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Abstract    Clique relaxation problems are important extension
versions  of  the  maximum clique  problem with  extensive  real-
world applications. Although lots of studies focus on designing
local  search  algorithms  for  solving  these  problems,  almost  all
state-of-the-art local search algorithms adopt a common general
initialization  method.  This  paper  develops  a  general  group
driven initialization method for clique relaxation problems. The
proposed method uses two kinds of ways to divide vertices into
some subgroups  by using the  useful  information of  the  search
procedure and the structure information of a given instance and
then  constructs  a  good  initial  solution  by  considering  the
generated  group  information.  We  apply  the  proposed
initialization  method  to  two  clique  relaxation  problems.
Experimental  results  demonstrate  that  the  proposed
initialization method clearly improves the performance of state-
of-the-art algorithms for the clique relaxation problems.

Keywords    combinatorial  optimization,  clique  relaxation
problems,  group  driven  initialization,  local  search,  group
information
 

1    Introduction
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Given a graph  , a clique   is a subset of   such that
every  two  distinct  vertices  in    are  adjacent.  As  a  basic
concept  of  graph  theory,  one  of  the  major  concerns  for  the
model  of  clique  is  the  identification  of  cohesive  subgroup,
which has already lots of valuable applications in many fields,
such  as  biological  computing  [1],  chemoinformatics  [2],  and
social  network  analysis  [3,4].  In  practice,  many  real-world
applications cannot be directly modeled as the clique because
the  model  of  clique  is  too  strict.  To  overcome  the
impracticalities stemming from the ideal model of the clique, a
series of clique relaxation models based on different kinds of
relaxation  constraints  are  proposed  to  deal  with  real-world
applications such as  -club [5],  -plex [6],  -quasi-clique [7],
and  -defective [8].
Since the above clique relaxation problems involve relaxing

certain  constraints,  each  of  them  has  distinct  real-world
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applications.  For  example,  the  -plex  is  a  degree  relaxation
model of clique, and it aims to define a certain degree of local
non-connectivity within a subgraph. Thus, it has been applied
to the criminal network analysis field, whose major challenge
lies  in  dealing  with  intelligence  that  often  contains  errors  or
incomplete  information  [9].  The  -club  model  restricts  the
shortest  distance  between  vertices  in  the  subgraph,  which
reflects  the  “spread”  in  real-world  scenarios.  As  a  result,  the
-club model  has  been utilized in  modeling epidemic control
[10]  and  internet  research  [11].  The  -quasi-clique  and  -
defective  models  have  similar  types  of  constraints.  The  -
quasi-clique  model  directly  employs  a  density  constraint,
while  the  -defective-clique  model  can  be  regarded  as  an
adapted version of the density constraint. Both of these models
can be applied to protein detection [12,13].
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As  is  known,  the  above  mentioned  clique  relaxation
problems  are  NP-hard  problems  [14–18],  which  means  that,
unless P = NP, there is no polynomial-time algorithm for these
problems.  Recently,  state-of-the-art  exact  algorithms  for  -
plex [19],  -defective [8],  -quasi-clique [20], and  -club [21]
have  been  proposed.  Because  of  the  NP-hardness  of  these
problems,  many  researchers  turn  to  designing  heuristic
algorithms for solving the clique relaxation problems to obtain
a  good  solution  within  an  acceptable  time  limit.  During  the
past  decades,  many  representative  heuristic  algorithms  have
been  designed  for  handling  different  clique  relaxation
problems, including  -club [5,22–24],  -plex [25–28], and  -
quasi-clique [7,29–31]. Among the heuristic algorithms for the
maximum  -quasi-clique  problem,  NuQClq  [7]  has
demonstrated  state-of-the-art  performance.  It  utilizes  a  novel
variant  of  the  configuration  strategy  called  BoundedCC  and
employs  a  cumulative  saturation-based  scoring  function.  As
for  the  maximum  -plex  problem,  DCCplex  [26]  and  KLS
[27]  have  shown  to  be  the  top-performing  algorithms.
Furthermore,  for  the  -club  problem,  NukCP  [24]  clearly
outperforms  other  heuristic  algorithms.  It  incorporates  a
dynamic  reduction  method  and  a  stratified  threshold
configuration checking strategy.
The  general  local  search  framework  for  clique  relaxation

problems  usually  consists  of  initialization  and  search
procedures. It  works as follows: iteratively generate an initial
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solution  and  then  explore  a  good candidate  solution  until  the
termination  condition  is  reached.  Nevertheless,  the
improvements  of  previous  local  search  algorithms  for  clique
relaxation  problems  mainly  concentrate  on  designing  some
strategies  for  the  search  procedure,  such  as  cycling  strategy
[24,26],  scoring  function  [7],  reduction  strategy  [24],  and
perturbation  strategy  [25,27].  Compared  to  lots  of  novel
strategies  in  the  search  procedure,  most  of  these  algorithms
adopt  a  frequency-based  initialization  method.  Although  a
good  initial  solution  has  a  great  impact  on  the  results  of  the
subsequent search procedure, there are few works on studying
a  specialized  initialization  process  for  clique  relaxation
problems.

Initgdi

k k

In  this  study,  to  improve  the  performance  of  the
initialization  procedure  of  local  search  algorithms  for  clique
relaxation  problems,  we propose  a  group driven initialization
method  that  consists  of  a  group-based  initialization  method

,  as  well  as  two  group  generation  and  maintenance
procedures GPsea and GPstr. Both GPsea and GPstr consider the
useful  information  of  the  search  procedure  and  the  structure
information  of  a  given  instance  to  a  certain  extent.  In  detail,
vertices  are  divided  into  subgroups  based  on  a  novel  local
optimal matrix and the definition of modularity. Based on the
group  information  of  vertices,  an  initial  solution  is  obtained
based  on  a  roulette  wheel  method.  We  remark  that  the
proposed  group  driven  initialization  method  does  not  impact
the  search  procedure,  and  thus  any  local  search  algorithm
based  on  the  general  local  search  framework  for  clique
relaxation problems can directly  apply this  proposed method.
In  our  work,  we  apply  the  proposed  initialization  method  to
three  local  search  algorithms  that  achieve  the  state-of-the-art
performance  for  -quasi-clique  and  -plex,  respectively.
Extensive  experiments  are  carried  out  to  evaluate  the
improved algorithms using our proposed initialization method
on  the  benchmarks  used  in  the  literature.  Results  show  the
superiority  of  our  proposed  initialization  method  over  a
common general initialization method.
This  paper  is  organized  as  follows.  In  Section  2,  we

introduce  some  preliminary  definitions.  In  Section  3,  we
present  our  group  driven  initialization  method.  Finally,  in
Section 4, we present the experimental results. 

