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Time-dependent density functional theory (TDDFT) has evolved into a general routine
to extract the energies of low-lying excited states over the last decades. Driven by the
remarkable progress of laser technology, the study of the interaction between matter
and intense laser fields with ultrashort pulse duration develops rapidly. A great
number of new strong field phenomena emerge. The requirement of a theoretical tool
to study the intense field phenomena and dynamical processes of polyatomic
systems is urgent. To extend the power of the TDDFT beyond the linear responses, an
alternative scheme has been developed by numerically solving the time-dependent
Kohn-Sham equations directly in real-time domain. In this article, we summarize the
algorithms and capabilities of the real-time TDDFTon studying electron spectroscopy
and dynamics of polyatomic systems. The failure of TDDFT with the adiabatic local-
density approximation on some dynamical processes and the possible solutions are
synopsized as well. The numerical implementation of algorithms and applications of
RT-TDDFT on the linear and nonlinear spectroscopies and electronic dynamics of
nano-size nonmetal clusters are displayed.

Keywords TDDFT, linear and nonliear optical spectroscopies, electron dynamics,
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1 Introduction

Time-dependent phenomena mainly originate from the
interactions between the time-dependent external fields and
materials, which can be classified into two types: (a) weak
field interaction that is the interaction between the external
field and molecules and is much weaker than the intra-
molecular interaction, i.e., the radiation does not perturb the
energy levels themselves and the system responds to the field
linearly. (b) strong field interaction, in this case the intensity
and frequency of the external field are comparative with the
intra-molecular interaction and the natural time scale of
electron. Hence the response of electron can not be treated
with the perturbation theory.

The dynamic properties that describe the response of
systems to the external fields can be theoretically described by
the time-dependent many-body wave functions, which are the
solution of the systematic Schrödinger equation. However, the
general solutions to the Schrödinger equation (TDSE) are not
available, except for very simple cases like hydrogen
molecule or like-hydrogen molecules. The time-dependent
one-electron approaches, such as the time-dependent density
functional theory (TDDFT) [1,2] and the random phases
approximation time-dependent Hartree-Fock (TDHF) theory
[3]. TDHF replaces the complicated many-body time-
dependent Schrödinger equation by a set of time-dependent
single-particle equations and therefore has evolved into a
powerful tool for extracting electronic excited-state energies
over the last decades due to the computational efficiency for
the large-size systems. TDDFT comes from the generalization
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of the original static Kohn-Sham density functional theory
and TDHF from the mean-field Hartree-Fock theory,
respectively. When they are implemented at the linear
response level, a set of time-independent eigenvalue equations
are derived [4–6]. This linear system possesses solutions for
certain discrete eigenvalues. As a result, one obtains the
energies by solving the eigenvalue equation. Currently, the
routine has become the most general method to extract the
energies of low-lying excited states [7–16] and to conduct
geometrical optimization of excited states [17,18]. For
simplicity, we denote this theory as the linear response (LR)
theory.

TDDFT-LR, however, has its own limitations in the
practical applications. For instance, it is computationally
expensive and even impractical to deal with very complex
systems. The reason is that one has to solve non-ordinary
eigenvalue equation with a super matrix with the dimension of
(2NoccNnocc) � (2NoccNnocc), where Nocc and Nnocc are the
number of occupied and unoccupied molecular orbitals.
TDDFT-LR can not correctly deal with metal clusters since
the orbitals nearby HOMO and LUMO are not disconnected
clearly in these systems, hence it is hard to distinguish the
different states explicitly. TDDFT-LR is also not suitable for
studying atoms and molecules in intense laser pulse, where
self-consistent non-perturbation, non-adiabatic approaches
and real-time propagations are required.

Driven by the remarkable progress of laser technology [19],
the study of the interaction between matter and intense laser
fields with ultra-short pulse duration develops rapidly. The
intense field phenomena, such as above-threshold ionization
(ATI) [20], ultrahigh harmonic generation [21], and Coulomb
explosion of molecules [22], have attracted a great number of
experimental and theoretical researches. Currently a new field
called attosecond science has formed. It probes the dynamical
behavior of matter on the attosecond time scale (see Refs.
[23–28]). The natural time scale of electrons falls into the
subfemtosecond or attosecond regime, which is much shorter
than the vibrational periods of atoms in molecules. Therefore,
the progress of laser technology capable of reaching
subfemtosecond or attosecond pulse durations has enabled
us to capture and steer the electron motion inside atoms and
molecules that are undergoing photoionization or chemical
change. The quest to probe the intense-field phenomena and
atomic and molecular electron dynamics on ultrashort time-
scales challenges the current theoretical approaches and
stimulates people to develop a strategy to cope with non-
adiabatic electron wave-packet dynamics. TDDFT theory,
which can in principle produce the exact time-dependent
electron density of many-body system, has therefore been
developed to extend its capability to the intense field regime.
In this case, an alternative scheme has been developed by

numerically solving the time-dependent Kohn-Sham equa-
tions directly in real-time domain (RT-TDDFT) [12].

The quest to probe atomic and molecular electron dynamics
on ultrashort timescales inevitably leads to the use of extreme
ultraviolet (XUV)/X-ray radiation. High harmonic generation
(HHG) and stimulated Raman scattering generate frequency
components over a wide range [29–32] and thus are two
techniques to produce attosecond light pulses. The HHG
process, in which visible or infrared laser light is converted to
vacuum ultraviolet radiation, was known for nearly two
decades [21]. High harmonics from atoms have been
extensively studied. An elegant and simple three-step quasi-
static model has successfully interpreted atomic HHG [33].
The model could be described as follows: (1) tunnel ionization
by an intense low-frequency laser field, (2) acceleration of the
free electron, and (3) re-collision. However, it is still a
challenge to explain the high harmonics generated from
polyatomic molecules because the electron dynamics of
molecules is more complicated than that in isolated atoms
due to the multiple nuclei and their relative motions [34].
Besides, molecular harmonics are very sensitive to the
molecular orientation, the spatial arrangement of atoms in
the molecule and dynamic motion of the electrons [35,36].
The experiments on HHG of polyatomic molecules are thus
far sparse. Several theoretical works have investigated the
mechanism of HHG from polyatomic molecules using a
variety of theoretical approaches. For example, Zhang [37]
calculated HHG of C60 molecule using the time-dependent
Hartree-Fock (TDHF) theory with a semi-empiricial Hamil-
tonian and concluded that HHG are mainly from the multiple
excitations and are intrinsic to the system. Averbukh et al. [38]
showed that molecular HHG by laser field is a result of
“bound-bound” transitions rather than “bound-continuum”

transitions, which dominate in the Corkum-Kulander recolli-
sion mechanism for atoms in a field. A more careful
investigation on benzene has been performed by Baer et al.
[39] applying time-dependent density functional theory
(TDDFT) with the adiabatic local-density approximation.
They found that for very strong fields (maximal strength larger
than 3.5 � 1014W$cm–2), ionization ceases well before the
pulse reaches maximum and the recollision event is not
observed, while for the pulse with the moderate laser intensity
(maximal strength smaller than 1�1014W$cm–2) the ioniza-
tion continues throughout and the recollision event is
observed. Therefore, the conjecture of Averbukh et al. [38]
is that the dominant contribution to molecular HHG comes
from the bound-bound transitions by using their model, which
can only apply for stronger fields (above 1�1014W$cm–2).

