently,  parallel  transport  transfers  the  attribute  encoding 
from its original position   to  , ensuring metric invariance during
feature translation. Finally, optimize the prompt matrix based on the
task-specific  loss  function  to  generate  node  representations  that
integrate universal structural knowledge with task-adaptive features.
The  proposed  CRGFM  follows  the  “pre-training  and  prompt

learning”  paradigm,  where  Riemannian  prompt  learning  seamless
integrates  task-specific  information  with  the  pre-training  in
Riemannian  manifolds.  Note  that  prompt  vectors  for  node
representations  are  optimized  separately  for  each  downstream  task,
bridging  the  gap  between  the  pre-trained  model  and  downstream
task.

K O(K|E|)
O(|E|)

O(2|V|2)

O(|V|2)

O(|V|)

●  Computational  complexity.  We  conduct  complexity  analysis  for
CRGFM in  both  pre-training  and  prompting.  In  model  pre-training,
performing  MoGE  of    geometric  experts  costs    as  each
expert  undergoes  the  message-passing  of  .  The  complexity  of
Riemannian  transformer  is  yielded  as    owing  to  global
attention.  It  is  in  the  same rank as  the  traditional  transformer  but  is
endowed  with  rich  geometries.  The  proposed  contrastive  learning
costs    while  taking  advantage  of  augmentation  free.  In  the
prompt  learning,  each  node  is  attached  with  a  parameterized
displacement,  and  the  complexity  is  given  as    for  the  target
tasks of node classification and link prediction.

●  Connection  to  existing  GFMs.  Previous  efforts  can  be  roughly
divided  into  two  groups:  LLM-based  methods  and  GNN-based
methods.  The proposed CRGFM belongs  to  the  latter,  and CRGFM
distinguishes itself by the rich geometries in structural understanding.
In  the  literature,  RiemannGFM  [22]  is  the  first  Riemannian
foundation model in the graph domain, to the best of our knowledge.
The  proposed  model  and  RiemannGFM  work  with  different  model
space.  More  importantly,  RiemannGFM  introduces  the  notion  of
structural  vocabulary  and  explicit  samples  shared  substructures.  On
the contrary, we model the structural complexity through MoGE and
put forward a novel geometric standardization phase for universality.

 ■ 4  Experiments
We  do  experiments  on  a  diversity  of  real-world  graphs,  aiming  to
answer the following research questions:

● RQ1:  How  does  the  CRGFM  perform  on  cross-domain
adaption?

● RQ2: How effective is CRGFM in few-shot learning?
● RQ3:  How  does  the  pre-training  dataset  impact  CRGFM
performance?

 4.1  Experimental setups
 4.1.1  Datasets
We  conduct  extensive  experiments  on  benchmark  graph  datasets.
Without  loss  of  generality,  we  choose  two  categories  of  datasets:
text-attributed graphs (Citeseer and Pubmed [32], Amazon-photo [8])
and  a  non-attributed  graph  (Airports  [32])  for  model  evaluation.
Citeseer  and  Pubmed  are  citation  networks,  where  nodes  represent
documents  and  edges  represent  citation  links.  Amazon-photo  is  a
segment  of  the  Amazon  co-purchase  graph,  where  nodes  represent
goods  and  edges  represent  that  two  goods  are  frequently  bought
together.  Airport  is  a  commercial  air  transportation  network  within
the  United  States,  which  is  a  non-attributed  graph.  For  the  pre-
training datasets, we choose three widely used graph datasets, Flickr,
Acomp, and WikiCS. The details are summarized in Table 3.

 4.1.2  Baseline
We  compare  the  proposed  CRGFM  with  the  following  strong
baselines categorized into three groups: vanilla GNNs (i.e., GCN and
SAGE),  graph  self-supervised  learning  methods  (i.e.,  DGI  and
GraphMAE2)  and  graph  foundation  models  (i.e.,  GCOPE,  OFA,
 

Table 3    Statistics of datasets

Dataset #(Nodes) #(Edges) Feature dimension

CiteSeer 3,327 9,104 3,703

Pubmed 19,717 44,338 500

Amazon-photo 7,650 238,162 745

Airports 1,190 13,599 0

ogbn-arxiv 169,343 1,166,243 128

Physics 34,493 495,924 8,415

DBLP 17,716 105,734 1,639
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RiemannGFM,  OpenGraph,  and  LLaGA).  We  briefly  introduce  the
baselines as follows.

●  GCN  [6]  leverages  spectral  graph  convolution  to  learn  node
representations  by  iteratively  aggregating  and  transforming
normalized neighbor features to capture graph local structure.

● GraphSAGE [5] samples a fixed number of neighbors for each
node  and  applies  a  learnable  aggregator  to  combine  their
features, enabling inductive and scalable node embedding.

●  DGI  [33]  introduces  a  self-supervised  paradigm  by  maxi-
mizing  the  mutual  information  between  the  local  and  global
views.