2    Preliminary
G = (V,E)

V = {v1,v2, . . . ,vn} E = {e1,e2, . . . ,em}
G dens(G) = 2×|E|

|V |×(|V |−1)
e = {vi,v j} vi v j

v
NG(v) = {u ∈ V | {v,u} ∈ E}
NG[v] = NG(v)∪{v} v

degG(v) = |NG(v)|
S ⊆ V NG(S ) =∪

v∈S NG(v) \S NG[S ] =∪
v∈S NG[v] S ⊆ V

G[S ] = (VS ,ES ) G VS = S
ES E S

S ⊆ V

An  undirected  graph    consists  of  a  vertex  set
  and  an  edge  set  .  The

density of graph   is denoted as  . For an
edge  ,  vertices    and    are  the  endpoints  of  the
edge. Two vertices are neighbors if and only if they belong to
the  same  edge.  Given  a  vertex  ,  its  neighborhood  is

  and  its  close  neighborhood  is
. The degree of a vertex   is defined as the

number of its neighbors, denoted as  .  Given
a  vertex  set  ,  its  neighborhood  is 

  and  its  close  neighborhood  is 
.  Given  a  vertex  set  ,  the  induced  subgraph

 is a subgraph of   if   and the edge set
 includes all the edges in   that have both endpoints in  .

Given  a  vertex  set  ,  a  group  set  is  defined  as

Vgro = {g1,g2, . . . ,gd} S
gi ∈ Vgro

  where  each  vertex  in    is  partitioned
into a specific subgroup (e.g.,  ).

G = (V,E) k ∈ (0,1] k
S ⊆ V dens(G[S ]) ⩾ k

k

Given a graph   and a fixed constant  , a  -
quasi-clique is  a  subset   such that  .  The
maximum  quasi-clique  problem  (MQCP)  aims  to  find  a  -
quasi-clique with the most vertices of a given graph.

G = (V,E) k k
S ⊆ V G[S ]
|S | − k k

k

Given a graph   and a positive integer  ,  a  -plex
is a subset   such that the degree of each vertex in 
is at least  . The maximum  -plex problem (MKPP) aims
to find a  -plex with the most vertices of a given graph. 

2.1    A general local search framework for clique relaxation
problems

Dini

D

Dlbest
Dlbest

D∗ D∗

Dlbest D∗

A  general  local  search  framework  for  clique  relaxation
problems is shown in Algorithm 1, including two procedures:
the initialization procedure (Line 2) and the search procedure
(Line  3).  In  the  beginning,  an  initial  feasible  solution    is
generated  by  calling  the  initialization  method,  and  then  the
algorithm uses the search procedure to improve the solution 
until  some  stop  criterion  is  reached.  A  local  best  solution
obtained by the search procedure is stored in  . At the end
of  this  search  trajectory,  if  the  local  best  solution    is
better  than  the  global  best  solution  ,    is  updated  by

 (Line 4). Finally, the algorithm returns   (Line 5).
In  the  following,  we  will  introduce  a  general  initialization

method as below.
Init f req(G)

v ∈ V
f req[v]

f req[v] = 0 v ∈ V v
f req

Init f req(G)
f req

A  frequency-based  initialization  method 
[7,25–27].  Each  vertex    has  a  property:  frequency,
denoted  as  .  It  works  as  follows:  1)  at  the  beginning,

,  for  each  ;  2)  whenever  vertex    is  moved
(i.e.,  to  be  added  or  removed),  the  value  of  its   will  be
increased  by  1.  The    method  iteratively  picks  a
vertex  with  the  smallest    value,  with  ties  broken
randomly, until an initial solution cannot be extended. In each
iteration, the selected vertex needs to satisfy the constraint of
clique relaxation problems. 

2.2    The roulette wheel selection method

N
wi > 0 i ∈ [1,N]
i

pi =
wi∑N

i=1 wi

In our work, we mainly use a roulette wheel selection method
to decide which vertex is a candidate vertex [32]. The roulette
wheel  selection  method  is  a  stochastic  selection  method,
where  the  probability  for  the  selection  of  an  individual  is
proportional to its fitness. Let us consider   individuals, each
characterized  by  its  fitness    where  .  The
selection  probability  of  the  th  individual  is  defined  as

.
 

3    A group driven initialization method
In this section, we design a group driven initialization method
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for  clique  relaxation  problems,  which  includes  a  novel
initialization  procedure  and  two  group  generation  and
maintenance  procedures.  Various  types  of  graphs  have  been
employed  to  evaluate  the  performance  of  our  proposed
algorithms in our experimental section. We observe that most
sparse graphs are with special structural features and thus we
can easily take full  advantage of the structural information to
group  all  vertices  and  then  construct  a  high-quality  initial
solution, which can be a good starting point for the subsequent
search  procedure.  However,  for  the  remaining  graphs,
especially  for  the  dense  graphs,  we  hardly  learn  some  useful
structural  information from them and thus we turn to refer to
the  search  information  between  vertices  during  the  search
procedure.  After  that,  we  mainly  group  all  vertices  based  on
the  search  information  and  then  generate  a  good  initial
solution.
Based  on  the  above  considerations,  Section  3.1  proposes  a

group-based initialization procedure Initgdi based on the group
information.  In  Sections  3.2  and  3.3,  to  obtain  the  group
information,  we  present  two  kinds  of  group  generation  and
maintenance  procedures,  i.e.,  search-based  group  procedure
GPsea and structure-based group procedure GPstr. 

3.1    A novel group-based initialization procedure
Initgdi

Vgro = {g1,g2, . . . ,gq} q

For the proposed group-based initialization procedure  ,
we apply two group procedures,  including GPsea and GPstr  to
generate  and  maintain  the  group  information  denoted  as

, where an input parameter   denotes the
maximum  number  of  subgroups.  In  our  work,  we  decide
whether to use GPsea or GPstr based on the density value of a
given  graph,  which  will  be  further  introduced  in  our
experimental section.

Initgdi
Dini

Initgdi

At  first,  assuming  that  the  initial  solution  in  the    is
denoted  as  .  We  give  a  selection  rule  for  the  following

.

GoodGroup ⊆ Vgro
gt GoodGroup

g′ ∈GoodGroup |Dini∩g′|+1
v

gt
v

scorecoh(v,Dini)

Roulette  wheel  selection  rule  Given  a  group  set
  that  will  be  defined  in  Line  6  of

Algorithm  2,  we  choose  a  subgroup    from 
based  on  the  roulette  wheel  selection  where  the  fitness  value
of each subgroup   is defined as  .
Then,  for  the  search-based  method  GPsea,  a  vertex    is
randomly selected from a given subgroup  ,  whereas for the
structure-based method GPstr, the algorithm selects a vertex 
with the biggest   value that will be mentioned
in Section 3.2.

Vgro
Initgdi

CandS et

Dini

p

gt Vgro
v1 gt

CandS et Vgro
v2

Based  on  a  given  group  set    and  a  selection  rule,  we
present  a  group-based  initialization  procedure    in
Algorithm  2.  We  utilize    to  denote  the  set  of  all
candidate  vertices  which  satisfies  the  constraint  of  clique
relaxation  problems  and  can  be  added  into  .  In  the
initialization procedure, if vertices in a given graph have been
already grouped and with probability 1- , the algorithm calls
a frequency-based initialization method (Line 11). Otherwise,
the  algorithm  chooses  a  random  subgroup    from    and
then  the  first  added  vertex    is  randomly  selected  from 
(Line  3).  In  the  loop  of  adding  vertices,  if  there  exist  some
vertices  in    that  belong  to  some  subgroups  in  ,
then the algorithm chooses a candidate vertex   according to

v2
Dini CandS et

CandS et

Dini

the  roulette  wheel  selection  rule  (Lines  6–8).  Otherwise,  a
random vertex    is  picked  (Line  9).  Afterward,  the  selected
vertex is  added into   and the algorithm updates 
accordingly (Line 10). If   becomes an empty set, this
loop  will  be  terminated.  Finally,  the  algorithm  returns  an
initial solution   (Line 12). 