TDSE governs the evolution of an entire isolated system,
but unsolved questions arise when the entire system is divided
into a quantum subsystem and its environment where the
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quantum subsystem is described by a Schrödinger equation
and its environment is described by classical mechanics. One
notable example of a quantum-classical division is to treat
electrons quantum mechanically and nuclei classically in
studying the dynamical processes including laser-induced
chemistry, dynamics at metal or semiconductor surfaces, and
electron transfer. In these dynamical processes, the quantal
electrons do not evolve adiabatically, hence leading to non-
Born-Oppenheimer trajectories for nuclear motion. Two
wildly used methods including nuclear effect based on
TDSE are Ehrenfest dynamics [40–46] and surface hopping
dynamics [47–49]. Ehrenfest dynamics replaces TDSE by (a)
classical Newton's equations for nuclei (see Eq. (4)) and (b)
TDSE for electrons. The surface-hopping approach includes
nonadiabatic effect by allowing stochastic electronic transi-
tions subject to a time- and momenta-dependent hopping
probability. For a lager system, the surface-hopping method is
computational demanding. RT-TDDFT allows one to observe
the electron propagations in time and has coupled with the
methods for nuclear motion to describe nonadiabatic electron
wavepacket dynamics [40–44,50].

The goal of this review is to demonstrate the power of the
RT-TDDFT on the time-dependent problems. Especially, we
focus on our group's work on the development and application
of RT-TDDFT to study the electron spectra and dynamics of
nanosize clusters, such as finite-size C/BN nanotubes, bare
carbon chain systems, and silicon clusters. Yabana and
Bertsch developed a real-time real-space TDDFT scheme to
calculate the optical responses of clusters [12]. Their pioneer
work make it feasible to study molecular conductance, linear
or nonlinear optical spectra, laser-driven intense field
dynamics and ultrafast electron-nuclear dynamics, etc. [51–
62] by the RT-TDDFT. TDDFT or TDHF theory, in its full
extent without linear restrictions, can be applied directly to
monitor the laser-driven electronic motion of multiphoton
excitation with arbitrary laser pulse shape and duration.
Therefore, they have been extensively used to study the
intense field processes recently [37,39–44,63–77], although
TDDFT with the adiabatic local-density approximation
(ALDA) may not be fully suitable for the strong field process
[78–80].

The paper is organized as follows. Section 2 summarizes
the algorithms to solve the time-dependent one-electron
equations with the density matrix and atom-centered basis
functions. In Section 3, the linear and nonlinear spectra and
electronic dynamics of finite-size C/BN nanotubes, bare
carbon chain systems Cn, and nanosize silicon cluster are
calculated and reported. The failure and the possible solutions
of TDDFTwith ALDA are presented. Finally, conclusions are
given in Section 4.

2 RT-TDDFT scheme

The time-dependent full Schrödinger equation for a general
electron-ion system can be written as:

i`
∂Φðfrig,fRIg,tÞ

∂t
¼ Hðfrig,fRIg,tÞΦðfrig,fRIg,tÞ; (1)

where r andR are the positions of the electrons and the nuclei,
respectively. Φðfrig,fRIg,tÞ is the total wave function and H
is the time-dependent Hamiltonian of electron-ion system
written as:
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Here m and e denote the mass and the charge of the electron,
MI and ZI are the mass and nuclear charge of the I-th nuclear,
respectively. Vext denotes the interaction between the matter
and the external field. In order to build up the equation of
motion for both the electrons and the nuclei at the density
functional theory (DFT) level, the Lagrangian is constructed
as:
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Here fi is Kohm-Sham orbitals, EDFT
elec is usual DFT energy

functional and ε(t) is the amplitude of the time-dependent
external filed. Variation of Lagrangian for the nuclear
coordinates RI and the orbital variables fiðtÞ, the classical
Newton's equation of motion for RI, and the usual TDKS
equation are separately given as:

MI
d2RI

dt2
¼ ZIεðtÞ –

1

2
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I≠J

ZIZJ ðRI –RJ Þ
jRI –RJ j3

–ΔIE
DFT
elec ðfrig,fRIg,tÞ, (4)

and

i
∂fiðr,tÞ

dt
¼ –

1

2
r2 þ υs½nðr,tÞ�ðr,tÞ

� �
fiðr,tÞ: (5)

The single electron effective potential is defined as:

υsðr,tÞ ¼ υextðr,tÞ þ υhartreeðr,tÞ þ υxcðr,tÞ: (6)

Here υxc(r,t) is the exchange and correlation potential,
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producing the same time-dependent density as the exact one.
υext is the external potential. When the term υxc(r,t) only
includes the exact HF exchange term, TDKS equation
becomes TDHF equation.

2.1 Propagation of the reduced one-electron density matrix

Casting TDKS equation into the reduced one-electron density
matrix (1DM) form, one gets an alternative form of the
TDDFT equation in terms of the generalized nonorthogonal
atomic orbital (AO) basis sets as [81]:

iS
d�#ðtÞ
dt

S ¼ F#ðtÞ�#ðtÞS – S�#ðtÞF#ðtÞ (7)

with the Fock operator F[n(r, t)] given by

F#½nðr,tÞ�ðr,tÞ ¼ –
1

2
r2 þ υs½nðr,tÞ�ðr,tÞ: (8)

With respect to some orthogonalization procedures, such as
the Löwdin or Cholesky decomposition orthogonalization
procedure, one can transform the AO Fock matrix F′ and the
AO density matrix ρ′ into an orthonormal basis form. For
example in Cholesky decomposition, the overlap matrix S is
decomposed into lower and upper triangle matrices as S =
LLT. Then one gets F = L–1F′L–T and ρ = LTρ′L [82]. In an
orthogonal form, Eq. (7) becomes the standard Liuviolle
equation

i
d�ðtÞ
dt

¼ ½FðtÞ,�ðtÞ� ¼ ℒ ðtÞ�ðtÞ: (9)

Decompose the matrix form of the Liuviolle operator into

ℒ ðnðr,tÞÞ ¼ ℒ 0ðn0Þ þ ℒ #ðnðr,tÞÞ, where ℒ #¼ ℒ ext þ ℒ ð�n
ðr,tÞÞ. If we let � ¼ expð – iℒ 0tÞ�, we obtain

i
d�ðtÞ
dt

¼ e – itℒ 0ℒ #eitℒ 0�ðtÞ, (10)

which we integrated as

�ðtÞ ¼ �i – i!
t

ti
dτe – itℒ 0ℒ #eitℒ 0�ðτÞ ¼ �i þ ��ðtÞ, (11)

where σi denotes σ at t = ti.
To solve Eq. (9) or Eq. (10) in real-time domain, one

encounters an explicitly time-dependent problem. A common
strategy is to propagate the reduced density matrix step by
step with a small enough time step-size. Within each time-
step, the effective Hamiltonian is assumed to be stationary. A
variety of short-time propagation approaches are currently
available for this explicitly time-dependent problem (see
reviews, e.g., Refs. [83,84]). However, the RT-TDDFT
scheme requires one to build the effective Hamiltonian at
least once at each time step. The effective Hamiltonian
construction is the most computational time-consuming part.
Therefore, in order to efficiently solve the TDDFT equation

using the short time propagator, one should use both fast
approaches to construct the Hamiltonian and good approx-
imate methods to calculate the evolution operators, which
allows the time step-size as large as possible.

