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Abstract
A sediment grain on a riverside is surrounded by similar grains and is subjected to 
both cohesive and viscous forces. The present study considers the orientation of 
sediment grains based on the established truncated pyramid model and proposes 
an expression for the grain’s escape velocity. The escape velocity depends strongly 
on the inter-grain separation gap and temperature for a given water volume 
entrapped between two neighboring grains. This serves as a key measure of the 
volumetric erosion rate. A  thorough comparative study was conducted, linking 
the escape velocity values reported in published work—where only cohesive 
forces were considered—with results obtained when both viscous and cohesive 
forces were accounted for under varying thermal conditions. Both scenarios were 
evaluated at a fixed liquid bridge volume and at different separation gaps, while all 
other parameters were kept constant. The findings revealed that the escape velocity 
increased relative to that reported in earlier research. In this study, the combined 
effect of viscous and cohesive forces results in a significant increase in the escape 
velocity required for a grain, indicating enhanced stability of the riverside compared 
to cases where only cohesive forces are considered at lower separation times. For the 
1st time, temperature dependency is incorporated in the truncated pyramid model. 
In addition, a one-second threshold was identified, after which viscous forces and 
temperature no longer significantly affect grain binding.

Keywords: Separation gap; Sediment grain; Cohesive force; Escape velocity; Viscous 
force; Temperature

1. Introduction
Riverside erosion rates are considerably lower in stable river systems compared to 
unstable ones. Each grain on a riverside is surrounded by similar grains, held together 
by gravitational, viscous, and cohesive forces. Gravitational force is the primary driver 
of sediment grain deposition along a riverside surface, while viscous and cohesive forces 
between grains act to counter erosion. When the deposition rate of grains is lower than 
the entrainment rate, erosion occurs. Analyzing erosion mechanisms at the microscale 
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is challenging due to inherent variability. However, certain 
analyses can be conducted to examine sediment grain 
behavior.

Bank erosion can be quantified by determining the 
escape velocity of the sediment grains. A  smaller escape 
velocity indicates a higher erosion rate. The escape velocity 
is directly related to the net force exerted by streamflow 
along the riverside. To date, the literature does not 
adequately address changes in both viscous and cohesive 
forces between sediment grains under distinct microscale 
conditions. In particular, the variation of viscosity with 
temperature is often overlooked, despite the fact that the 
temperature of entrapped water cannot remain constant. 
In this study, escape velocity is calculated by incorporating 
both viscous and cohesive forces, with viscosity treated 
as a function of temperature, across varying inter-grain 
separation gaps and at a fixed liquid bridge volume.

Darby and Thorne1 analyzed the stability of riversides 
for shear-driven cohesive banks that fail under planar 
failure conditions. Urso et al.2 proposed a model to 
identify the rupture behavior of liquid bridges in grain 
systems. In addition, several studies3-5 investigated liquid 
bridge systems. Yu et al.6 experimentally determined 
the relationship between porosity and capillary force for 
mono-size spheres. Groger et al.7 proposed a simulation 
model to calculate the tensile strain of sediment grains. 
Hsiau and Yang8 employed the discrete element method to 
analyze motion arising from self-diffusion and mixing of 
cohesive powders in a two-dimensional vibrating granular 
bed. Rinaldi et al.9 examined the stability of the Sieve 
riverside by monitoring pore water pressure. Kohonen 
et  al.10 conducted experiments on dynamically deformed 
wet grains.

Considering equilibrium conditions, Duan11 analyzed 
the forces to determine the escape velocity of grains along 
a riverside. The principal acting forces on a grain are 
the lift force, the cohesive force between grains, and the 
submerged weight of the grain. Kotoky et al.12 investigated 
Brahmaputra riverside erosion. Soulie et al.13 observed the 
behavior of wet grains under cohesive forces acting at the 
macro level. Zhang and Li14 performed a simulation study 
to observe the dynamic behavior of cohesive soils. Darby 
and Thorne15 estimated the tension crack zone in riverside 
erosion. Mu and Su16 derived resultant force expressions 
for liquid bridges between grains. Achite and Oullion17 
investigated grain transport phenomena in watersheds. 
Cai and Bhushan18 performed a detailed numerical 
analysis of viscous and meniscus forces on hydrophobic 
and hydrophilic surfaces. During this period, several 
researchers19,20 developed mathematical models to forecast 
soil erosion along riversides.