3.2    A search-based group procedure GPsea
In  some  dense  graphs,  every  vertex  is  adjacent  to  most
vertices,  so  it  is  hard  to  exploit  the  structure  information  to
divide vertices into some subgroups. Thus, in this subsection,
the search information is mainly exploited. We first introduce
the intuition of GPsea and the definition and updating rules of a
local optimal matrix that can reflect the search information to
a certain extent.  Then,  the group generation and maintenance
procedures of GPsea are displayed. 

3.2.1    The intuition of GPsea

Initgdi

The  intuition  behind  GPsea  is  inspired  by  the  backbone
structure  observed  in  combinatorial  optimization  problems
[33],  which  indicates  that  high-quality  solutions  often  share
common  components.  According  to  this  observation,  we
consider  a  scenario  where  two  vertices  frequently  appear
together  in  some  local  best  solutions.  Interestingly,  we  also
find  that  these  pairs  of  vertices  tend  to  appear  in  different
high-quality  local  best  solutions.  As  a  result,  our  approach
aims to classify these vertices into different subgroups, where
each  subgroup  is  associated  with  different  high-quality
solutions  to  some  extent.  By  utilizing  GPsea,  the  objective  of

  is  to  expedite  the  search  process  by  initializing  the
initial  solution  from  promising  subgroups  (i.e.,  search
regions). 

3.2.2    A local optimal matrix

Dlbest

M n×n n = |V | mi j

In  the  general  search  framework  for  clique  relaxation
problems,  at  the  end  of  each  search  procedure,  a  local  best
solution    is  obtained.  It  indicates  which  vertices  are
included  in  the  local  best  solution  during  the  current  search
trajectory.  If  two  vertices  often  appear  in  the  local  best
solution,  it  not  only  indicates  the  importance  of  these  two
vertices  but  also  implies  that  they  may  have  high  similarity.
According  to  this  search  information,  we  first  define  a  local
optimal matrix   of size   where  . An element 
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vi v j Dlbest

corresponds  to  the  occurrence  frequency of  a  pair  of  vertices
 and   appearing in a local best solution  . It works as

follows.
Matrix  Rule  1  At  the  beginning,  all  the  elements  in  the

local optimal matrix are set to 0.
Dlbest

vi v j vi,v j
Dlbest mi j m ji

Matrix  Rule  2  When    is  obtained,  for  each  pair  of
vertices    and    where    are  two  distinct  vertices  in

,   and   are increased by 1.
To  make  readers  clearly  understand  our  local  optimal

matrix, we present an example in Fig. 1.
G = (V,E)

M q
Vgro = {g1,g2, . . . ,gq} |V |/q

Given a graph  , we use the information of matrix
  to  divide  vertices  into  at  most    subgroups,  i.e.,

 where the size of each subgroup is  .
During  the  search  procedure,  we  think  the  two  adjacent
vertices often appearing in the same local best solution should
be partitioned into the same subgroup. Thus, to greatly group
all vertices in a given graph, we give an objective function to
measure the quality of the grouping results.
 

ob jsea(Vgro) =
q∑

t=1

 ∑
vi,v j∈gt

∧{vi,v j}∈E
mi j

 .
gt mv1,v2

(v1,v2)
ob jsea

For a group  , its weight is defined as the sum of   for
all vertex pairs   connected by an edge within the group.
The  objective  function    is  designed  to  maximize  the
total weight of all groups. 

3.2.3    A Group Generation Procedure for GPsea

ob jsea(Vgro)
To make a good balance between the accuracy and complexity
of  calculating  ,  we  adopt  a  greedy  group
generation  procedure  to  divide  vertices  into  some subgroups.
In  this  procedure,  we  use  a  two-level  scoring  function  that
combines  two  kinds  of  information  (i.e.,  search  information
and  structure  information).  The  primary  scoring  function
considers  the  search  information,  whereas  the  secondary
scoring function refers to the structure information.
The  primary  scoring  function  based  on  the  local  optimal

matrix is defined as follows.
 

scorem(vi,gt) =
∑

v j∈NG(vi)∩gt

mi j.

ob jsea(Vgro)
scorem vi

gt

scorem

To  maximize  the  value  of  objective  function  ,
we  apply    to  decide  which  vertex    is  selected  and
then  added  into  a  subgroup  .  To  address  the  issue  of  tie-
breaking  in  the  primary  scoring  function,  we  employ  the
secondary  scoring  function  to  further  select  a  vertex  among
these  vertices  with  the  same  best  .  The  proposed
secondary scoring function considers the cohesive relationship

vi gtof a vertex   and a subgroup  , which is defined as follows.
 

scorecoh(vi,gt) = |NG(vi)∩gt |.
gt

vi scorecoh

It is easy to observe that the more vertices in   are adjacent
to  ,  the  bigger    value.  Based  on  the  above  scoring
functions, we present a selection rule for the adding process of
the proposed greedy group generation procedure.

vi
scorem(vi,gt)

scorecoh(vi,gt)

Selection Rule select a vertex   from a candidate set with
the biggest   value, breaking ties by preferring the
one  with  the  highest    value,  further  ties  are
broken randomly.

Vrem
V Vgro

gt
vi ∈ Vrem

f reqbest(vi) vi

f reqbest(vi) vi gt
Vrem

gt |gt | = |V |/q
NG(gt)∩Vrem = ∅

t1

gt
|V |/q gt Vgro

Vgro

The  proposed  group  generation  procedure  is  outlined  in
Algorithm 3.   stores vertices that have not been grouped,
which is initialized to  . The group set   is initialized to an
empty set (Line 1). There is an outer loop (Lines 2–9) and an
inner loop (Lines 6−8), where the outer loop aims to generate
a  series  of  subgroups  and  the  inner  loop  is  responsible  for
formulating a certain subgroup. At the beginning of each outer
loop,  a  vertex  set    is  initialized  to  an  empty  set.  The
algorithm  selects  a  vertex    with  the  biggest

  value,  where  the  number  of  times  of  vertex 
appearing  in  all  obtained  local  best  solutions  is  expressed  by

 (Line 4).   will be added into   and then be also
deleted from   (Line 5). In each inner loop, the algorithm
iteratively  adds  a  vertex  into  ,  until    or

  (Lines  6–8).  During  the  vertex  selection
process,  the  algorithm  employs  the  BMS  strategy  [34],  i.e.,
randomly sampling   vertices to compose a candidate set and
then selecting a vertex from the candidate set according to the
selection  rule.  After  each  inner  loop,  if  the  size  of    equals

,  then   will  be  stored  into    (Line  9).  At  last,  the
algorithm returns   (Line 10). 