Algorithms whose computational cost scales linearly only
asymptotically with the size of the molecule are currently
available for the effective Hamiltonian construction in DFT.
The success of these methods means that effective Hamilto-
nian construction (which was previously the computationally
dominant step) is now no longer necessarily at least for large
molecules. For adequate large molecules, the calculation of
evolution operators may become the rate-determining step. In
our previous work [85], we therefore focused on assessing the
propagation schemes. In particular, we investigated the low-
order Magnus integration method [86] and the Krylov-
subspace method [87]. The relative methods will be described
below.

In Ref. [85], we have described some of the algorithms that
can be used to solve Eq. (9) or Eq. (10) step by step. Here we
introduce them in more details. The solution of Eq. (9) can be
written as

�ðtÞ ¼ Uðt,t0Þ�ðt0ÞUðt0,tÞ, (12)

where the initial state ρ(t0) can be obtained from a usual
ground state calculation and U is the evolution operator,
which satisfies

i`
∂
∂t
Uðt,t0Þ ¼ FUðt,t0Þ, (13)

with U(t0, t0) = 1. The formal solution of Eq. (13) can be
written as

Uðt,t0Þ ¼ T exp – i!
t

t0
dτFðτÞ

� �
, (14)

where T exp is time order exponential. In principle, Eq. (9)
can be straightforwardly solved by using tools for the ordinary
differential equation. One of the well-known methods is the
Runge-Kutta algorithm [88]. However, the low-order Runge-
Kutta method requires a rather small time step-size to
maintain the idempotency constraint on the density matrix.
In the higher-order method, the Fock matrix would be
constructed several times at each time step. Therefore, it is
very expensive for the practical calculations. Alternative
schemes are adopted to solve Eq. (9).

2.1.1 Magnus integration method

As Δt is small enough, U(t0 + Δt, t0) can be written as [89]

Uðt0 þ Δt,t0Þ ¼ eQ̂ðΔtÞ Magnus (15)
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¼ I –
1

2
CðΔtÞ

� 	 – 1

I þ 1

2
CðΔtÞ

� 	
Cayley (16)

Here, “Magnus” denotes the classical Magnus analytical
expansions [90], and “Cayley” represents the Cayley trans-

form [91] with
1

2
CðΔtÞ ¼ eQ̂ðΔtÞ þ I


 � – 1
eQ̂ðΔtÞ – I


 �
. Q̂ðt þ

Δt,tÞ can be expanded by an infinite series

Q̂ðt þ Δt,tÞ ¼
X1
k¼1

Q̂kðt þ Δt,tÞ (17)

where Q̂k is generated by

Q̂kðt þ Δt,tÞ ¼
Xk – 1
j¼0

Bj

j!
!

tþΔt

t
ŜjkðτÞdτ (18)

Here Bj are Bernoulli numbers and Ŝ can be computed as

Ŝ01ðτÞ ¼ – iĤ ðτÞ; Ŝ0kðτÞ ¼ 0ðk > 1Þ; (19)

ŜjkðτÞ ¼
Xk – j
m¼1

Q̂mðt þ Δt,tÞ,Ŝj – 1k –mðτÞ
h i

ð1£j£k – 1Þ: (20)

The first two term of Q̂kðt þ Δt,tÞ are

Q̂1ðt þ Δt,tÞ ¼ !
tþΔt

t
dτ1 – iF̂ ðτ1Þ

� 

(21)

Q̂2ðt þ Δt,tÞ ¼ !
tþΔt

t
dτ1!

τ1

t
dτ2 – iF̂ ðτ1Þ, – iF̂ ðτ2Þ

� 

(22)

Truncating the Magnus series to n-th order, a method of order
2n is obtained. When n = 1, the second-order Magnus
expansion is

Q̂Mð2Þðt þ Δt,tÞ ¼ – iĤ ðt þ Δt=2ÞΔt: (23)

When n = 2, the fourth-order Magnus expression is able to
be constructed,

Q̂Mð4Þðt þ Δt,tÞ

¼ – i
Δt
2

Ĥ ðt1Þ þ Ĥ ðt2Þ
� 


–

ffiffiffi
3

p
Δt2

12
Ĥ ðt2Þ,Ĥ ðt1Þ
� 


, (24)

where t1,2 ¼ t þ ½ð1=2Þ � ffiffiffi
3

p
=6�Δt are the Gauss quadrature

sampling points. One commutator exists in the fourth-order
Magnus expansion. Moreover, the number of such commu-
tators will grow rapidly with increasing order.

2.1.2 Time-reversal symmetry based propagator

It is obvious that the second-order Magnus expansion can be
regarded as the exponential midpoint rule

ÛEMðt þ Δt,tÞ ¼ exp – iΔtĤ ðt þ Δt=2Þ� �
: (25)

In a time-evolving problem, f(t +Δt/2) can either be obtained
by propagating backwards Δt/2 starting from f(t + Δt) or
propagating forwards Δt/2 starting from f(t). Then we can
obtain time-reversal symmetry (TRS) method:

exp i
Δt
2
Ĥ ðt þ ΔtÞ

� �
φðt þ ΔtÞ

¼ exp – i
Δt
2
Ĥ ðtÞ

� �
φðtÞ: (26)

Multiplying both side by exp – i
Δt
2
Ĥ ðt þ ΔtÞ

� �
, one gets

ÛETRSðt þ Δt,tÞ

¼ exp – i
Δt
2
Ĥ ðt þ ΔtÞ

� �
� exp – i

Δt
2
Ĥ ðtÞ

� �
: (27)

It is obvious that this method is time reversible.

2.1.3 Splitting techniques (ST)

Watanabe and Tsukada [92] have combined the EM
approximation with the split-operator method. In principle,

it is able to obtain a second-order method but requires V̂ ðt þ
Δt=2Þ computed accurately. A simple alternative method to
obtain an order 2 method,

ÛSOðt þ Δt,tÞ ¼ S2 – iΔt T̂ þ V̂ #
� �� 
 ¼ exp –

1

2
iΔtT̂

� �

�exp – iΔt V̂íint½�#� þ V̂extðt þ Δt=2Þ� 
� �

�exp –
1

2
iΔtT̂

� �
, (28)

where ρ′ is not the density ρ(t + Δt/2), but the density applies
the first kinetic term,

�# ¼
XN
n¼1

exp –
1

2
iΔtT̂

� �
φnðtÞ

����
����
2

: (29)

Associating ρ′ with ρ(t+ Δt), it is easy to prove this method is
of order 2.

For the fourth-order ST technique, a time-dependent
version is suggested by Suzuki et al. [69,70],

ÛSTðt þ Δt,tÞ ¼
Y5
j¼1

S2 – ipjΔtĤ ðtjÞ
� 


, (30)

where the times tj are related to the set pj through tj = t+(p1

+…+ pj/2)Δt. And p5 = p1, p4 = p2, p1 ¼ p2 ¼
1

4 – 41=3
, p3 =
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1 – 4p1. If the potential between t and t+Δt has been
computed accurately, this method is of order 4 technique.

2.1.4 Krylov-subspace scheme

The evolution of the density matrix can be expressed as �ðtÞ
¼ e –

i
hℒΔt�ðt0Þ in the time internal [t0, t0+ Δt]. A projection of

the matrix exponential e –
i
hℒΔt in Krylov subspaces can be

applied. The conventional Krylovsubspace scheme may be
generalized to adopt the non-Hermitian Hamiltonian. In this
work we adopt the short iterative-Arnoldi method which has
been developed by Pollard and Friesner [87]. The essence of
that propagation method is to form an explicit representa-

tion of the exponential operator e
– i
h ℒΔt ¼ eLΔt in the n-

dimensional Krylov space based on the initial density
matrix ρ(t0). The method is defined by the recurrence relation

hjþ1,jυjþ1 ¼ Lυj –
Xj

i¼0

hi,jυi, (31)

where υi is the i-th orthonormal basis vector and hi,j is a matrix
element of L in this basis. This transformation of L may be
written, L & VhVT , where V is the orthogonal matrix whose
j-th column is υj . The {υj} are constructed iteratively. Setting

υ0 = ρ(t0) and diagonalizing h, we can express �ðtÞ ¼
eLt�ðt0Þ � VWeΛtW – 1VTυ0 where hW ¼ WΛ.