Mukherjee and Mazumdar21 developed the truncated 
pyramid model for the arrangement of sediment grains 
along riversides. They proposed an extensive equation 
for sediment grain acceleration and escape velocity, 
demonstrating that this velocity is strongly linked to inter-
grain gap and the amount of interstitial water. Al-Shemmeri22 

established a relationship between the dynamic viscosity 
of water and environmental temperature, indicating that 
dynamic viscosity exhibits a non-linear relationship with 
temperature. Chen et al.23 developed a mathematical 
framework to analyze the delayed failure of unsaturated 
soil elements subjected to saturation, where the stability 
conditions of saturated viscous soils were considered. 
Similarly, Chen and Buscarnera24 investigated unsaturated 
porous media through an analytical approach. Zhanlin 
and Fengxi25 examined Bingham slurry and explored its 
diffusion in porous media using seepage theory, with their 
findings aligning with the transition to a saturated state.

In addition, several researchers26-28 examined the viscous 
behavior of unsaturated soils using both experimental and 
analytical approaches. Biswas et al.29 developed a model to 
study the rise and fall of water levels associated with planar 
failure of riverside blocks. An et al.30 evaluated the effect of 
temperature on the channel gap of electronic devices and 
identified the optimal gap between the channel and drain 
metals for thermal performance. Szabo et al.31 discussed 
water management in detail in their book, where they clearly 
explained changes in sediment transport parameters, such 
as shear stress, with variations in discharge. Yang et al.32 
developed a theoretical model to explain the dependence 
of nanofluid viscosity on different physical parameters, 
primarily temperature. They demonstrated that this model 
provides more accurate predictive results than many well-
known empirical correlations.

In most published studies, the effects of viscous force, 
cohesive force, or temperature were considered separately. 
However, in reality, these effects coexist. Therefore, a 
microscale analysis that combines all of these effects is 
essential. In this study, the nature of sediment transport 
under different conditions is analyzed across multiple 
parameters, and the resulting escape velocity is used to 
quantify erosion rate.

The viscous force model proposed by Zhang and 
Li14 and the cohesive force model suggested by Soulie 
et al.13 were applied within the truncated pyramid model 
developed by Mukherjee and Mazumdar.21 The expression 
for the variation of dynamic viscosity with temperature, 
as given by Al-Shemmeri,22 was incorporated. The present 
work provides a comprehensive prediction of sediment 
grain behavior under the combined influence of cohesive 
and temperature-dependent viscous forces.

https://dx.doi.org/10.36922/EER025290055
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2. Methodology
2.1. Force analysis

A liquid bridge formed between two adjacent sediment grains 
under conditions of low water content leads to cohesion. 
Cohesive force analysis is based on the assumed geometry 
of the water bridge. Soulie et al.13 derived expressions for 
cohesive force in terms of geometric parameters and 
physical quantities. For a pair of neighboring grains with 
radii R1 and R2, and an inter-grain gap δ, the cohesive force 
is calculated according to Equation I:

F R R c a R bs � � � � �� ��
�

�
��� �1 2 exp / � (1)

where Fs is the cohesive force joining two neighboring 
grains (N); σ is the surface tension coefficient (N/m); a, 
b, and c are coefficients considered to be functions of the 
volume of entrapped water, V (V in nl); ∅ is the contact 
angle (radians), and R = max(R1,R2). The expressions for a, 
b, and c are given as:

a = −1.1(V/R3)−0.53� (2)

b = (−0.148ln(V/R3)−0.96) ∅2−0.0082ln(V/R3) + 0.48� (3)

c = 0.0018ln((V)/R3)+0.078� (4)