Initgdi3.2.4    A novel group-based search framework with 
and GPsea
In  this  subsection,  we  will  modify  the  general  local  search
framework  by  using  our  proposed  group-based  initialization
procedure  and  search-based  group  procedure,  resulting  in  a
novel search framework (Algorithm 4). In addition, Algorithm
4 will  show how to maintain the group information for GPsea
in  the  general  local  search  framework.  We  remark  that
Algorithm  4  does  not  modify  the  search  procedure  of
Algorithm  1  (i.e.,  the  boxed  parts  of  Algorithm  4  can  be
skipped).  It  means  that  if  a  local  search  algorithm  for  clique

 

 
M M

Dlbest = {v1,v4,v5} M
Fig. 1    An  example  for  local  optimal  matrix  .  Updating    by  using

. The red numbers are the updated elements in  .
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relaxation  problems  is  based  on  the  general  local  search
framework,  then  our  proposed  group-based  initialization
procedure  and  the  corresponding  grouping  generation  and
maintenance  procedures  can  directly  replace  the  original
initialization method of this framework.

f reqinc
f req

GreedyGroupsea
f reqold

M
Vgro f reqold

Dlbest
f reqinc M f reqinc

α× |V | α
GreedyGroupsea f reqold

M

GreedyGroupsea

Algorithm 4 uses   to record the sum of increments of
 values of all vertices since the last time the greedy group

generation  procedure    was  called.  To
implement it, we define an auxiliary variable  . At first,
the matrix   is initialized according to the matrix rule 1 (Line
1),  as  well  as    and    are  initialized  accordingly
(Line 2). Whenever a local optimal solution   is obtained,

  and    need  to  be  updated  (Lines  6–7).  If 
reaches  a  specific  threshold  ,  where    is  a  parameter,

 is called to group vertices and   needs
to be recalculated (Lines  8–10).  The matrix   contains  little
useful  information  at  the  beginning  of  the  search  procedure
and  needs  to  be  constantly  updated  after  each  search
procedure.  Thus,    should  be  called  within  a
certain period. 

3.3    A structure-based group procedure GPstr

Initgdi

In  this  section,  we  present  a  structure-based  group  procedure
GPstr for the graphs with obvious structural features. First, we
give the intuition of  a  greedy group generation procedure for
GPstr.  Moreover,  we  introduce  a  group  updating  procedure
based on the  definition  of  modularity.  Finally,  a  group-based
search framework with   and GPstr is presented. 

3.3.1    The intuition of GPstr
Massive  sparse  graphs  often  exhibit  distinctive  community
structures,  characterized  by  subgroups  of  vertices  with  dense
connections  internally  and  relatively  fewer  connections  to
vertices  outside  their  respective  subgroups.  To  harness  these
structural characteristics, we utilize GPstr, which involves two
key  steps:  GreedyGroupstr  and  GroupUpdatestr.  In  detail,
GreedyGroupstr aims to identify groups of vertices with strong
internal connections, while GroupUpdatestr iteratively updates
these  groups  to  further  differentiate  the  distinct  community
structures. During the initialization procedure, our focus lies in
selecting a series  of  vertices within a specific  subgroup,  with
the aim of leveraging the inherent community structure. 

3.3.2    A group generation procedure for GPstr

try
|V |/q

Vrem try Vgro
gt

Vrem degG
Vrem

scorecoh gt

|gt | |V |/q gt Vgro
try try

try
max_tries Vgro

To  obtain  several  initial  cohesive  subgroups,  we  design  a
greedy  group  generation  procedure  in  Algorithm  5.  Variable

  represents  the  consecutive  times  of  obtaining  an
unsatisfied  subgroup  whose  size  is  less  than  .  Initially,

,   and   are initialized accordingly (Line 1). In the
process  of  generating  subgroups,  a  new  subgroup    is
initialized to a vertex in   with the biggest   value, and
this  selected  vertex  is  deleted  from    (Lines  3–5).
Afterward,  the  algorithm  adds  a  vertex  with  the  biggest

  value  into  ,  which  aims  to  enhance  its  cohesive
structure  (Lines  6–8).  After  the  subgroup  generating
procedure,  if    equals  ,  then   will  be  stored  in 
and   is reset to 0 (Lines 9–10). Otherwise,   is increased
by  1  (Line  11).  At  last,  if    reaches  a  predefined  threshold

,   will be returned (Line 12). 

3.3.3    A group updating procedure for GPstr
Vgro = {g1, . . . ,gq}To further optimize an initial group set  , our

goal  is  that  the  vertices  belonging  to  a  subgroup  are  densely
connected,  whereas  vertices  belonging  to  different  subgroups
are sparsely connected. The concept of modularity, as defined
by  Newman  [35],  is  commonly  utilized  to  generate
community structures. Modularity values range between 0 and
1,  with  higher  values  indicating  denser  internal  connections
within  the  same  groups  and  sparser  connections  between
different  groups.  In  our  context,  since  our  focus  is  solely  on
the  grouped  vertices,  our  objective  is  to  maximize  the
modularity  specifically  for  these  grouped  vertices.  The
objective function is defined as follows:
 

ob jstr(Vgro) =
q∑

t=1

 |Egt |
2|E| −


∑

v∈gt
degG(v)

2|E|


2 ,

gt
G[gt] = (Vgt ,Egt )
where  an  induced  subgraph  of  a  subgroup    is

.

V Vungr V = ∪Vgro∪Vungr

Vgro ob jstr

Note  that  there  maybe  exists  lots  of  ungrouped  vertices  in
, denoted by  . That is,  . In the group

updating  procedure,  we  only  care  about  verities  in  the  group
set   and aim to maximize its objective value  .
In  the  following,  we  propose  a  novel  way  to  measure  the
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change  of  modularity  during  the  process  of  adding  or
removing a vertex.

v gt

G′ = (V′,E′) V′ = ∪Vgro∪{v}
v ∈ Vungr gt

Vgro {v} gq+1

Adding process When adding a vertex   into a subgroup  ,
we  compute  the  value  of  modularity  by  considering  a  new
induced graph   where  . In detail,
before selecting a vertex   to add into a subgroup   in

, the set   is considered as an extra subgroup (i.e.,  ).
v

gt
G′′ = (V′′,E′′)

V′′ = Vgro v
gt Vgro {v}

gq+1

Removing  process  When  deleting  a  vertex    from  a
subgroup  , the value of modularity needs to be recalculated
based  on  a  new  induced  graph    where

.  Specifically,  after  deleting  a  vertex    from  a
subgroup    in  ,  the  set    is  seen  as  an  extra  subgroup
(i.e.,  ).

scoreadd(v,gt) v
Based  on  the  above  assumption,  the  scoring  function

 of adding a vertex   is defined as follows [36].
 

scoreadd(v,gt)

=

 |Egt |+L′v,gt

2|E′| −
(∑

v′∈gt∪{v} degG′ (v′)
2|E′|

)2
−

 |Egt |
2|E′| −

(∑
v′∈gt degG′ (v′)

2|E′|

)2

−
(

degG′ (v)
2|E′|

)2
=

1
2|E′| (L

′
v,gt −

∑
v′∈gt degG′ (v′)×degG′ (v)

|E′| ),

L′v,gt = |NG′ (v)∩gt |
scoredel(v,gt)

where  .  Similarly,  we  propose  a  novel
deleting scoring function   as below.
 

scoredel(v,gt)

=

[ |Egt | −L′′v,gt

2|E′′| −
(∑

v′∈gt\{v} degG′′ (v′)
2|E′′|

)2

−
(

degG′′ (v)
2|E′′|

)2 ]
−

 |Egt |
2|E′′| −

(∑
v′∈gt degG′′ (v′)