2.1.5 Approximation to the exponential of a matrix

It is noted that Castro et al. [54] have extensively investigated
the propagation schemes to solve the time-dependent Kohn-
Sham orbitals in the grid representation. In our work,
however, we propagate the reduced density matrix in AO
basis representation. The time evolution of the one-electron
density matrix is calculated. The finite-size atom-centered
Gaussian orbitals are used. The reduced 1DM in AO basis
possesses the localized properties for large molecules. For this
case, one explicit problem we encountered is to calculate the
matrix exponential eQ.

To calculate the matrix exponential eQ, the exact method is
to straightforwardly diagonalize the matrix Q. It, however, is
only applicable to small systems. For complex systems, one
has to develop approximate approaches. One typical approach
is to apply the MP or CMP expansion of matrix exponentials.

eQ ¼ UeqU y, QU ¼ qU Matrix diagonalization (32)

eQ ¼
Xkmax

n¼0

1

n!
Qn MP, (33)

¼
Xkmax

n¼0

ð2 – �n0Þð – iÞnJnðΔtÞTnðFnormÞ, CMP (34)

Here, Tn is the CMP and can be generated using the recursion
formula [84]. Jn is the Bessel function. Fnorm is the scaled and
shifted F matrix, defined so that its eigenvalues lie in the
interval [ – 1, 1] to satisfy the definition of the Chebyshev

polynomials. Explicitly, Fnorm is given by
F –E

ΔE=2
with ΔE =

Emax – Emin, and E ¼ ðEmax þ EminÞ=2, where Emin and Emax

are the minimum and maximum eigenvalues of the Fock
matrix F.

As Δt is sufficiently small, the second order Magnus
expansion can predict the convergent results. However, even
if the second order algorithm is used, one still needs to know F
(t0+Δt/2) which depends on the unknown reduced one-
electron density matrix ρ(t0 + Δt/2). Ref. [56] suggests a
predictor-corrector scheme to evaluate F(t0+ dt/2) without
using ρ(t0 +Δt/2). It has been successful in describing the
conductance within the TDDFT. We will adopt this method in
the later numerical test and applications. Once F(t0+ dt/2) is

known, eF=i` can be calculated with respect to the MP/CMP
expansion. In order to speed up the calculation of eQ, we use
the fast method for summingMP and CMP [82,93], which can
significantly reduce the number of matrix multiplies from

kmax – 1 to about 2
ffiffiffiffiffiffiffiffiffi
kmax

p
.

2.2 Propagation of nuclei

To perform the propagation of nuclei, one has to evaluate
the forces, i.e., the gradient of electron energy. The
electron energy formula based on 1DM ρ′= ρ′α+ ρ′β is written
as

E ¼ Trð�#h#Þ þ 1

2
Trð�#G#ð�#ÞÞ þ Exc: (35)

Here h′ is the one-electron part of Hamiltonian. G′(ρ′) = J′(ρ′)
+ CHFK′(ρ′) with the elements of G′ matrix follows:

J#ð�#Þ�� ¼
X
g,s

�íg,sV�g;�s (36)

K#ð�#Þ�� ¼
X
g,s

�íg,sV�g;s�: (37)

V is the four-center two-electron Coulomb integrals with
elements

V�g;�s ¼ !dr1!dr2χ��ðr1Þχ�gðr2Þ e2

jr1 – r2j
χ�ðr1Þχsðr2Þ: (38)

χμ are the atomic orbital (AO) wave functions, and r is the
displacement vector of an electron. Exc is the pure DFT
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exchange-correlation energy. In HF approximation, Exc = 0
and CHF = – 1/2.

Differentiating the SCF energy expression with respect to
nuclear displacement R leads to the following expression

∂E
∂R

¼ Trð�#h#RÞ þ 1

2
Trð�#G#ðRÞð�#ÞÞ þ Trð�#RF#Þ

þ EðRÞ
xc : (39)

Enclosing a parameter in parentheses means that only the
explicit dependence on the parameter is differentiated.

Unlike in SCF procedure, in order to evaluate Eq. (39), one
has to know the derivative of ρ′. The procedure [94] of Voth et

al. may be used to evaluate the term of Tr(�#R F#). Then Eq.
(39) reads as

∂E
∂R

¼ Trð�#h#RÞ þ 1

2
Trð�#G#ðRÞð�#ÞÞ

þ EðRÞ
xc –Tr F

dLT

dR
L –T� þ �L – 1 dL

dR
F

� 	
(40)

with � ¼ 2�2 – 3�3. And for the Lowdin orthogonalization,

dℒ
dR

¼
X
i,j

Li
1

l1=2i þ l1=2j

LTi
dS

dR
Lj

� �
LTj , (41)

where li and Li are the i-th eigenvalue and eigenvector of the
overlap matrix S. For the Cholesky orthogonalization,

dL

dR
L – 1

� 	
i,j
¼

L –TdS

dR
L – 1

� �
i,j
, i < j

1

2
L –TdS

dR
L – 1

� �
i,j
, i ¼ j

0, i > j:

8>>>>>>>><
>>>>>>>>:

(42)

3 Applications of RT-TDDFT

3.1 Linear or nonlinear optical spectra

When the external field interacts with matter, absorption and
emission spectra are determined by the time-dependent dipole
moment and hence are the important tools to describe the
behavior of electronic dynamics. In this section, we
demonstrate how to calculate the linear or nonlinear optical
spectra by means of RT-TDDFT.

3.1.1 Dynamic polarizability

The electron polarization P is expressed as

PðtÞ ¼ ΦðtÞjP̂��ΦðtÞ� �
, (43)

where Φ(t) is the systematic many-body wavefunction. P may
be expanded in powers of external field as

PðtÞ ¼Pð0Þ þ Pð1Þ þ Pð2Þ þ Pð3Þ þ � � �
¼Pð0Þ þ χð1Þ : E þ χð2Þ : E2 þ χð3Þ : E3 þ � � �

(44)

with the n-th order polarization (n = 1, 2, 3, …)

PðnÞ ¼ Tr P̂��ðnÞ

 �

: (45)

Here the trace Tr is over all the atomic orbitals. P(1), P(2), and
P(3) are the linear, second- and third-order polarizations,
respectively. χ(1), χ(2), and χ(3) are the first-, second-, and third-
order polarizabilities, respectively.