●  GraphMAE2  [10]  conducts  self-supervised  learning  in  the
reconstruction  of  masked  node  features  with  masked
autoencoders.

●  GCOPE  [34]  is  a  graph  pre-training  framework  designed  to
enhance  the  efficacy  of  downstream  tasks  by  harnessing
collective insights from multiple source domains.

● OFA [35] describes all nodes and edges with natural language
to feed into LLMs, and subsequently utilizes graph prompting
that appends prompting substructures to the input graph.

●  RiemannGFM [22]  models  graph  learning  from the  perspec-
tive of Riemannian geometry, developing a graph foundation
model that leverages geometric properties to capture complex
non-Euclidean structures in graphs.

● OpenGraph [36]  is  trained on diverse  datasets  with  a  unified
graph  tokenizer,  scalable  graph  transformer,  and  LLM-
enhanced  data  augmentation  to  comprehend  the  nuances  of
diverse graphs.

 4.1.3  Implementation notes and evaluation protocol

−1 +1
11

K
K

In CRGFM, the curvatures  of  hyperbolic  and hyperspherical  factors
in the standardized bundle are fixed as   and  , respectively. We
utilize   geometric experts by default, where a geometric expert of
zero curvature is introduced for the flat geometry and the curvatures
of  other  experts  are  learnable.  On  input  initialization,  the  structural
input is given by the   largest eigenvalues of the Laplacian matrix,
where    is  predefined  number.  The  model  is  optimized  by  Adam

0.3

10

with  a  dropout  rate  of  .  All  baseline  models  are  adopted  from
official  repositories.  Popular  metrics  of  classification  accuracy
(ACC)  and  weighted  F1-score  (F1)  are  employed  in  node
classification, while AUC and Average Precision (AP) are utilized in
link  prediction.  Node  clustering  results  are  visualized  for  intuitive
description.  On  the  few-shot  learning,  we  follow  the  evaluation
protocol  commonly  adopted  in  recent  graph  foundation  models.
Specifically, for node classification, we randomly sample 1-shot or 5-
shot  labeled  nodes  per  class,  and  fine-tune  the  pre-trained  model
using a supervised cross-entropy loss for 100 epochs. Both Accuracy
and F1 are reported based on an average over random splits. For link
prediction,  we  adopt  the  1-shot  or  5-shot  setting  by  randomly
revealing a limited number of positive links, combined with an equal
number  of  negative  samples.  A  decoder  is  trained  on  the  resulting
few-shot  link  pairs,  and  performance  is  evaluated  using  AUC  and
AP.  In  all  cases,  the  fine-tuning  is  performed  using  early  stopping
based  on  validation  performance.  Each  case  undergoes 
independent  runs,  and  we  report  the  mean  value  with  standard
deviations.

 4.2  Performance evaluation
We  evaluate  the  performance  of  GFM  with  knowledge  transfer
among different  graphs  and few-shot  learning.  Then,  we investigate
the  impact  of  pre-training  datasets  to  show  the  universality  of  the
proposed model.

 4.2.1  Cross-domain transfer learning
Tables 4 and 5  summarize  the  results  of  the  node  classification  and
link  prediction  tasks  in  the  cross-domain  transfer  setting.  Note  that,
OFA cannot work without node attributes. We pre-train the proposed
CRGFM on four  large-scale  datasets.  For  the  specialized  models  of
GCN  and  GraphSAGE,  they  are  trained  directly  on  the  target
datasets.  According  to  the  experimental  results,  we  summarize  the
key  findings  as  follows.  First,  the  CRGFM  achieves  outstanding
performance  on  both  node  classification  and  link  prediction  tasks,
validating  the  effectiveness  of  our  model  for  cross-domain  transfer.
We  will  further  analyze  the  specific  contributions  of  these
components in the ablation studies. Second, models relying on LLMs

  
Table  4    Cross-domain  transfer  learning  on  CiteSeer,  Pubmed,  Amazon-photo,  and  Airport  datasets.  ACC  (%)  and  F1  (%)  of  node
classification with standard deviations. The best method in each column is bold, and the runner-up is underlined

Metric Dataset
Vanilla GNNs Graph SSL Graph foundation models

GCN GraphSAGE DGI GraphMAE2 GCOPE OFA OpenGraph LLaGA RiemannianGFM CRGFM

Citeseer
ACC 71.39±0.35 67.13 ± 0.28 72.23 ± 0.31 73.18 ± 0.25 65.57 ± 0.29 59.36 ± 0.27 58.95 ± 0.30 59.71 ± 0.26 66.37 ± 0.73 67.48 ± 0.63

F1 70.43 ± 0.42 67.20 ± 0.35 70.32 ± 0.38 73.54 ± 0.32 65.67 ± 0.36 59.36±0.34 58.95 ± 0.37 59.79 ± 0.33 66.46 ± 0.67 68.12 ± 0.64

Pubmed
ACC 75.90 ± 0.21 77.73 ± 0.19 76.13 ± 0.20 82.27 ± 0.17 74.34 ± 0.18 75.42 ± 0.16 57.49 ± 0.17 70.88 ± 0.15 76.27 ± 0.38 77.86±0.74