At the liquid bridge zone, the viscosity forces acting 
between two grains can be decomposed into normal and 
tangential components. Zhang and Li14 proposed that the 
vicious force is a function of both physical and geometric 
parameters. For a pair of side-by-side sediment grains with 
radii R1 and R2, and an inter-grain separation gap δthe 
tangential and normal viscous forces are expressed as:

Ft = 6πηR* vt [(8/15){ln(R*/δ)}+0.9588]� (5)

Fn = 6πηR* vn {R*/δ}� (6)

where Fn and Ftare the normal and tangential viscous 
force components between a pair of neighboring grains; 
η is the dynamic viscosity coefficient; vt is the relative 
tangential velocity between neighboring grains; vn is the 
relative normal velocity between neighboring grains; and 
R* is given by:

R* = (R1R2)/(R1 + R2)� (7)

In this study, the viscous force model proposed by 
Zhang and Li14 and the cohesive force model proposed by 
Soulie et al.13 were integrated into the truncated pyramid 
model developed by Mukherjee and Mazumdar.21 The 
grain array in this model, along with an enlarged view 
of a grain pair connected by a liquid bridge, is shown in 
Figures 1 and 2, respectively.

Here, the tangential velocity between two adjacent 
grains, vt, is defined as:

vt = δ/Ts� (8)

where Ts is the separation time required for a pair of 
adjacent grains, as proposed by Cai and Bhushan.18

The normal velocity between two adjacent grains, vn, is 
formulated as:

vn = (R1 + R2)/Ts� (9)

This relation arises from the fact that complete 
separation occurs when the total distance traversed along 
the normal direction equals (R1 + R2).

Moreover, the dynamic viscosity coefficient, η, is 
considered to vary with environmental temperature T, as 
given by Al-Shemmeri:22

� � � �2 414 10 105
247 8

140.
.

x x T � (10)

When temperature is given in Celsius, Equation 10 is 
expressed as:

� � � �2 414 10 105
247 8

133.
.

x x T � (11)

2.2. Basic framework

Figure 1 depicts the arrangement of grains, while Figure 2 
illustrates two neighboring grains. In this arrangement, 
each grain was placed atop two grains to ensure stability. 
The riverside configuration depends on grain size, inter-
grain gap, and liquid bridge volume. Grains were assumed 

Figure 2. Representation of two neighboring grains connected by a liquid 
bridge with equal radii (R) and inter-grain separation distance (δ)

Figure  1. Sediment grain orientation in the truncated pyramid model, 
showing a trapezium-like arrangement that provides greater stability

https://dx.doi.org/10.36922/EER025290055


Volume 2 Issue 4 (2025)	 4� doi: 10.36922/EER025290055 

Thermal influence on sediment grain dynamics

Explora: Environment 
and Resource

to be spherical and materially homogeneous. The surface 
contact angle was taken as zero, considering pure water 
in the present analysis. Angles were determined by taking 
the radii of the three neighboring grains. In the truncated 
pyramid model, all spherical grains were assumed to have 
equal grain size (i.e., having equal radii, R). In addition, all 
grains were considered to be separated by an equal inter-
grain distance. The truncated pyramid model exhibits a 
trapezium-like arrangement for greater stability and was 
therefore adopted.

2.3. Expression for the escape velocity

Figure 3 illustrates the forces acting on grains e and f. Here, 
f represents the x-direction coordinate and e represents the 
y-direction coordinate. Fs, Ft, and Fn indicate cohesive 
force, viscous tangential force, and viscous normal force 
between two neighboring grains, respectively. FG is the 
weight of the submerged grain. When the equilibrium of a 
dynamic nature is considered, the minimum acceleration 
required to detach a grain from the riverside, known as the 
impending acceleration, can be determined for both 
the x-  and y-components of acceleration. The velocity of 
the grain corresponding to this minimum acceleration, 
referred to as the escape velocity, is obtained from the 
impending acceleration itself. The mass of e, f is given as 
4 3� �Re f s, , assuming each grain is a sphere, where ρs is the 
sediment grain material density.