The field-induced 1DM ��ðtÞ ¼ ��ð1ÞðtÞ þ ��ð2ÞðtÞþ
��ð3ÞðtÞ þ � � � can be solved order-by-order in time-domain
as follows [95]:

i
d��ð1ÞðtÞ

dt
¼ ½Fð0Þ,��ð1ÞðtÞ� þ ½�Fð1ÞðtÞ,��ð0Þ�,

i
d��ð2ÞðtÞ

dt
¼ ½Fð0Þ,��ð2ÞðtÞ� þ ½�Fð1ÞðtÞ,��ð1ÞðtÞ�

þ ½�Fð2ÞðtÞ,��ð0Þ�,

i
d��ð3ÞðtÞ

dt
¼ ½Fð0Þ,��ð3ÞðtÞ� þ ½�Fð1ÞðtÞ,��ð2ÞðtÞ�

þ ½�Fð2ÞðtÞ,��ð1ÞðtÞ� þ ½�Fð3ÞðtÞ,�ð0Þ�:
δF(n)(t) is the n-th order induced Fock matrix and the first
order matter-field interaction term is involved by δF(1)(t):

�Fð1ÞðtÞ ¼ Fð��ð1ÞðtÞÞ – μ$EðtÞ: (46)

Figure 1 The experimental absorption spectrum and geometries
of silicon clusters Si29Hx. The structures at bottom are the ideal
bulk-like configuration Si29H24, two nano-particles Si29H

nano1
24 and

Si29H
nano2
24 (from left to right). The geometry of Si29H36 is shown in

the upper right.
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Once we know n-th induced density matrix δρ(n), P(n)(t)
can be evaluated, the n-th dynamic polarizability is obtained
[95].

In the following we demonstrate how to calculate the
absorption cross section by RT-TDDFT. It is known that the
absorption cross section is proportional to χ(1) as

�ðωÞ / ωImðχð1Þij ðωÞÞ: (47)

Here the dynamic polarizability tensor χð1Þij ðωÞ ¼ ∂Pð1Þ
i ðωÞ

∂εjðωÞ
,

and PiðωÞ denotes the Fourier transform of Pi(t) = Tr(ρ(t)μi),
where μi stands for the i-th component of the dipole moment.

As an application, we have calculated the absorption
spectra of silicon nano-particles Si29Hx [85]. The optical
properties of Si nano-particles with the size of 1 nm were
experimentally measured [96]. The experiment showed that
the particles exhibit three distinct excitation bands centered at
275, 310, and 335 nm (corresponding to 4.6, 4.0 and 3.7 eV,
respectively). Four conformations of Si nano-particles with
the size of 1 nm can be constructed, including the bulk
construction of Si29H36, the ideal bulklike and two non-
bulklike reconstruction configurations of the filled fullerene
single-core Si29H24 (see Figure 1). It is interesting for us to
know which construction contributes to the observed absorp-
tion bands.

In the calculation of absorption spectrum, the weak Gaus-

sian envelope external electric field, εðtÞ ¼ E0ffiffiffi
π

p
τ
e – ðt – tÞ2=τ2 ,

with the amplitude E0 = 1.0�10–4 a.u., t ¼ 0:0 and τ = 4.0 a.u.
is applied. The second-order Magnus algorithm is used to
approximate the evolution operator, and the MP expansion is
used to approximate the matrix exponential. The density
matrix is propagated without the nuclear motion. Effective
core potential lanl2dz [97] is used for atom silicon, and 6-
31G** basis set is used for atom H. A locally modified version
of Quantum Chemistry Package Q-chem [98] is used. The
system is evolved from T = – 10 a.u. to T = 1500 a.u. The
damping factor g ¼ 0:004 a.u. is assumed.

The popular hybrid XC functional B3LYP and GGA XC
functionals, BP and BLYP, were used to check the efficiency
of DFT functionals in describing the optical properties of
nano-particles. It is found that the calculated absorption
spectrum of bulk-like configuration Si29H24 (see Figure 2)
with respect to B3LYP XC functional agrees exactly with
experimental measurement of 1 nm Si nano-particles [96].
The silicon particles with sizes of 1 nm and the optical
excitations at 3.7, 4.0 and 4.6 eV may consist of 29 Si atoms
surrounded by 24 hydrogen atoms not by 36 hydrogen atoms.

3.1.2 HHG spectra of polyatomic systems

HHG can be viewed as the power radiated by a system in the
strong field. It can be approximately evaluated by means of
the quasi-classical Larmor formula [99]

PðtÞ ¼ 2e2

3c3
j€dðtÞ��2, (48)

Figure 2 The absorption spectra of bulk cluster (a) Si29H36, (b) bulklike Si29H24, (c) Si29H
nano1
24 , and (d) Si29H

nano2
24 .
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where c is the speed of light, and €dðtÞ is the electron
acceleration defined as

€dðtÞ ¼ 1

m

d2 Φðr,tÞj�̂jΦðr,tÞh i
dt2

: (49)

With the 1DM ρ, the dipole acceleration can be alternatively
written as

€dðtÞ ¼ d2

dt2
Trð�ðtÞ�Þ: (50)

In this case, Eq. (9) should be solved in its full extent without
linear restrictions. The finite difference method is used to

calculate €dðtÞ in our work [100–102]. Based on the time-
dependent one-electron approaches, we have studied the
interaction of both the LP and CP laser pulses with finite-size
Carbon nanotubes [100], Boron-nitride (BN) nanotubes [101],
and the linear and cyclic structure carbon clusters Cn [102].

The polarized laser pulse is specified by EðtÞ ¼ EmaxεðtÞ$
cosðωtÞ̂i þ lsinðωtÞ̂j� �

with the pulse shape function

εðtÞ ¼ sin2ðpt=tpÞ. Here tp denotes the total duration of the

laser pulse. l = 0 is for the LP laser pulse and l =� 1 for the
left/right CP laser pulses. The polarization direction of LP
laser field is set along the long chain and that of CP laser field
is set to be perpendicular to the N-fold rotational symmetry
axis of cyclic structures.

Figures 3, 4 and 5 show the calculated harmonics spectra
generated by the linear chain C9 and cyclic structure C10,
respectively. The hybrid exchange-correlation functional
B3LYP [103] and the effective core potential (ECP) CRENBL
[104] were applied. When C9 and C10 are exposed to a LP
laser field directed along the long chain, we only observe the

odd-order harmonics without exception due to the inversion
symmetry of molecules. A relatively weak laser pulse can
generate efficient HHG for carbon chains. The maximal
harmonic orders can be extended to 10-th in C9 even if the
laser intensity is as weak as 1.4� 1013 W$cm–2 (|Emax| = 0.02
a.u.).

Figure 3 Harmonics generated by C9 in LP field with ω0 = 0.02,

Emax = 0.02 and the pulse duration tp ¼ 50τ τ ¼ 2π
ω0

� �
.The inset is

the absorption spectrum. For comparison, the absorption energy is

scaled by a factor of
1

ω0
. Except the results in Figure 4, all other

results are produced by using the ECP CRENBL with its matching
orbital basis set for the valence electrons.

Figure 4 (a) Harmonics generated by C10 in LP and CP fields
with ω0 = 0.04, Emax = 0.03 and tp = 120τ . The overall harmonic
spectrum of C10 in LP laser field is upwardly shifted by 4. (b)
Harmonics generated by C10 in CP field with ω0 = 0.04, Emax =
0.05 and tp = 50τ. The Pople full-electron basis 6-31G** is applied
to produce the results in this figure.