F1 74.33 ± 0.33 75.69 ± 0.31 75.17 ± 0.32 79.81 ± 0.29 73.38 ± 0.30 72.64 ± 0.28 53.32 ± 0.29 63.89 ± 0.27 75.83 ± 0.39 76.58±0.38

Photo
ACC 85.67 ± 0.18 87.92 ± 0.16 86.40 ± 0.17 88.04 ± 0.14 87.61 ± 0.15 88.87 ± 0.13 88.55 ± 0.14 84.12 ± 0.12 89.95±0.89 90.73 ± 0.48

F1 85.56 ± 0.27 87.81 ± 0.25 89.29 ± 0.26 88.93 ± 0.23 86.50 ± 0.24 88.76 ± 0.22 85.44 ± 0.23 74.01 ± 0.21 89.68±0.47 90.42 ± 0.69

Airport
ACC 49.30 ± 0.25 49.95 ± 0.23 50.63 ± 0.24 52.61 ± 0.21 39.95 ± 0.22 − 41.46 ± 0.21 36.56 ± 0.19 55.23±0.91 56.78 ± 0.38

F1 48.26 ± 0.31 48.35 ± 0.29 48.79 ± 0.30 48.97 ± 0.27 35.67 ± 0.28 − 37.21 ± 0.27 38.72 ± 0.25 53.17±0.50 55.82 ± 0.49
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or  textual  attributes  (e.g.,  OFA,  LLaGA)  exhibit  significant
performance degradation on datasets without text attributes (Airport).
However, the cross-domain training method GCOPE, which is a text-
free cross-domain pre-training method, lags notably behind CRGFM.
This  is  because  GCOPE  only  considers  feature  alignment  during
cross-domain  transfer  learning  while  neglecting  graph  structure,
further showcasing the critical importance of structural features.

 4.2.2  Few-shot learning
Table 6 reports the results of node classification under 1-shot and 5-
shot settings, where the GFMs are pre-trained on large-scale datasets
and  then  fine-tuned  under  few-shot  settings  for  experimental
validation. First, the proposed CRGFM outperforms all the baselines
across  the  four  datasets,  demonstrating  its  knowledge  transfer  and
generalization capability. In particular, CRGFM exhibited significant
performance  advantages  over  existing  GFMs  on  datasets  with  non-
textual features (e.g., Airport). Second, the methods relying on LLM
fail  to  achieve  performance  improvement  and  even  show  negative
transfer.  It  demonstrates  the  advantage  of  capturing  structure
knowledge in the cross-domain transfer, and motivates the design of
our model.

 4.2.3  Performance of different pre-training datasets
Figure 2 illustrates the impact of different pre-training datasets on the
performance  of  the  CRGFM  model.  Under  the  experimental  setup
detailed in Subsection 4.1, we employ Flickr, Acomp, and WikiCS as
pre-training  datasets.  To  evaluate  the  influence  of  the  pre-training
dataset  composition on model  performance,  we define three distinct
pre-training  configurations:  1)  All  datasets  except  the  target:  Pre-
training on all available datasets, excluding the target dataset. 2) Only
the  target  dataset:  Pre-training  solely  on  the  target  dataset.  3)  All
datasets:  Pre-training  on  the  full  set  of  available  datasets.  For  these
three  scenarios,  we  selected  the  following  baseline  models
respectively:  GCOPE,  GCN,  DGI,  and  GraphMAE2.  It  can  be
observed  that  CRGFM  consistently  outperforms  the  other  baseline
models,  regardless  of  the  specific  pre-training  dataset  configuration
used.  This  robust  performance  across  diverse  data  sources
demonstrates  that  CRGFM  effectively  captures  the  universal
structural patterns underlying the graph domain.

 4.3  Ablation study
In  this  section,  we  conduct  an  ablation  study  to  evaluate  each

  
Table 5    Cross-domain transfer learning on CiteSeer, Pubmed, Amazon-photo, and Airport datasets. AUC (%) and AP (%) of link prediction
with standard deviations. The best method in each column is bolded, and the runner-up is underlined

Metric Dataset
Vanilla GNNs Graph SSL Graph foundation models

GCN GraphSAGE DGI GraphMAE2 GCOPE OFA OpenGraph LLaGA RiemannianGFM CRGFM

Citeseer
AUC 90.31 ± 0.35 89.34 ± 0.28 96.24 ± 0.31 93.78 ± 0.25 88.63 ± 0.29 83.38 ± 0.27 75.92 ± 0.30 86.45 ± 0.26 99.36±0.14 99.41 ± 0.29

AP 91.85 ± 0.42 88.68 ± 0.35 94.93 ± 0.38 89.28 ± 0.32 83.59 ± 0.36 82.76 ± 0.34 77.43 ± 0.37 83.50 ± 0.33 98.22±0.64 99.01 ± 0.28