Figure 3. Force diagram of sediment grain (e,f) showing the interactions 
between the forces and their neighboring grains

The angles between the adjacent grains and the central 
grain, e, f, expressed in terms of their cosines and based 
on the radii of the three neighboring grains, are given as 
(Equations 12-15 See Page no 6):

The impending acceleration along the x-direction is 
calculated as (Equations 16-28 See Page no 6-7): 

The impending acceleration along the y-direction is 
calculated as: (Equations 29-47 See Page no 7-10): 

In addition, g denotes gravitational acceleration and ρ 
indicates water density.

The resulting impending acceleration of sediment grain 
e, f is expressed as:

f x ye f e f e f, , ,

.
� �� � 

2 2 0 5
� (48)

According to Duan,11 the sediment grain e, f is considered 
entrained when it is lifted by a gap equal to its diameter. 
From the law of conservation of linear momentum, the 
escape velocity of the sediment grain e, f is given by:

Vescape e,f = (2Re,f fe,f)0.5� (49)

The escape velocity is a function of the entrainment 
rate. For specific cases, volumetric bank erosion may be 
derived by determining the entrainment rate of grains, 
the deposition rate of grains, and porosity. According to 
Duan,11 from available field data, the entrainment rate 
of grains, deposition rate of grains, and porosity can be 
obtained. Considering already established relationships 
of these parameters with escape velocity, the volumetric 
erosion rate can be quantified under cohesive and viscous 
forces.

3. Results and discussion
Mukherjee and Mazumdar21 derived the escape velocity of 
grains by considering only cohesive forces at the riverside 
(f = 1). They assumed all grains had an equal diameter of 
0.0008  m. To determine the grain’s escape velocity, they 
considered the following parameters:

(i)	 Liquid bridge volume, V = 20 nL.
(ii)	 Surface tension coefficient,σ = 0.073 N/m.
(iii)	Contact angle,∅ = 0 (assuming pure water for 

simplicity).
(iv)	 Water density, ρ = 1,000 kg/m3.
(v)	 Grain material density, ρs = 2,650 kg/m3.

Their findings were adopted in the present study 
to validate the escape velocity using the same input 
parameters.

Using the above parameters, the dynamic viscosity 
coefficient η was determined for water at temperatures 
ranging from 10°C to 40°C, expressed as a function of 
temperature. In addition, three separation times () were 
considered: 10−7 s, 10−4 s, and 1 s.

Tables  1 and 2 summarize the changes in escape 
velocity with respect to inter-grain separation gap, both for 
cohesion alone and for the combined effect of viscous and 
cohesive forces. For the viscous force, the thermal effect on 
escape velocity at a fixed separation gap was also examined 
for each separation time and liquid bridge volume.

Figures 4-6 depict the changes in grain escape velocity 
with varying inter-grain separation gaps, considering 
either cohesive force alone or the combination of viscous 

https://dx.doi.org/10.36922/EER025290055
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and cohesive forces, under different temperatures and 
separation times, for a constant bridge volume of 20 nL.

Figures 4-6 illustrate that the escape velocity requirement 
decreases as the inter-grain separation gap increases. The 
results indicate that at larger separation gaps, significantly 
lower escape velocity is required for the separation of a 
sediment grain from the bank. In addition, as temperature 
increases from 10°C to 40°C, the escape velocity decreases 
at a given separation gap, separation time, and liquid bridge 

volume. This temperature rise results in a reduction in the 
dynamic viscosity coefficient and viscous force of the liquid 
due to the decrease in intermolecular cohesive force.