2|E′′|

)2
=

1
2|E′′| (

(
∑

v′∈gt degG′′ (v′)−degG′′ (v))×degG′′ (v)
|E′′| −L′′v,gt ),

L′′v,gt = |NG′′ (v)∩gt |where  .
scoreadd scoredelBased  on  the  definitions  of    and  ,  we

propose the following vertex selection rules.
v gt
scoreadd(v,gt)

f req

Add  Rule  Select  a  vertex    and  a  subgroup    from  a
candidate  set  with  the  biggest    value,  breaking
ties by preferring the one with the highest   value.

v gt
scoredel(v,gt)

f req

Delete  Rule  Select  a  vertex    and  a  subgroup    from  a
candidate  set  with  the  biggest    value,  breaking
ties by preferring the one with the lowest   value.

scoreadd

In  the  adding  operation,  when  multiple  vertex-group  pairs
have the same maximum   value, our preference is to

max_count
Vgro

Vgro

select  a  vertex with  the  highest  frequency.  This  preference is
based  on  the  assumption  that  vertices  with  higher  frequency
are  more  significant  in  the  search  procedure,  and  thus  they
should  be  added  to  subgroups  with  higher  priority.
Conversely,  when  removing  a  vertex  from  its  group,  we
prioritize vertices with lower frequency as they are considered
less important.  The GroupUpdatestr  is  presented in Algorithm
6 where  parameter    is  used  to  control  the  number
of  updating  .  The  algorithm  adds  some  vertices  and
deletes  some  other  vertices  to  update  .  Specifically,  in
each  iteration,  one  vertex  within  the  groups  and  one  vertex
outside  the  groups  are  swapped.  The  selection  of  these  two
vertices  is  done  using  the  Delete  Rule  and  Add  Rule,
respectively.  GroupUpdatestr  aims  to  enhance  the  community
structure within the groups. 

Initgdi3.3.4    A novel group-based search framework with 
and GPstr

period
max_period

Vgro
Vgro

max_period
GroupU pdate Vgro

A novel search framework based on our proposed group-based
initialization  procedure  and  search-based  group  procedure
GPstr  is  shown  in  Algorithm  7.  We  mention  again  that  our
proposed methods  do not  change the  search procedure  of  the
general  search  framework  (i.e.,  the  boxed  parts)  for  clique
relaxation  problems.    is  used  to  record  the  execution
number  of  the  search  procedure  and    is  a
parameter  that  represents  the  frequency  of  updating  .
Before  the  search  procedure,    is  initialized  through
GreedyGroupstr.  In  each    rounds,  the  algorithm
calls   to update   (Lines 6–7). 

4    Experimental results
We  conducted  experiments  to  evaluate  the  proposed
initialization  method  on  a  broad  range  of  classic  and  sparse
benchmarks.

Initgdi

Three  state-of-the-art  local  search  algorithms,  including
NuQClq [7] for the MQCP as well as DCCplex [26] and FD-
TS [25] for the MKPP, all adopt the general search framework
(i.e.,  Algorithm  1).  Thus,  as  described  in  Sections  3.2.3  and
3.3.3,  our  proposed  group-based  initialization  procedure

 and the corresponding group procedures (i.e., GPsea and
GPstr) can be easily applied to the above algorithms, resulting
in  three  novel  algorithms  including  NuQClq-GDI,  DCCplex-
GDI,  and  FD-TS-GDI.  For  a  given  instance,  if  its  density
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max_count t1 max_period max_tries q
p

t1 p q α

value  is  larger  than  0.35,  the  corresponding  algorithm  uses
GPsea.  Otherwise,  it  applies  GPstr.  The  source  codes  of  the
three  algorithms  were  provided  by  the  authors.  For  all
competitors,  we  set  the  same  parameters  as  described  in  the
corresponding  literature.  All  the  algorithms  are  implemented
in C++ and compiled by g++ with -O3 option. All experiments
are run on Intel Xeon Gold 6238 CPU @ 2.10 GHz with 512
GB RAM under  CentOS 7.9.The parameters  of  our  proposed
initialization method are tuned by irace [37]. Specifically, for
the  GPstr method,  ,  ,  ,  , 
and    are  set  to  100,  50,  20,  10,  50,  and  60% while  for  the
GPsea method,  ,  ,  , and   are set to 50, 60%, 50, and 850,
respectively.

max avg
max avg

avg

k

For  all  instances,  all  the  algorithms  are  performed  10
independent  runs  with  different  random  seeds  from  1  to  10
and the cutoff time is set to 1000 seconds. For each instance,

 denotes the best size found, and   denotes the average
size obtained over 10 runs. When   =  , we do not report

.  The  bold  values  in  the  tables  indicate  the  best  solution
among  all  the  algorithms.  We do  not  report  the  results  when
all the algorithms obtain the same solutions. Note that, for the
MQCP  and  MKPP,  the  same  graph  with  different    is
considered as the different instances. 

4.1    Results for the MQCP
We collect  all  used  instances  from [7],  including  187  classic
instances  from  DIMACS  benchmark  [38]  and  BHOSLIB
benchmark [39] and 102 sparse instances from Florida Sparse
Matrix  Collection  [40]  and  Stanford  Large  Network  Dataset
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Collection.  Besides,  we  consider  65  massive  sparse  graphs
from  the  Network  Data  Repository  [41]  with  more  than 
vertices and more than   edges, which has been used to test
the  performance  of  clique  related  problems  [42,24].  For  65
massive  sparse  graphs,    is  set  to  0.9,  0.8,  0.7,  and  0.6.  The
total number of newly selected instances is 260.

k = 0.999

The  results  for  NuQClq-GDI  and  NuQClq  on  classic
instances and sparse instances are reported in Tables 1 and 2,
respectively.  For  classic  instances,  NuQClq-GDI  obtains  a
better  solution than NuQClq on 7 instances and only fails  on
one instance C2000.9 with  .  As for instances where
the algorithms obtain the same best  solutions,  compared with
NuQClq,  NuQClq-GDI  obtains  10  better  average  solutions,
except  for  5  instances.  For  two sparse  benchmarks,  NuQClq-
GDI  achieves  better  solutions  on  13  instances,  whereas
NuQClq  finds  better  solutions  on  3  instances.  In  terms  of
average  solution,  NuQClq-GDI  outperforms  NuQClq  on  23
instances while it is defeated on only 5 instances. 