Pubmed
AUC 92.81 ± 0.21 88.15 ± 0.19 88.49 ± 0.20 89.39 ± 0.17 90.36 ± 0.18 92.10 ± 0.16 70.38 ± 0.17 84.35 ± 0.15 94.18±0.33 95.47 ± 0.95

AP 90.48 ± 0.33 86.69 ± 0.31 87.03 ± 0.32 85.81 ± 0.29 86.30 ± 0.30 91.64±0.28 71.33 ± 0.29 79.29 ± 0.27 91.39 ± 0.32 91.58 ± 0.63

Photo
AUC 88.91 ± 0.18 89.72 ± 0.16 94.39 ± 0.17 96.26 ± 0.14 89.75 ± 0.15 94.52 ± 0.13 84.55 ± 0.14 89.12 ± 0.12 95.47±0.39 96.38 ± 0.91

AP 86.27 ± 0.27 87.63 ± 0.25 92.39 ± 0.26 94.39 ± 0.23 86.50 ± 0.24 92.76 ± 0.22 82.44 ± 0.23 87.01 ± 0.21 93.29±0.45 94.29 ± 0.48

Airport
AUC 92.30 ± 0.25 92.75 ± 0.23 92.03 ± 0.24 88.67 ± 0.21 86.24 ± 0.22 − 85.18 ± 0.21 75.75 ± 0.19 93.65±0.26 94.78 ± 0.39

AP 93.84 ± 0.31 91.70 ± 0.29 90.38 ± 0.30 90.82 ± 0.27 83.39 ± 0.28 − 84.33 ± 0.27 70.90 ± 0.25 96.19±0.15 96.75 ± 0.24

  
Table 6    1-shot and 5-shot performance on CiteSeer, Pubmed, GitHub, and Airport datasets. The best method in each column is bold, and
the runner-up is underlined

Metric
Citeseer Pubmed Amazon-photo Airport

1-shot 5-shot 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot

DGI 37.68 ± 4.12 46.57 ± 3.76 39.38 ± 2.87 51.76 ± 2.79 58.29 ± 3.96 67.82 ± 2.85 30.60 ± 5.19 37.22 ± 3.01

GraphMAE2 34.04 ± 2.77 48.74 ± 1.67 39.54 ± 4.87 53.80 ± 2.57 59.39 ± 4.10 65.29 ± 3.70 28.37 ± 6.13 38.19 ± 2.05

OFA 38.21 ± 4.85 32.48 ± 2.75 40.69 ± 2.97 37.30 ± 1.06 49.23 ± 3.60 60.32 ± 1.34 − −

GCOPE 35.74 ± 6.38 44.89 ± 4.14 37.81 ± 4.19 45.86 ± 2.70 57.88 ± 1.67 74.67 ± 1.07 26.59 ± 7.10 36.50 ± 3.62

OpenGraph 21.95 ± 4.86 29.04 ± 3.87 43.97 ± 2.88 37.89 ± 4.01 45.76 ± 4.88 59.34 ± 2.58 31.77 ± 6.98 33.01 ± 2.89

RiemannianGFM 38.38±3.57 53.20±2.58 45.30±4.58 66.30±2.58 75.39±1.02 82.58±0.94 32.78±2.05 38.56±1.56

LLaGA 18.49 ± 4.39 25.40 ± 3.98 35.60 ± 5.99 32.50 ± 4.56 39.59 ± 6.49 42.78 ± 4.78 24.69 ± 7.39 31.59 ± 4.99

CRGFM 39.40 ± 4.69 55.78 ± 2.01 46.89 ± 2.74 68.11 ± 2.86 76.20 ± 1.78 83.75 ± 2.69 33.78 ± 3.85 39.77 ± 2.89
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proposed  component  of  CRGFM.  To  achieve  this,  we  introduce
several  variants  and  the  experimental  results  are  summarized  in
Table 7.

κ 4.3.1  Mixture of geometric experts vs. learnable  -GCN

w/oMoGE

κ

To  investigate  the  importance  of  curvature-based  structural
description, we compare our model with a variant termed  ,
which  replaces  the  Mixture  of  Geometric  Experts  (MoGE)  with  a
single  -GCN whose curvature  is  jointly  learned during training.  In
the  original  MoGE  framework,  each  region  of  the  graph  can  be
matched  to  a  set  of  geometric  experts —hyperbolic,  Euclidean,  or
spherical —based  on  its  structural  properties,  such  as  hierarchy,
cycles,  or  symmetries.  In  contrast,  this  variant  removes  the  region-
wise  assignment  of  geometric  priors  and  instead  enforces  a  shared
curvature scalar across all nodes. As quantitatively shown in Table 7,

κLearnable  -GCN  consistently  underperforms  the  full  MoGE-
enhanced  model  across  all  benchmarks.  The  performance  drop  is
particularly  significant  on  datasets  such  as  Pubmed  and  Airport,
where graphs exhibit mixed structural regimes—hierarchical tree-like
backbones  and  local  ring  structures.  This  highlights  that  a  globally
learned curvature is  insufficient for capturing fine-grained structural
variations,  and confirms that  MoGE’s geometry-specific  experts  are
critical  for  modeling  graphs  with  multi-scale  or  mixed-topology
features.