At a given liquid bridge volume (e.g., 20 nL), the 
escape velocity requirement considering both viscous 
and cohesive forces was significantly greater than that 
considering cohesive force alone at a separation time 
of 10−7  s, as suggested by Cai and Bhushan.18 The escape 
velocity decreased with increasing separation time, taken 

Table 1. Escape velocity at a separation time of 10−7 s for 20 nL liquid bridge volume

Separation 
gap (m)

Escape velocity due to 
cohesive force (m/s)

Escape velocity due to cohesive and viscous force (m/s) at different temperatures

10°C 15°C 20°C 25°C 30°C 35°C 40°C

0.000145 0.3944 10.2200 9.5539 8.9707 8.4568 8.0012 7.5951 7.2314

0.000150 0.3899 10.0451 9.3905 8.8173 8.3121 7.8643 7.4652 7.1078

0.000155 0.3855 9.8789 9.2351 8.6714 8.1746 7.7342 7.3417 6.9902

0.000160 0.3812 9.7207 9.0872 8.5325 8.0437 7.6103 7.2242 6.8782

0.000165 0.3769 9.5698 8.9462 8.4001 7.9188 7.4923 7.1121 6.7715

0.000170 0.3727 9.4258 8.8116 8.2737 7.7997 7.3796 7.0051 6.6697

Table 2. Escape velocity at a separation time of 10−4 s for 20 nL liquid bridge volume

Separation 
gap (m)

Escape velocity due to 
cohesive force (m/s)

Escape velocity due to cohesive and viscous force (m/s) for different temperatures

10°C 15°C 20°C 25°C 30°C 35°C 40°C

0.000145 0.3944 0.4396 0.4309 0.4242 0.4191 0.4150 0.4118 0.4092

0.000150 0.3899 0.4344 0.4259 0.4194 0.4143 0.4103 0.4072 0.4047

0.000155 0.3855 0.4293 0.4210 0.4146 0.4097 0.4058 0.4027 0.4002

0.000160 0.3812 0.4244 0.4163 0.4100 0.4052 0.4013 0.3983 0.3959

0.000165 0.3769 0.4197 0.4117 0.4056 0.4008 0.3970 0.3940 0.3916

0.000170 0.3727 0.4151 0.4073 0.4012 0.3965 0.3927 0.3898 0.3874

Figure 4. Escape velocity versus inter-grain separation gap at a separation 
time of 10−7 s and 20 nL liquid bridge volume

Figure 5. Escape velocity versus inter-grain separation gap at a separation 
time of 10−4 s and 20 nL liquid bridge volume

https://dx.doi.org/10.36922/EER025290055
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as 10−4 s and 1 s, at a fixed separation gap and temperature. 
Cai and Bhushan18 demonstrated that the influence of 
viscosity at a particular liquid bridge persists only for short 
durations, such as a separation time of 10−7 s. Beyond this 
duration, the impact of viscosity diminishes, and the effect 
of cohesion increases. It was observed that at a separation 
time of 1 s, the effect of viscous force vanished, and the 
escape velocity values were identical to those obtained 
when considering cohesive force alone, as shown in 
Figure 6.

With the disappearance of viscous effects at 1 s, the 
effect of temperature on escape velocity also vanishes. 
As shown in Figure 6, all temperature-dependent curves 
overlap with the cohesion-only curve, appearing as a 
single curve. The escape velocity values were compared 
with the results reported by Mukherjee and Mazumdar21 

for a 20-nL liquid bridge (Tables 1 and 2). These findings 

cos , : , , , , , , ,� e f e f R R R R R Re f e f e f e f e f e f�� � � �� � � �� � � �� � � �1 1

2

1

2

1 11

2

1 12� � �� � �� �� �� ��
��

�
��� �/ , , , ,R R R Re f e f e f e f � (12)

cos , : , , , , , ,� e f e f R R R R Re f e f e f e f e f� �� � � �� � � �� � �� � � � �1 1 1 1

2

1

2

1 1 ��� � �� � �� �� �� ��
��

�
��� � � �R R R R Re f e f e f e f e f, , , , ,/1

2

1 1 12 � (13)

cos , : , , , , , , ,� e f e f R R R R R Re f e f e f e f e f e�� � � �� � � �� � � �� � � �1 1

2

1

2

1 1 ff e f e f e f e fR R R R� � �� � �� �� �� ��
��

�
��� �

2

1 12/ , , , , 	�  (14)

cos , : , , , , , ,
� e f e f R R R R R Re f e f e f e f e f� �� � � �� � � �� � � �� � � �1 1 1

2

1 1

2
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�
��1 1
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( )( )
¨