4.2    Results for the MKPP
k

k = 2,3,4
For the MKPP, we use the same   values as described in the
corresponding  literature  (i.e.,  ).  We  adopt  several
popular benchmarks from [26], including 363 classic instances
from  DIMACS  benchmark  [38]  and  BHOSLIB  benchmark
[39] and 108 sparse instances from Network Data Repository
[41].  According to our results,  most of these sparse instances
are so easy that all algorithms obtain the same quality values.
Thus, we select 65 massive sparse instances as our additional
benchmark, which has already been described in the previous

  
Table 1    Experimental results of NuQClq and NuQClq-GDI on classic instances

Instances k
NuQClq NuQClq-GDI

Instances k
NuQClq NuQClq-GDI

Instances k
NuQClq NuQClq-GDI

max avg max avg max avg max avg max avg max avg
C4000.5 0.8 53 52.9 53 52.7 frb40-19-5 0.999 40 39.7 40 40 frb56-25-5 0.999 57 55.7 57 56
brock400_1 0.999 27 26 27 25.6 frb50-23-4 0.999 51 50.9 51 51 frb59-26-1 0.999 59 58.3 59 58.5
brock800_2 0.999 24 24 24 23.7 frb53-24-1 0.999 53 52.9 54 53.1 frb59-26-4 0.999 59 58.1 60 58.4
brock800_3 0.999 22 22 25 22.3 frb53-24-2 0.999 54 53 54 53.1 frb59-26-5 0.999 60 58.7 60 59
C1000.9 0.999 70 69.9 70 70 frb53-24-5 0.999 54 52.8 54 52.6 hamming10-4 0.95 88 87.3 88 87.1
C2000.9 0.999 82 79.5 80 79.5 frb56-25-1 0.999 56 55.5 57 55.6 san400_0.7_2 0.95 65 64 65 65
C4000.5 0.9 30 30 31 30.2 frb56-25-2 0.999 56 55.3 57 55.5 san400_0.7_3 0.95 40 39.6 40 39.9
frb100-40 0.999 99 98.6 101 98.7 frb56-25-4 0.999 57 55.4 57 55.7

  
Table 2    Experimental results of NuQClq and NuQClq-GDI on sparse instances

Instances k
NuQClq NuQClq-GDI

Instances k
NuQClq NuQClq-GDI

Instances k
NuQClq NuQClq-GDI

max avg max avg max avg max avg max avg max avg
LiveJournal 0.9 430 427.2 430 424.4 rgg-n_2_24_s0 0.9 28 25.5 28 25.4 web-wikipedia_link 0.9 452 250 660 357.9

0.8 472 471 472 472 0.8 31 29.6 34 30.6 0.8 903 312.4 945 511.4
0.6 628 619.8 628 628 0.7 38 35.2 38 35.4 0.7 1214 562.1 1156 512

orkut 0.9 124 116.9 115 109.7 0.6 46 42.9 44 41.8 0.6 597 431.4 1156 755.5
0.8 166 146.3 166 149.1 soc-orkut 0.9 107 93.4 114 101.9 web-wikipedia-growth 0.9 47 36.7 49 33.2
0.7 201 194.9 202 201.1 0.8 159 129 159 135.9 0.8 70 59.2 75 61.9

web-Google 0.8 69 68.9 69 69 0.7 194 170.7 194 171.1 wikipedia_link_en 0.9 74 50.5 74 58.7
wiki-topcats 0.9 47 38.4 47 41.3 0.6 244 225.2 244 228.6 0.8 60 42.2 111 54.6

0.8 68 54.5 68 60.3 soc-sinaweibo 0.9 112 105.2 112 106.3 0.7 150 69.7 150 92.8
0.7 102 83.1 102 84.5 0.8 183 122.2 183 122.5 soc-ljournal-2008 0.9 475 435.7 475 460.8
0.6 171 143 171 133.2 0.7 263 217.4 263 188.7 0.8 542 514.7 542 542

dbpedia-link 0.9 57 49.5 57 48.5 0.6 241 201 345 218 0.7 655 638.7 655 655
0.8 87 67.6 87 76.8 twitter_mpi 0.8 312 312 501 387.6 0.6 793 775.2 793 776.1
0.7 149 89.2 149 103.2 web-baidu-baike 0.9 24 24 28 24.4 soc-twitter-higgs 0.6 257 251 257 255.9
0.6 220 127.8 220 141.3 0.8 33 33 34 33.1
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×subsection. In total, 195 (65 3) instances are picked.
Table 3  summarizes  the  results  of  classic  and  sparse

benchmarks  for  the  MKPP.  #inst  denotes  the  number  of
instances  in  each  benchmark.  #better  and  #worse  denote  the
number  of  instances  where  FD-TS-GDI  and  DCCplex-GDI
achieve  better  and  worse  maximal  (or  average)  results,
respectively.  For  classic  benchmarks,  no  matter  the  best  or
average  solutions,  DCCplex-GDI  and  FD-TS-GDI  perform

better than the corresponding original algorithm. As for sparse
benchmarks,  most  of  them for  all  the  algorithms  achieve  the
same  solution.  Nevertheless,  for  the  instances  where  our
proposed algorithm and the corresponding competitor perform
differently,  our  proposed  algorithm  steadily  outperforms  its
competitor.
We provide the detailed results for FD-TS-GDI and FD-TS

on classic and sparse instances in Tables 4 and 5, respectively.
Additionally,  the  results  of  DCCplex-GDI  and  DCCplex  on
classic  and  sparse  instances  are  shown  in  Tables 6  and  7,
respectively. In the case of classic instances, FD-TS-GDI and
DCCplex-GDI outperform their  counterparts  in finding better
maximal  solutions in  34 and 20 instances,  respectively.  They
are  only  defeated  in  5  and  1  instances,  respectively.  When
considering  the  average  solutions  for  classic  instances,  FD-
TS-GDI and DCCplex-GDI outperform FD-TS and DCCplex

 

Table 3    Comparative results on all the MKPP benchmarks

Algorithm Benchmark #inst
max avg

#better #worse #better #worse
FD-TS-GDI vs. classic instances 363 34 5 39 8
FD-TS sparse instances 303 3 1 11 7
DCCplex-GDI vs. classic instances 363 20 1 78 3
DCCplex sparse instances 303 1 0 10 6