 4.3.2  Augmented lorentz transformation vs. MLP
w/oALT

w/oALT

We  introduce  the  variant  ,  where  the  Augmented  Lorentz
Transformation (ALT) is replaced by a simple multi-layer perceptron
(MLP)  for  geometric  standardization.  Note  that,  ALT  rigorously
preserves  the  geometric  consistency  during  the  mapping  between
manifolds  of  different  curvatures  and  dimensions.  However,  MLP
lacks  explicit  geometric  constraints  and  does  not  guarantee  the
preservation of manifold structures. As shown in Table 7, this variant
(denoted  as  )  exhibits  a  consistent  drop  in  performance
across all benchmarks. The result suggests that MLP fails to capture
the  curved  geometry,  while  ALT  enables  manifold-preserving
representation under geometric transformations.

 4.3.3  Cross-geometry attention vs. single self-attention

w/oCGA

w/oCGA

To assess the effectiveness of the proposed attention mechanism, we
propose  a  variant  of  ,  which  replaces  the  cross-geometry
attention  with  conventional  single-geometry  attention.  In  particular,
single-geometry  attention  considers  the  key,  query  and  value  in  the
same  geometric  factor.  That  is,  different  factors  in  the  standardized
product  bundle do not  interact  with each other as in cross-geometry
attention.  As  shown  in  Table 7,  the    variant  shows  a
performance decrease compared to CRGFM, highlighting the crucial
role  of  the  attention  mechanism  in  the  transmission  of  geometric
messages.  In  our  design,  the  two  factors  in  the  product  bundle  are
fused as a whole, improving the model expressiveness.

 4.3.4  Curvature-based contrastive learning vs. graph
autoencoder reconstruction

w/oCCLWe  design    to  isolate  the  impact  of  curvature-guided
contrastive  learning.  To achieve this,  we replace  the  self-supervised
contrastive objective with a commonly used graph autoencoder loss,
where  a  decoder  reconstructs  the  adjacency  matrix  from  latent
embeddings.  While  both  methods  are  unsupervised,  the  contrastive

 

 
Fig. 2    The  impact  of  different  pre-training  datasets.  (a)  Pre-training  on  all
datasets;  (b)  pre-training  on  all  datasets  excluding  target  dataset;  (c)  pre-
training on target dataset

  
Table 7    Ablation study on CRGFM variants for link prediction (AUC / AP in %). The best result in each column is bold

Model variant
Citeseer Pubmed Amazon-photo Airport

AUC AP AUC AP AUC AP AUC AP

w/oMoGE 99.10 ± 0.35 98.70 ± 0.40 95.20 ± 0.85 91.30 ± 0.55 96.00 ± 0.80 94.00 ± 0.45 94.30 ± 0.45 96.40 ± 0.50

w/oALT 99.15 ± 0.33 98.75 ± 0.38 95.25 ± 0.80 91.35 ± 0.58 96.10 ± 0.85 94.10 ± 0.50 94.40 ± 0.42 96.50 ± 0.46

w/oCGA 99.00 ± 0.37 98.60 ± 0.42 95.00 ± 0.90 91.20 ± 0.60 95.80 ± 0.88 93.90 ± 0.46 94.10 ± 0.48 96.20 ± 0.52

w/oCCL 99.18 ± 0.30 98.80 ± 0.36 95.30 ± 0.82 91.40 ± 0.57 96.20 ± 0.90 94.20 ± 0.44 94.50 ± 0.40 96.60 ± 0.43

CRGFM 99.41 ± 0.29 99.01 ± 0.28 95.47 ± 0.95 91.58 ± 0.63 96.38 ± 0.91 94.29 ± 0.48 94.78 ± 0.39 96.75 ± 0.24
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loss  exploits  multiple  geometric  views  from  the  product  bundle,
whereas the autoencoder focuses solely on topological proximity. As
shown in Table 7, our contrastive loss enables geometric consistency
by  aligning  representations  from  different  curvatures  through  a
unified  tangent  projection.  In  contrast,  the  autoencoding  objective
yields  less  transferable  representations  due  to  its  emphasis  on  local
reconstruction.  These  results  highlight  the  advantage  of  using
curvature-induced views and parallel transport alignment to improve
the model expressiveness.