Figure 5 Harmonics generated by C10 in CP field with ω0 = 0.04
and tp = 50τ . The field amplitude is changed from Emax = 0.01 to
0.02. The inset is the absorption spectrum.
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Unlike harmonic spectra in LP laser field, harmonics
generated by C10 in CP laser field show quite different spectral
characters (see Figures 4 and 5). They include both odd- and
even-order harmonics. For instance, 4-th, 6-th, 9-th, 11-th,…,
order harmonics are observed. The dynamical symmetry of
the time periodic Hamiltonian combined with Floquet
formalism has been applied to predict which order of
harmonics are allowed in the cyclic molecules [105]. The
approach assumed that the system driven by a periodically
time-dependent field is in a pure field-dressed Floquet state.
Therefore, the probability of getting the n-th harmonic in a

Floquet state ψW r,tð Þ of a system (ψW r,tð Þ ¼ Φ r,tð Þe – iWt,
where W is the quasi-energy, Φ r,t þ τð Þ ¼ Φ r,tð Þ, and

τ ¼ 2 π̀=ω) can be written as

�n
W / n4 << Φ r,tð Þ �̂e – inωt�� ��Φ r,tð Þ >>

�� ��2, (51)

where the double braket notation, << ...>>, stands for the
integration over spatial variables and time. When the

Hamiltonian HðtÞ ¼ HðtÞ – i ∂
∂t

is invariant under dynamical

symmetry of order N, Ref. [105] derived the HHG spectral
selection rule: the n-th order harmonic emits only when n
satisfies the condition n = kN�1. Therefore, the higher the
symmetry order N, the less the generated harmonics within a
fixed frequency interval.

The point group of C10 belongs to D5h. When it interacts
with a CP laser pulse with sufficiently long duration, its
molecular Hamiltonian has the symmetry group C5. There-
fore, one can derive the spectral SR: n = 5k�1 for C10 with
respect to the Floquet formalism. However, the system may
not be in a pure field-dressed Floquet state for the
subfemtosecond laser pulse. This may result in additional
peaks other than those predicted from the spectral selection
rule to be present [106,107]. For instance, the peak near
the 7-th order appears in HHG spectra of C10 in both LP and
CP field (see Figure 4) and the peak near 9-th order is
observed in HHG spectra of C9 in LP field.

To identify the origin of these additional peaks, we
calculate the absorption spectra of C9 and C10 in a relatively
weak field (Emax = 0.001 a.u.). Comparing the HHG spectra
with the absorption spectra, we observe that the additional
peaks prefer to being generated near the positions with the
excitation energies corresponding to the strongest absorption
peaks. For example, the absorption peak with the excitation
energy Δ = 7.56 eV and the transition dipole moment |μ| =
3.35 a.u. for C10 and that with Δ = 4.7 eV and |μ| = 6.4 a.u.
for C9. Lezius et al. called the excited state which is most
strongly coupled to the ground state as the doorway state in
Refs. [108,109]. Through it, electrons are excited to a
quasicontinuum (QC) of excited-states. The QC is formed

as the intense laser field shifts and mixes the energy levels of
the excited-state manifold, thus allowing electrons to rapidly
climb up and ionize. When the electron response to the laser
field oscillation becomes nonadiabatic, Landau-Zener type
nonadiabatic transitions become increasingly probable, allow-
ing population to evolve towards higher-lying (bound)
electronic states. At ω0EmaxL ～ Δ2, this nonadiabatic
transition that corresponds to charge transfer across the
molecule is quickly saturated, leading to strong nonresonant
absorption by all delocalized electrons involved in this
coupling [108,109], where L is the characteristic length of
system.

The electrons that transit to the doorway state via the
nonresonant absorption may quickly go back to the ground
state by emitting a radiation or rapidly climb up to QC and
ionize. It is apparent that the peaks near 9-th order in HHG of
C9 and 7-th order in HHG of C10 are originated from the
population of the doorway states. Because of fast saturation
of the nonadiabatic transition, in this limit non-resonant
energy absorption becomes only weakly sensitive to laser
intensity. This explains the reason why the relative intensities
of these additional peaks reduce (see the peak near 7-th order
in Figure 4) as the field intensity increases. They may not be
observed in the HHG spectra when one further increases the
intensity of laser pulses. The ionization probabilities may be
predicted by the nonadiabatic multi-electron (NME) theory
[108,109]. The Landau-Zener-type nonadiabatic transition
probability, defined as PLZ ～ exp( – πΔ2/(4ω0EmaxL)),
respectively predicts an maximum ionization probability 2
� 10–5 and 1.7 � 10–3 for C10 at ω0 = 0.04 a.u., Emax = 0.03
and 0.05 a.u. during one-half a laser cycle, where L is set toffiffiffiffiffiffiffi
2:0

p
� by considering the effect of LP pulses. It is apparent

that NME predicts no significant ionization under the
conditions of our simulations.

As Emax increases to 0.05 a.u., more higher-lying excited
states can be populated and the ionization probability
increases. Hence more electrons can be ionized. The ionized
electrons recollide with the atomic nuclei and create additional
emission channels even for molecular HHG in CP fields at this
moderate laser intensity. The effect of basis set is checked.
Figure 5 shows the harmonics generated by using ECP
CRENBL with a matching orbital basis set for the valence
electrons. Comparing HHG in Figure 4 and Figure 5, the
effect of basis set on electron spectra is significant. Even with
a weaker field Emax = 0.02 a.u., the maximum order harmonic
generated by using ECP is same with that using the Pople
basis set 6-31G** at Emax = 0.05 a.u.. Larger basis set
including diffuse functions and continuum functions is
expected to describe HHG of polyatomic molecules more
exactly.
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3.2 Electronic dynamics

In our RT-TDDFT scheme, TDDFT equation is solved by
propagating the reduced density matrix in real-time domain.
In the spectrum calculations, the initial density matrix �ðt !
–1Þ is obtained from a usual ground state calculation, i.e.
�ðt ¼ –1Þ ¼ �0. Then, the external field interacts with the
system, the system electron density ρ(t) evolutes following the
external field. One may plot the field-induced charge density
to exhibit the electron coherence or population distribution in
real space or in different molecular orbitals. Alternatively, one
may propagate the reduced density matrix in realtime domain
starting from other non-equilibrium states, for example, one of
the excited states. Then one may study the pure dephasing
time, or the population relaxing time, or time time-evolution
of electron population in some blocks of molecules. In the
follow we conduct one calculation for each case.

3.2.1 The laser-driven instantaneous electron population
analysis

The detailed knowledge of the laser-driven electron dynamics
can be obtained from the time evolution of the electronic
density ��ðx,y,z,tÞ ¼ P

l

P
�φlðx,y,zÞ��íl,�ðtÞφ�ðx,y,zÞ. The

laser-induced density matrix ��ðtÞ is obtained by solving
Eq. (9) in real-time domain. fφlg is the atomic orbital. Figure
6 depicts δρ on the xy plane, which is situated at middle of the
(9, 0) BNNTs and includes B atoms only. δρ at different time
within one optical cycle is demonstrated. Due to the large size
of BNNT, we implemented the timedependent one-electron
approach at HF level with the semi-empirical Hamiltonian
INDO/S [101]. The data δρ offers the underlying information
about the evolution of the electron wave function during

harmonic generation. We find that the laser pulse drives the
distribution of the induced charge density to alternate with the
same frequency as the external field. One may expect to
observe unidirectional valence-type electronic ring currents in
NTs driven by a ultrashort CP laser pulse within the pulse
duration, as Barth et al. have observed in the oriented
molecule Mg-Porphyrin excited by a few of optical cycles CP
UV π laser pulse [110,111]. In this work we only demonstrate
that the π-electron rotation in achiral tubes is along the tube
axis through a circularly polarized laser pulse. We may expect
to observe the π-electron rotation in chiral tubes by nonhelical
laser pulses.