  
Table 4    Experimental results of FD-TS and FD-TS-GDI on classic instances

Instances k
FD-TS FD-TS-GDI

Instances k
FD-TS FD-TS-GDI

Instances k
FD-TS FD-TS-GDI

max avg max avg max avg max avg max avg max avg
brock400_4 2 33 32.2 33 33 san400_0.7_3 2 27 26.7 27 27 gen400_p0.9_65 3 101 100.7 101 101
C1000.9 2 82 81.2 82 82 san400_0.9_1 2 102 101.5 102 102 keller6 3 91 90.3 90 89.5
C2000.5 2 20 19.5 20 19.3 brock800_1 3 30 29.7 30 29.5 san400_0.7_2 3 47 46.1 47 47
C2000.9 2 91 90.2 91 90.6 brock800_2 3 30 30 30 29.8 brock800_2 4 34 33.6 34 33.4
C4000.5 2 21 20.2 21 20.1 brock800_3 3 30 29.9 30 30 brock800_3 4 34 33.8 34 34
frb100-40 2 124 123.1 124 123.2 C1000.9 3 95 94.5 95 95 C1000.9 4 108 107.2 109 107.7
frb50-23-1 2 67 65.9 67 66.2 C2000.5 3 23 22.1 22 22 C2000.9 4 119 118.1 120 118.5
frb50-23-2 2 66 65.5 66 66 C2000.9 3 106 104.5 105 104.6 DSJC1000.5 4 24 23.8 24 23.9
frb50-23-3 2 64 63.9 65 63.8 frb100-40 3 148 146.8 147 145.9 frb100-40 4 168 167.9 168 167.1
frb50-23-4 2 66 65.3 66 65.4 frb50-23-1 3 79 78 79 78.1 frb50-23-1 4 91 89.8 92 90.7
frb50-23-5 2 66 65.7 66 66 frb50-23-2 3 78 77.9 79 78.4 frb50-23-2 4 91 89.7 91 90
frb53-24-1 2 70 69.2 71 70.4 frb50-23-3 3 76 75 76 75.3 frb50-23-3 4 87 86.3 87 86.2
frb53-24-2 2 70 68.7 70 69.2 frb50-23-4 3 78 77.2 78 78 frb50-23-4 4 90 89.2 90 89.8
frb53-24-3 2 69 68.7 70 69.2 frb50-23-5 3 78 77.9 79 78 frb50-23-5 4 90 89.7 91 90.2
frb53-24-4 2 69 68.5 70 68.8 frb53-24-1 3 83 83 84 83.4 frb53-24-1 4 97 96.3 98 96.7
frb53-24-5 2 68 67.1 68 67.3 frb53-24-2 3 82 81.1 82 81.5 frb53-24-3 4 95 94.2 96 94.7
frb56-25-1 2 74 73.2 74 73.9 frb53-24-3 3 82 81.5 83 82.1 frb53-24-4 4 95 93.8 96 94.4
frb56-25-2 2 74 73.1 75 73.9 frb53-24-4 3 82 81.3 83 82 frb53-24-5 4 92 91.8 93 92.3
frb56-25-3 2 73 72.1 73 72.5 frb53-24-5 3 80 79.6 82 80.2 frb56-25-1 4 101 100.8 103 101.7
frb56-25-4 2 73 72.2 73 72.1 frb56-25-1 3 88 87.2 89 88 frb56-25-2 4 100 99.9 101 100.3
frb56-25-5 2 72 72 73 72.1 frb56-25-2 3 88 86.6 88 87.5 frb56-25-3 4 99 98.1 99 98.5
frb59-26-1 2 77 76.7 78 77.3 frb56-25-3 3 86 85.3 87 85.8 frb56-25-4 4 98 97.6 99 98.1
frb59-26-2 2 78 76.9 78 77.1 frb56-25-4 3 87 85.4 86 85.2 frb56-25-5 4 99 98.2 99 98.4
frb59-26-3 2 76 75.5 77 75.9 frb56-25-5 3 86 85.2 86 85.5 frb59-26-1 4 105 104.6 108 105.5
frb59-26-4 2 77 75.9 77 76.5 frb59-26-1 3 91 90.8 92 91.3 frb59-26-2 4 105 104.4 105 104.7
frb59-26-5 2 76 75.7 77 76.4 frb59-26-2 3 91 90.7 92 91.2 frb59-26-4 4 105 103.5 105 103.8
gen400_p0.9_65 2 73 72 74 73.1 frb59-26-3 3 91 90.2 91 90.6 frb59-26-5 4 105 103.3 105 103.8
gen400_p0.9_75 2 79 78.2 79 79 frb59-26-4 3 91 90 91 90.3 keller6 4 106 104.4 113 107.9
MANN_a81 2 2162 2161.7 2162 2161.8 frb59-26-5 3 90 89.3 91 90

  
Table 5    Experimental results of FD-TS and FD-TS-GDI on sparse instances

Instances k
FD-TS FD-TS-GDI

Instances k
FD-TS FD-TS-GDI

Instances k
FD-TS FD-TS-GDI

max avg max avg max avg max avg max avg max avg
bn-human-BNU*_1-bg 2 214 210.2 214 208.8 soc-orkut-dir 3 65 63.5 65 64 soc-orkut 4 62 62 62 61.8
dbpedia-link 2 36 35.6 36 35.3 twitter_mpi 3 173 160.4 173 173 soc-orkut-dir 4 70 67.5 71 68.4
soc-orkut 2 52 51.2 52 51.5 web-baidu-baike 3 33 27.8 25 22.7 soc-sinaweibo 4 62 56.4 62 62
soc-orkut-dir 2 58 57.1 58 57.8 web-wikipedia-growth 3 33 31.2 33 31.1 web-baidu-baike 4 33 25.2 33 23.9
web-baidu-baike 2 33 24.5 33 24 wikipedia_link_en 3 48 19.5 48 21 web-wikipedia-growth 4 34 33.7 35 32.7
wikipedia_link_en 2 46 27.9 46 32.7 bn-human-BNU*_1-bg 4 236 235 236 235.4 wikipedia_link_en 4 48 24.3 50 22.7
bn-human-BNU*_1-bg 3 226 224.3 226 224.7 bn-human-BNU*_2-bg 4 204 200.6 204 202.3
soc-orkut 3 59 57 59 58.2 dbpedia-link 4 40 39.6 40 39
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in  40  and  58  instances,  respectively.  Regarding  the  sparse
instances, all four algorithms demonstrate similar performance
by  achieving  the  same  maximal  solutions  in  300  out  of  303
instances. However, FD-TS-GDI and DCCplex-GDI exhibit a
slight  advantage  over  their  competitors  in  terms  of  both
maximal solutions and average solutions.
Besides,  we present  time consumption  of  all  algorithms on

the instances where our algorithm and the competitors achieve
the  same  maximal  and  average  solution  values.  In  detail,  the
average run time of NuQClq, FD-TS, and DCCplex is  26.06,
13.27,  and  11.46  seconds,  while  the  average  run  time  of
NuQClq-GDI,  FD-TS-GDI,  and  DCCplex-GDI  is  22.78,
11.69,  and  8.98  seconds,  respectively.  Obviously,  the
proposed  method  clearly  improves  the  time  consumption  of
the local search algorithms for clique relaxation problems.
Moreover,  we  compare  DCCplex-GDI  to  KLS  [27]  and

CFS-RLS  [28]  on  the  respective  selected  benchmarks  of  the
corresponding  literature  and  using  the  same  experiment
settings  (e.g.,  run times).  The results  is  presented in Tables 8

Initgdi

and 9. For Table 8, both DCCplex-GDI and KLS are executed
with  100  independent  runs,  whereas  for  Table 9,  both
DCCplex-GDI  and  CFS-RLS  are  executed  with  20
independent  runs,  following  the  same  experimental  settings
(e.g.,  run times) as mentioned in the corresponding literature.
Remark that, we don’t apply   to the KLS algorithm and
compare  it  with  the  original  KLS  algorithm.  This  is  because
KLS  does  not  follow  the  typical  “initialize  +  search”
framework.  DCCplex-GDI  finds  better  solutions  than  KLS
and  CFS-RLS  for  18  and  19  instances,  respectively,  while
DCCplex-GDI  fails  to  match  the  solutions  obtained  by  KLS
and  CFS-RLS  on  14  and  0  instances.  Note  that  DCCplex
doesn’t  use  our  initialization  method  and  it  only  finds  17
better  and  27  worse  solutions  than  KLS.  Once  again,  the
excellent  results  of  DCCplex-GDI  can  be  attributed  to  the
power of our proposed initialization method. 