 4.3.5  On geometric standardization

−1
+1

This  part  evaluates  the  proposed  geometric  standardization,  and
further discusses the difference to RiemannGFM. Here, we introduce
a  variant  model  named  w/oGS  removing  the  geometric
standardization.  To  be  specific,  instead  of  creating  a  standardized
product bundle as a whole, we leverage two bundles — a hyperbolic
bundle  of  standard curvature   and a  spherical  bundle  of  standard
curvature   — to serve as the representation space, and each bundle
is  associated  with  a  pre-trained  Riemannian  transformer.
Accordingly, the geometric experts of the non-spherical geometry are
connected to the hyperbolic bundle, while non-hyperbolic geometric
experts  are  connected  to  the  spherical  bundle.  The  curvature
transformation between geometric expert and standardized bundle is
done via exponential and logarithmic maps with a tangent space. We
show  the  results  in  Fig. 3.  Comparing  with  the  proposed  CRGFM,
the  variant  of  w/oGS presents  a  consistent  performance  drop  on  all

datasets,  suggesting  the  benefit  of  geometric  standardization.  In
addition,  CRGFM consistently  outperforms  RiemannGFM.  Contrast
to  a  handcrafted structural  vocabulary in  RiemannGFM, CRGFM is
equipped  with  more  flexible  structural  learning  module  of  MoGE
(mixture of geometric experts).

 4.4  Domain difference and pre-training scales

95.01±0.75

92.45±0.58

This  part  studies  how  domain  difference  and  pre-training  scales
affect the performance of the proposed CRGFM. To evaluate domain
difference,  we  leverage  different  types  of  graph  datasets  for  pre-
training and testing. For example, CRGFM is pre-trained on Citeseer
dataset,  a  citation  network,  and  then  is  fine-tuned  and  tested  on
Airport  dataset  of  different  type,  a  collection  of  airline  data.  We
summarize  the  result  of  node  classification  in Table 8,  and  we  find
that:  1)  CRGFM  shows  robust  cross-domain  transferability  that
CRGFM is capable to generate promising node classification results
even  though  it  is  pre-trained  a  graph  of  different  type.  2)  CRGFM
exhibits superior performance when pre-training and testing datasets
enjoy higher domain similarity.  For example,  when pre-trained on a
citation network of Citeseer,  CRGFM achieve    in terms
of  AUC on  Pubmed  of  the  same  type,  but  its  AUC is  shown  to  be

  on  Airport  dataset  of  different  type.  In  other  words,  it
shows  a  preference  in  cross-domain  transferability  that  the
performance will be increased when pre-training is conducted on the
same type of graphs.

1 4
To  examine  the  impact  of  pre-training  scales,  we  increase  the

number  of  pre-training  datasets  from    to  ,  and  report  the  testing
results in Table 9. Each target graph receives performance gain as the
number of pre-training datasets as evidenced in Table 9.  The results
demonstrate  that  incorporating  more  pre-training  datasets  generally
improves model performance.

 4.5  Clustering and visualization
In this  part,  we evaluate the model performance on node clustering.
To  better  understand  the  clustering  results,  we  visualize  the  cluster
confusion matrix in Fig. 4, where each row corresponds to a dataset
and  each  column  shows  the  output  from  a  different  model:  GCN,
DGI,  GCOPE,  Opengraph,  and  the  proposed  CRGFM.  Also,  we
show the node embeddings using t-SNE in Fig. 5, where each point is
colored  by  its  ground-truth  class  label.  The  visualization  on  Cora,

 

 
Fig. 3    The ablation results of geometric standardization

 

 
Fig. 4    Cluster  confusion  matrix  of  GCN,  DGI,  GCOPE,  and  CRGFM on the  photo  dataset.  The  vertical  axis  indicates  how many nodes  are
contained  in  the  true  clusters,  and  the  horizontal  axis  shows  the  number  of  nodes  predicted  by  the  model.  (a)  GCN;  (b)  DGI;  (c)  GCOPE;
(d) CRGFM
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Citeseer and Amazon-photo demonstrates that embeddings generated
by  CRGFM  exhibit  superior  class  separability  compared  to  all
baselines.  Notably,  while  vanilla  GNNs  (e.g.,  GCN)  and  self-
supervised  methods  (e.g.,  DGI)  tend  to  generate  entangled  or
partially  overlapping  clusters,  CRGFM  yields  more  dispersed  and
well-isolated  clusters,  especially  in  the  presence  of  structural
irregularities.  This  distinction  becomes  even  more  evident  when
comparing  CRGFM  to  recent  graph  foundation  models  like
OpenGraph,  suggesting  that  our  approach  effectively  resolves
geometric entanglement and enhances representation ability. That is,

the  Riemannian  construction  in  CRGFM  improves  the  structural
understanding in the graph domain.

 ■ 5  Related work
This  section  briefly  reviews  related  work  on  graph  representation
learning, graph foundation models, and Riemannian deep learning.

 5.1  Graph representation learning
In  this  decade,  Graph  Neural  Networks  (GNNs)  have  become  the
dominant  solution  for  learning  on  graphs.  Message-Passing  Neural
Networks (MPNNs) mark the initial success in graph deep learning.