The direction of the laser-induced polarization is deter-
mined by the polarization direction of the external field, which
is further indicated by the induced charge density distribution
of (9,0) BNNTwhen it interacts with a LP laser field polarized
along the tube axis (see Figure 7). Because of the polarization
of external field, the induced charge density is divided into
negative and positive electron cloud, which distributes at the
two sides of B and N atoms. The induced charge density
increases as the field becomes strong. It forms many circles of
positive and negative electron cloud, which appear alterna-
tively along the tube axis of (9, 0) BNNTs in LP laser field. A
charge current may be produced along the tube axis in (9, 0)
BNNT.

3.2.2 Electron-injection dynamics in dye-sensitized TiO2

clusters

Light-driven heterogeneous electron transfer (ET) is a
fundamental process that plays an important role in interfacial

Figure 6 The 2-D charge density of (9, 0) (BN)72H18 at different
time within one optical cycle in the CP field, ω0 = 1.0 eV and tp =
120τ.

Figure 7 The 3-D charge density distribution of (9, 0) (BN)72H18

at the time interval of 100 fs in the LP field, ω0 = 1.0 eV and tp =
120τ .
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photoprocesses, particularly in photoelectrochemistry
[112,113], photocatalysis [114], and molecular electronics
for dye-sensitized solar cells (DSSCs) [115]. DSSC assembles
organic dyes with inorganic semiconductor nanocrystals such
as TiO2, and realizes the optical absorption and charge-
separation processes. Visible light excites the dyesensitizer
molecules from the ground state to an excited state which is
resonant with the TiO2 conduction band. The excited electrons
are then transferred to the semiconductor on an ultrafast
timescale. This interfacial ET was shown to take place within
100 fs. It indicates that the ET is faster than vibration
relaxation in this system. This ultrafast ET dynamics can not
be well explained by traditional ET rate theory and requires a
time-resolved femtosecond or subfemtosecond laser techni-
que or real-time theoretical study.

In the following we demonstrate how to use RT-TDDFT
to study the ultrafast ET process. We follow the evolution of
the atomic electron population in time until the onset of
nuclear motion-induced relaxation terminates the purely
electronic coherent motion. Unlike the usual situation, the
initial density matrix is obtained from a usual ground state
calculation. In this study, the initial state is assumed as an
excited state of dye molecules and the nanoparticle is in its
ground state [116]. With this assumption, the ET process
between the dye molecules and TiO2 clusters is thought as a
photo-induced ET process and the electron injection is
regarded as electronic relaxation process at a very fast time
scale, in which the nuclei are frozen in their equilibrium
nuclear configurations. That is to say, the electrons re-
optimize their locations after excitation of dyes whereas the
nuclei have no time to move.

Then the number of electrons localized at dye molecules vs.
the propagation time is evaluated by

NdyeðtÞ ¼
X
A2dye

X
�2A

XN
�

�íu�ðtÞS��: (52)

In order to analyze the ET process, the number of electrons
localized at dye molecules is fitted to a dual exponential
function (see Figure 8), which includes the characteristic time
of the motion of electrons, as

NdyeðtÞ ¼ Ndye t ¼ 0ð Þ þ A1expð – t=τ1Þ
þ A2expð – t=τ2Þ: (53)

The τ1 with a smaller value describes an ultrafast process of
the early electronic redistribution of initial states with the time
scale less than 1.0 fs, while τ2 with a larger value corresponds
to the lifetime of the initial states. Figure 8 displays the clear
dependence of the ET time on the cluster sizes [116]. As the
cluster sizes increase from (TiO2)8 to (TiO2)14, the τ2 values
decrease rapidly. Larger clusters (TiO2)14/16 show an ET time
that is more consistent with the experimental measurements.
Clusters (TiO2)14 and (TiO2)16 are small. It is thus expected
that the τ value can reach a limited value when the cluster size
is large enough.

The different initial states are used to propagate the reduced
density matrix to show the influence of initial states on the ET
event. As an example, pycooh’s 1-st excited state (which
nearly fully comes from the electron transitions from HOMO
! LUMO). And 3-rd excited state (which comes mainly from
HOMO – 1 ! LUMO and HOMO – 3 ! LUMO transitions)
will be chosen to construct the different initial states. These
two excited states are both optically active. It is observed that
the electronic relaxing times starting from the different initial
state are different. The initial state built from the 1-st excited
state of pycooh favors a faster ET than the one built from the

Figure 8 Electronic relaxation of the excited pycoohin the pycooh-(TiO2)(8/14/16) systems. The number of y-axis represents the number
of electrons localized in pycooh. The dashed lines denote the exponential fittings.
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3-rd excited state of pycooh. From the orbital contributions of
low-lying excited states for pycooh-(TiO2)14 system, we note
that they come mainly from the orbital transitions from the
occupied HOMO or HOMO – 1 of pycooh to the virtual
orbitals of (TiO2)14. These states are the direct optical charge
transfer states. Thus, the time scale of the direct optical ET is
fastest in the ET process. The 3-rd excited state of pycooh
involves the orbital contribution from HOMO – 3 ! LUMO,
which slows down the ET event between the excited pycooh
and (TiO2)14. However, both initial states behave nearly the
same time-dependent character since the contribution to the 3-
rd excited state of pycooh from HOMO – 3 ! LUMO
transition is much smaller than that from HOMO – 1 !
LUMO.

Our ab initio electron dynamics simulation gives evidence
that the electron injection from the excited dyes to TiO2 is an
ultrafast process, and indicates that it is safe to ignore the
nuclear movement for the present systems because its
relaxation time is at about sub-picosecond. The ET process
is significantly influenced by the cluster size when the cluster
is small. However, the size effects on ET time reduce
dramatically as the cluster size increases. A moderate middle
size cluster (TiO2)14 has captured the essence of electronic
relaxation of the excited dyes to TiO2 cluster at an affordable
computational cost.

3.2.3 Ehrenfest dynamics

In our HHG calculations, the nuclear geometry is freezed. It is
interesting to see the influence of the nuclear motion on HHG.
Kreibich et al. have studied HHG of HD beyond the
Born-Oppenheimer (BO) approximation [117]. They found
that when one does not take the nuclei motion into account,
the emission HHG spectrum of HD is the same as that of H2

because the real used parameter in BO-TDDFT is the charge
of nuclei. Therefore in BO-TDDFT the effect of H and D is
the same, and HD can still be thought to be inverse
symmetrical. But when the nuclear motion is taken into
account, the symmetry is broken and the even HHGs appear in
the emission spectra (see Figure 9).

The time scale of electron motion usually lies within
attosecond or subfemtosecond. For most heavy atoms the
motion of nuclei is much slower than electron so that it hardly
contribute to the HHG. But for the lightest atoms, such as H
and D, the characteristic time of nuclear motion is much
shorter, even extending to femtosecondscale so that molecular
HHG can be affected by the motion of these light nuclei
[35,118,119]. Figure 10 shows the time-dependent dipole d(t)
of H2 exposed to strong laser field with different initial kinetic
energy Ekin. When Ekin = 0, d(t) obtained with Ehrenfest

dynamics is the same as with BO-TDDFT. When Ekin = 0.1
eV, the time-dependent dipole d(t) deviates from the result of
BO-TDDFT although they are exposed to the same external
laser field. At this case, d(t) oscillates in the initial stage
because of the motion of H atom, and after the field is turned
off, d(t) continue oscillating,i.e., d(t) doesn't adjusts instanta-
neously to the time-varying electric field E(t) of the laser. The
nonadiabatic effect starts to show on d(t).