4.3    Effectiveness of search and structure information
To verify the necessity of the structural information and search

  
Table 6    Experimental results of DCCplex and DCCplex-GDI on classic instances

Instances k
DCCplex DCCplex-GDI

Instances k
DCCplex DCCplex-GDI

Instances k
DCCplex DCCplex-GDI

max avg max avg max avg max avg max avg max avg
brock400_4 2 33 32.8 33 32.6 C1000.9 3 95 95 96 95.2 brock800_3 4 34 33.9 34 34
brock800_4 2 26 25.4 26 25.8 C2000.5 3 23 22.1 23 22.3 C1000.9 4 109 107.9 109 108.1
C1000.9 2 82 81.8 82 82 C2000.9 3 108 107.3 109 107.9 C2000.9 4 122 121.2 122 121.3
C2000.5 2 20 19.6 20 19.8 C4000.5 3 24 23.6 24 23.9 C4000.5 4 26 26 27 26.6
C2000.9 2 93 92.2 94 92.7 frb100-40 3 156 153.9 156 154.4 DSJC1000.5 4 24 23.8 24 24
C4000.5 2 21 20.6 21 20.8 frb50-23-1 3 79 78.7 79 79 frb100-40 4 178 176.3 179 176.9
frb100-40 2 128 127.5 129 128.2 frb50-23-2 3 79 78.8 79 79 frb50-23-1 4 92 91.4 92 91.5
frb50-23-1 2 66 66 67 66.1 frb50-23-3 3 76 75.8 76 76 frb50-23-2 4 91 90.7 91 90.9
frb50-23-5 2 66 66 67 66.4 frb50-23-4 3 79 78.8 79 78.9 frb50-23-3 4 88 87.1 88 87.2
frb53-24-1 2 71 70.9 71 70.8 frb50-23-5 3 79 78.7 80 79.2 frb50-23-4 4 91 90.7 91 90.9
frb53-24-2 2 70 69.9 70 70 frb53-24-1 3 85 84.1 85 84.4 frb50-23-5 4 92 91.2 92 91.4
frb53-24-3 2 70 69.9 70 70 frb53-24-2 3 83 82 83 82.3 frb53-24-1 4 98 97.9 99 98
frb53-24-4 2 69 68.9 69 69 frb53-24-3 3 83 82.9 83 83 frb53-24-2 4 95 94.6 95 94.8
frb56-25-1 2 75 74.1 75 74.3 frb53-24-4 3 83 82.8 84 83.1 frb53-24-3 4 97 96.2 97 96.3
frb56-25-2 2 75 74.4 75 74.5 frb53-24-5 3 82 81 82 81.3 frb53-24-4 4 96 95.3 96 95.6
frb56-25-3 2 74 73.1 74 73.5 frb56-25-1 3 89 88.9 89 89 frb53-24-5 4 94 93.3 94 93.6
frb56-25-4 2 73 73 74 73.1 frb56-25-2 3 89 88.4 89 88.7 frb56-25-2 4 102 101.6 102 102
frb56-25-5 2 74 73.1 74 73.2 frb56-25-3 3 88 86.9 88 87.3 frb56-25-3 4 101 100.1 101 100.4
frb59-26-2 2 79 78 79 78.4 frb56-25-4 3 87 86.3 87 86.5 frb56-25-5 4 101 99.9 101 100.2
frb59-26-3 2 77 76.9 78 77.2 frb56-25-5 3 87 86.7 87 86.9 frb59-26-1 4 107 106.8 108 107
frb59-26-4 2 78 77.1 78 77.6 frb59-26-1 3 93 92.3 93 92.4 frb59-26-2 4 108 106.8 108 107
frb59-26-5 2 78 77.8 78 77.9 frb59-26-3 3 93 91.8 93 92 frb59-26-3 4 106 105.9 107 106.2
gen400_p0.9_65 2 74 73.1 73 73 frb59-26-5 3 93 91.7 93 92.2 frb59-26-4 4 106 105.6 107 106.1
san400_0.7_2 2 32 32 33 32.1 keller6 3 92 91.2 93 93 frb59-26-5 4 106 105.2 107 105.8
san400_0.9_1 2 103 102.1 103 102.6 san400_0.7_2 3 47 46.4 47 47 keller6 4 117 114.8 117 115
brock800_1 3 30 29.3 30 29.9 san400_0.7_3 3 38 38 39 38.4 p_hat1500-2 4 107 106.8 107 107
brock800_3 3 30 29.9 30 30 brock800_1 4 34 33.8 34 34 san400_0.7_3 4 50 49.7 50 50

  
Table 7    Experimental results of DCCplex and DCCplex-GDI on sparse instances

Instances k
DCCplex DCCplex-GDI

Instances k
DCCplex DCCplex-GDI

Instances k
DCCplex DCCplex-GDI

max avg max avg max avg max avg max avg max avg
bn-human-
BNU*_1-bg 2 214 208.2 214 210.3 bn-human-

BNU*_1-bg 3 226 221.6 226 223.1 bn-human-
BNU*_2-bg 4 204 200.6 204 202.3

dbpedia-link 2 36 34.2 36 35.2 dbpedia-link 3 39 38.4 39 37.4 dbpedia-link 4 40 38.4 40 38.9
soc-twitter-higgs 2 73 73 73 70.4 soc-orkut 3 59 57.4 59 58.1 twitter_mpi 4 187 186.5 187 186.9
twitter_mpi 2 155 154.9 155 154.6 web-baidu-baike 3 33 26.3 33 22.4 web-wikipedia-growth 4 35 32.9 35 33.6
web-baidu-baike 2 33 26.3 33 26.5 wikipedia_link_en 3 48 28.5 48 24.8 wikipedia_link_en 4 48 26.9 50 20.2
wikipedia_link_en 2 46 26.8 46 26 bn-human-BNU*_1-bg 4 236 233.5 236 234.6
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information. We compare GPsea with two alternative versions:
(1)  GPsea1  employs  the  random  selection  strategy  when  the
candidate vertices have the same best   value, instead of
our  selection  rule;  (2)  GPsea2  selects  a  vertex    with  the
biggest  ,  breaking  ties  randomly,  instead  of  our
selection  rule.  The  former  version  only  utilizes  the  search
information  while  the  latter  one  only  applies  the  structure
information.  GPstr  is  compared  with  two  versions:  (1)  GPstr1
selects  a  vertex  and  a  subgroup  with  the  biggest    or

 values, breaking ties randomly instead of our add and
delete  rules;  (2)  GPstr2  ignores  the    procedure.
GPstr1 only considers the structure information and ignores the
search  information  whereas  GPstr2  ignores  the  structure  and
search information obtained from  .  #better  and
#worse  denote  the  number  of  instances  where  our  proposed
methods  find  better  and  worse  maximal  results,  respectively.
As shown in Table 10, the results demonstrate that both search
and structure information plays an important role in GPsea and
GPstr. 

5    Conclusion
In this work, we propose a group driven initialization method
for  clique  relaxation  problems.  The proposed methods  divide
the  vertices  into  some  subgroups  using  the  search  and
structure  information  and  then  employ  the  obtained  group
information to help the algorithm generate an initial  solution.
We  conduct  extensive  benchmarks  to  evaluate  the
performance  of  the  proposed  initialization  methods  and
Results  show  that  the  proposed  initialization  method
outperforms a common general initialization method for clique
relaxation problems.
In  the  future,  to  enhance  the  effectiveness  of  the  proposed

method, we intend to incorporate new ideas [43,44]. One such
idea is the utilization of Hash functions to record local optimal
solutions to improve the exploitation of the search procedure.
Additionally,  we aim to identify the cohesive structure of the
given  graph  through  a  simpler  and  more  efficient  approach.
Furthermore,  we  intend  to  enhance  the  proposed  method  by
incorporating  a  forgetting  mechanism.  This  mechanism  will
enable  the  algorithm  to  concentrate  more  on  recent  search
information. 
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