  
Table 8    Performance in the transfer setting with different type of pre-training datasets in terms of AUC (%)

Pre-training
Testing datasets

Citeseer Pubmed Photo Airport

Citeseer 98.91 ± 0.19 95.01 ± 0.75 95.45 ± 0.33 92.45 ± 0.58

Pubmed 98.34 ± 0.31 95.33 ± 0.12 95.69 ± 0.83 93.12 ± 0.89

Photo 96.37 ± 0.74 94.12 ± 0.50 96.08 ± 0.21 93.59 ± 0.58

Airport 96.11 ± 0.84 93.88 ± 0.67 95.12 ± 0.46 94.14 ± 0.19

  
Table 9    Performance in the transfer setting with different number of pre-training datasets in terms of AUC (%)

Pre-training
Testing datasets

Citeseer Pubmed Photo Airport

Citeseer 98.91±0.19 95.01±0.75 95.45±0.33 92.45±0.58

Citeseer, Pubmed 98.56±0.62 94.54±0.19 95.77±0.81 92.85±0.15

Citeseer, Pubmed, Photo 99.31±0.29 95.44±0.95 96.25± 0.91 93.78±0.39

All datasets 99.18±0.54 95.43±0.77 96.19±0.76 94.55±0.72

 

 
Fig. 5    Visualization on Cora, CiteSeer, and Amazon-photo datasets. (a) Original; (b) GCN; (c) DGI; (d) GCOPE; (e) CRGFM
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Grounded  on  the  spectral  graph  theory,  early  work  defines  the
convolutions  via  graph  Laplacian  eigendecomposition  [37].  The
popular  graph  convolutional  network  [6]  leverages  the  Chebyshev
polynomial  filters  of  the  first  order  to  achieve  efficient  spectral
approximations.  Meanwhile,  [6] conducts neighborhood aggregation
in  the  spatial  domain.  A  series  of  subsequent  efforts  are  devoted  to
improving  the  scalability  and  expressiveness.  For  example,
GraphSAGE  [5]  is  an  inductive  learning  model  with  neighbor
sampling,  while  GAT  [30]  leverages  the  attention  mechanism  to
learn the pairwise weight among nodes. Recent advances on MPNN
also reconsider the fundamental issues, such as over-smoothing [38]
and  over-squashing  [39,40].  Another  line  of  work  is  the  Graph
Transformer,  which  extends  the  global  attention  of  classic
transformer  on  graphs.  Pioneering  works  such  as  [21]  integrated
positional  encodings  to  preserve  structural  information  in  the
transformer  architectures.  Further  advances  incorporated  explicit
structural  biases,  e.g.,  Graphormer  [41]  used  centrality  and  spatial
encoding  to  improve  attention  scores.  These  models  typically  excel
in tasks requiring long-range dependency capture. Either MPNNs or
graph  transformers  conduct  end-to-end  training  with  the  target
learning task. Such task-specific graph models face the shortcoming
of  task  transferability.  Hence,  recent  years  have  witnessed  the
marriage  of  graph  deep  learning  and  self-supervised  learning
[42–44]. For example, graph contrastive learning, which explores the
similarity  of  data  themselves,  decouples  model  training  from  target
learning task [9],  but  graph augmentation for  contrastive learning is
not  trivial  [45].  Also,  the  gap  between  self-supervised  learning
pretext and target task tends to limit the model expressiveness. Given
the structural diversity in the graph domain, this line of work cannot
handle  the  graph  transferability.  Limitations  in  graph  and  task
transferability motivate the graph foundation model.

 5.2  Graph foundation models
Graph foundation models evolve along two primary pathways: GNN-
based  methods  and  LLM-based  methods.  The  former  enhances  the
transferability  by  adaptation  mechanisms  such  as  unifying
downstream tasks via graph prompting and fine-tuning external task-
specific  layers.  GFT  [46]  abstracts  transferable  patterns  into
computation  tree  vocabularies  to  decouple  local  motif  structures.
ProNoG [47] employs conditional networks to generate node-specific
prompts  for  non-homophilic  graphs,  while  EdgePrompt  [48]
integrates  learnable  edge  prompt  vectors  into  message  passing  to
enhance  structural  information  transfer.  RiemannGFM  [22]
introduces  the  notion  of  structural  vocabulary  to  unify  graph
modeling  over  a  shared  collection  of  substructures.  GNN-based
methods  exhibit  fragility  under  structural  shifts  across  domains  due
to  structural  biases  in  model  pre-training.  As  for  LLM-based
methods,  LLaGA  [49]  transforms  nodes  into  structure-aware
sequences for LLM-based end-to-end task prediction. UniGraph [50]
achieves  cross-domain  transferability  via  cascaded  LM-GNN
architectures,  while  GraphAlign  [51]  aligns  feature  distributions
through  Mixture-of-Experts  with  dynamic  projectors  for  unified
multi-graph  pretraining.  LLM-based  methods  primarily  rely  on  the
sequential  description  of  graphs,  which  deconstructs  the  structural
complexity  of  graphs.  Distinguishing  from  existing  GFMs,  we

emphasize  both  structural  complexity  and  structural  diversity  in  the
graph  domain,  and  introduce  the  curvature-based  description  and
standardization of Riemannian geometry for the first time, to the best
of our knowledge.