In the dynamical processes, such as laser-induced chem-
istry, dynamics at metal or semiconductor surfaces, and

Figure 10 The calculated time-dependent dipole d(t) with
different initial kinetic energy. BO refers to BO-TDDFT and the
other two refer to Ehrenfest dynamics.

Figure 9 (a) Harmonic spectrum generated from the model HD
molecule driven by a laser with peak intensity of 1014 W∙cm–2 and
wavelength of 770 nm. The plotted quantity is proportional to the
number of emitted photons. (b) Same as panel (a) for the model H2

molecule [117].
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electron transfer, the quantal electrons do not evolve
adiabatically, which leads to non-BO trajectories for nuclear
motion. People combine RT-TDDFT scheme with Ehrenfest
dynamics or surface hopping dynamics to study nonadiabatic
dynamics.

For example, Li et al. used ab initio Ehrenfest dynamics to

study the rotation of H2C ¼ NHþ
2 [40–44]. The natural

charges of the NH2 group are calculated as a function of the
torsional angle with BO Dynamics and Ehrenfest Dynamics in
Figure 11. The breaking and reformation of the relatively rigid
π bond always accompany the rotation of a covalent double
bond. In the avoided crossing region, the strong electron-
nuclear coupling can result in an electronic nonadiabatic
transition so that molecules are excited. Such a phenomenon
cannot be simulated by the adiabatic BO molecular dynamics
while Ehrenfest Dynamics can finish it. The nonadiabatic
transition leads to the oscillation of charge. When nuclear
kinetic energy becomes higher, the nonadiabatic behavior
becomes more pronounced.

3.3 Problems in TDDFT

In the above applications, TDDFT is used to study the electron
excitation, ionization and interface charge transfer etc. But
TDDFT with the conventional XC functionals (even the

popular hybrid XC functionals such as B3LYP) has been
found to provide a poor description to the polarizabilities of
large extended π – conjugated systems, the long-range inter-
molecular CT excitations and the high Rydberg states due to
the known problems on the nonlocality and asymptotic
behavior of available density functionals [120–123]. For
example, the conventional TDDFT usually underestimates
excitation energy below the TDDFT ionization threshold and
underestimates excitations with little or no charge density
relaxation (charge transfer excitations are underestimated by 1
or 2 eV). These problems originate from the inaccurate DFT
energy functional Exc, the wrong asymptotic behavior of υxc,
or the adiabatic approximation, etc.

For example the approximate XC functionals usually gives
rise to the self-interaction (SI) energy. A promising procedure
for removing the self-interaction energy in steady-state DFT
treatments is based on the extension of the Krieger-Li-Iafrate
(KLI) semianalytic treatment [124] of the optimized effective
potential (OEP) formalism [125,126] along with the use of
either the Hartree exchange [124,127] or an explicit self-
interaction-correction (SIC) form [128]. The OEP so
constructed has the proper long-range asymptotic – 1/r
behavior and is capable of providing high accuracy for both
excited and autoionizing resonance states. Tong and Chu
combined the TD-KLI and SIC scheme to derive a TDKLI-
SIC scheme for a nonperturbative study of HHG of He atoms
in intense laser fields [129]. They calculated the HHG of He
atom by means of two different schemes. Figure 12 showed
the comparison of the HHG power spectra of He atoms
obtained from the TDKLI-SIC-LDA (filled circles) and
ALDA (open circles). It is obvious that the HHG cutoff
order of ALDA is smaller than that of TDKLI-SIC-LDA. The
severe underestimation of the ionization energy of atom leads
to smaller cutoff order.

Figure 11 Dynamics of H2C ¼ NHþ
2 internal rotation about the

double bond with different initial torsional kinetic energies.

Figure 12 Comparison of the HHG spectra of He atoms
calculated by ALSDA (open circles) and TD-CKLI-SIC-
LSDA (filled circles) methods. The laser intensity used is 1 �
1014W$cm–2 and the wavelength used is 527 nm [129].
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Most recently motivated by the observation that nonlocal
HF exchange potentials properly describes the distance
dependence of long-range CT excited states and the
polarizabilities of extended π-conjugated systems, people
implement the range-dependent nonlocal HF exchange, which

splits the two-electron operator r – 112 into a short- and a long-
range part

1

r
¼ 1 – erf ð�rÞ

r
þ erf ð�rÞ

r
, (54)

leading to the long-range-corrected DFT scheme [130–145].
Here erf denotes the error function, μ is considered to be an
adjustable parameter, which is introduced to determine the
length scale over which the HF exchange is turned on.

The preformation of LRC-DFT scheme has been system-
atically accessed on the calculation of ground-state properties
and excitation energies. However, the performance of LRC-
DFT on the strong field electronic dynamic, in which the
motion of electron is far away from nuclei and the long-
range interaction becomes more obvious, is rarely reported.
Here we check the effect of the long range correction to XC
functionals on the intense field phenomena. We calculate the
time-dependent population of C2H4 exposed to the
linearly-polarized external pulse with ω = 0.03 a.u., τp =

30τ, Emax = 0.05 a.u.. Both the conventional functional
PBEOP [146] and LRC-PBEOP(μ = 0.3/a0, a0: the bohr
radius) functional are used. The basis set 6-31G is employed.
We find that two functionals produce two significantly
different results. TD-LRC-PBEOP results show, when the
external field interacts with C2H4, more electrons are
populated to higher unoccupied orbitals whileas TD-PBEOP
results show electrons are mainly populated on LUMO,
LUMO+ 1 and LUMO+ 2. In the same external field, the
function of population oscillates with the time after several
optical cycles for PBEOP functional while when LRC-
PBEOP functional is used, the function of population changes
smoothly with the time. It seems that the approximate
functional PBEOP produces υxc which underbind the
electrons because the potentials go too rapidly to zero at
large distance. In this case, the nonadiabatic multielectron
effect is pronounced, which gives rise to the higher-lying
(bound) electronic states populated during the laser duration
and results in small oscillations in d(t). Furthermore, these
higher-lying excited states remain populated after the pulse
passes over. Therefore, d(t) keeps oscillations and do not
return to zero when the field is turned off.

In the intense-filed electronic dynamics, the motion of
electrons is usually far away from nuclei. Therefore, the long
range correction to the conventional XC functionals is crucial
and LRC-DFT can provide a more reliable tool to study the
intense field phenomena and electron excitation of large
extended π – conjugated systems.

4 Conclusions

In summary, RT-TDDFT becomes a promising tool to study
the time-dependent phenomena and the dynamical properties
of large-size systems as we demonstrate in the above sections.
It overcomes the limitation of LR-TDDFT and can be used to
study the intense field phenomena and non-BO dynamics.
Comparing to DFT for the stationary ground state problem,
TDDFT for the excited-state problem is far less perfect
because of the existing problem on DFT XC functionals and
the intrinsic failure of ALDA. Large improvements are
essential. Therefore one should use TDDFT with care
especially when TDDFT is used to study the problems like
the above-threshold ionization, multiphoton ionization, the
long-range electron excitation, and the materials like polyenes
and free radicals, etc.

Acknowledgements Financial supports from the National Science
Foundation of China (Grant Nos. 20673104 and 20833003), the
National Basic Research Program of China (Grant Nos.
2004CB719901 and 2006CB922004) and Chinese Academy of
Science are acknowledged.

Figure 13 The time-dependent population of C2H4 calculation
with XC functionals LRC-PBEOP (μ = 0.33/a0)(top panel) and
PBEOP (bottom panel).
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