 5.3  Riemannian graph learning

κ

Riemannian geometry offers  a  systematic  construction for  structural
analysis,  and has shown superiority in graph representation learning
in  recent  years.  Hyperbolic  space  is  first  recognized  for  its
expressiveness  of  tree-like/hierarchical  structures,  and a  diversity  of
hyperbolic  GNNs are  formulated,  e.g.,  HGNN [3]  and  HGCN [29].
Hyperspherical  spaces are adept at  representing cyclic or symmetric
structures,  such  as  rings  and  cycles  [19,52].  So  far,  Riemannian
graph  learning  often  considers  geodesically  complete  manifolds  for
effective  optimization.  Other  examples  include  product  manifolds
[25],  the  -stereographic  model  [27]  and  pseudo-Riemannian
manifold  under  certain  formulation  [28].  Recently,  the  concept  of
Mixture-of-Experts  has  been  introduced  for  personalized  geometric
matching.  Beyond  graph  embedding,  [27,53]  leverages  the
Riemannian  manifold  and  its  geometric  tools  for  node  clustering.
Another  line  of  work  considers  graph  generation  with  Riemannian
geometry,  e.g.,  [4]  extends  the  denoising  diffusion  model  to  the
product  space,  and  [54]  builds  the  structural  Schrödinger  bridge  on
the  manifold.  The  majority  of  Riemannian  graph  learning  primarily
focuses  on  studying  the  geometry  of  specific  graphs,  and  thus  is
orthogonal  to  the  universality  of  foundation  models.  Very  recently,
RiemannGFM  [22]  introduced  the  Riemannian  geometry  to  GFM.
However,  it  explicitly  samples  the  tree  and  cycle  substructures  to
align with its factor component,  while we implicitly model the tree-
like  and  cyclical  patterns  in  the  standardized  product  bundle.
Additionally,  we  propose  the  first  Riemannian  prompt  learning  for
GFM to the best of our knowledge.

 ■ 6  Conclusion
In this paper, we reconsidered the structural complexity and diversity
in  the  graph  domain,  and  presented  a  geometric  graph  foundation
model  CRGFM, which  explores  the  universality  and  expressiveness
via geometric transformations in Riemannian geometry. In particular,
we  addressed  the  structural  complexity  through  a  novel
standardization  phase  of  augmented  Lorentz  transformations,  while
modeling  the  structural  complexity  in  the  latent  product  bundle  by
the cross-geometry Riemannian graph transformer.  Furthermore,  we
conducted the parameterized manifold perturbation (prompt learning)
to  bridge  the  gap  between  model  pre-training  and  target  learning
tasks.  Extensive  experiments  on  real-world  graphs  demonstrate  the
superior cross-domain transferability of CRGFM in few-shot learning
and  zero-shot  learning,  and  its  effectiveness  in  a  wide  range  of
downstream tasks.

Broader  impact. This  work  connects  two research  realms  of  graph
and  geometry,  and  shows  the  potential  of  a  universal  deep  network
for  the  graph  domain.  Encouraged  by  the  tremendous  success  of
LLMs,  there  has  recently  been  a  surge  of  interest  in  studying  the
graph  foundation  models,  where  we  highlight  the  significance  of
geometric analysis over graphs. A positive societal impact lies in the
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energy  consuming  re-training  of  graph  neural  network  can  be
reduced,  while  maintaining  the  expressiveness  to  new  graphs  in
reality.  None  of  negative  societal  impacts  we  feel  must  be
specifically highlighted.

Future  direction.  Possible  future  directions  include  expanding  the
universality along with the mission of graph foundation model. Also,
we notice that  the existing GFMs including ours  primarily  focus on
the  undirected  graphs,  while  there  exists  real-world  graphs  that  are
directly by nature.
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 ■ Appendixes
Implementation details
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In  the  proposed  CRGFM,  we  do  not  optimize  the  manifold-valued
node representations, and the model parameters reside in the tangent
spaces. Thus, we employ the popular Adam optimizer for parameter
training, where the learning rate is   and the dropout rate is  .
We  undergo  the  model  training  of    epochs  by  default.  Our
model  is  build  upon  PyTorch  (at  the  website  of  pytorch.org)  and
Geoopt  (at  the  website  of  github.com/geoopt/).  As  for  the
hyperparameters,  we  set  the  weighing  coefficient  between  the
embedding distortion loss and contrastive learning loss as  . That is,
the loss of embedding distortion and the loss of contrastive learning
contribute  equally  in  the  proposed  CRGFM.  The  number  of
geometric  experts  is  .  More  specifically,  there  are    hyperbolic
geometric  experts,    Euclidean  geometric  experts  and    spherical
geometric  experts.  The  curvature  of  Euclidean  geometric  expert  is
zero,  while  those  of  hyperbolic/spherical  geometric  experts  are
learnable, and are fine-tuned according to the target learning task.
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