3
, , 1 1 1 2 2 2 3 3 4 4 4 5 5 5 6 63 / 4e f e f s s x t x n x s x t x n x s x t x s x t x n x s x t x n x s x t xx R F F F F F F F F F F F F F F F Fπ ρ= + − − − − − − − − + + + + + + � (16)

F R R c a R b es x e f e f e f e f e f e f1 1 1� � � � �� ��
��

�
��

���� � �, , , , , ,/ cos ,exp ff e f: ,� � � (17)

where:
(i)	 Fs1x is the x-direction cohesive force between grains e, f, and e−1, f

F R R c a R b es x e f e f e f e f e f e f2 1 1� � � � �� ��
��

�
��

�� ��� � �, , , , , ,/ cosexp 11 1, : ,f e f�� � � (18)

where:
(ii)	 Fs2x is the x-direction cohesive force between grains e, f, and e−1, f−1

F R R c a R bs x e f e f e f e f e f e f3 1� � � � �� ��
��

�
����� �, , , , , ,/exp � (19)

where:
(iii)	Fs3x is the x-direction cohesive force between grains e, f, and e, f−1

Figure 6. Escape velocity versus inter-grain separation gap at a separation 
time of 1 s and 20 nL liquid bridge volume
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F R R c a R bs x e f e f e f e f e f e f4 1 1 1 1 1� � � � �� ��
��

�
��� � � � ��� �, , , , , ,/exp ccos , : ,� e f e f�� �1 � (20)

where:
(iv)	 Fs4x is the x-direction cohesive force between grains e, f, and e+1, f

F R R c a R bs x e f e f e f e f e f e f5 1 1 1 1 1 1 1 1 1� � � � �� � � � � � � � ��� �, , , , , ,/exp ��� ��
��

�
��

� �� �1 1 1cos , : ,� e f e f � (21)

where:
(v)	 Fs5x is the x-direction cohesive force between grains e, f, and e+1, f+1

F R R c a R bs x e f e f e f e f e f e f6 1 1 1 1 1� � � � �� ��
��

�
��� � � � ��� �, , , , , ,/exp � (22)

where:
(vi)	 Fs6x is the x-direction cohesive force between grains e, f, and e, f+1

F R R R R T R Rt x e f e f e f e f s e f e1 1 1 16 8 15� � � �� �� �� � � �� � ��� �, , , , ,/ / / ln ,, , ,/ . cos , : ,f e f e fR R e f e f� � �� �� �� ���
��

�
��

�� ��� �1 0 9588 1 � (23)

where:
(vii)	Ft1x is the x-direction tangential viscous force between grains e, f, and e−1, f

F R R R R T Rt x e f e f e f e f s e f2 1 1 1 16 8 15� � � �� �� �� � � �� � � ��� �, , , , ,/ / / ln RR R R e f ee f e f e f� � � �� � �� �� �� ���
��

�
��

� �1 1 1 1 0 9588 1 1, , ,/ . cos , :� � ,, f� �

� (24)
where:
(viii)	Ft2x is the x-direction tangential viscous force between grains e, f, and e−1, f−1

F R R R R T R Rt x e f e f e f e f s e f e f3 1 16 8 15� � � �� �� �� � � �� ��� �, , , , , ,/ / / ln �� �� � �� �� �� ���
��

�
��1 1 0 9588/ ., ,� R Re f e f � (25)

where:
(ix)	 Ft3x is the x-direction tangential viscous force between grains e, f, and e, f−1

F R R R R T R Rt x e f e f e f e f s e f e4 1 1 16 8 15� � � �� �� �� � � �� � ��� �, , , , ,/ / / ln ,, , ,/ . cos , : ,f e f e fR R e f e f� � �� �� �� ���
��

�
��

�� ��� �1 0 9588 1 �(26)

where:
(x)	 Ft4x is the x-direction tangential viscous force between grains e, f, and e+1, f 

F R R R R T Rt x e f e f e f e f s e f5 1 1 1 16 8 15� � � �� �� �� � � �� � � ��� �, , , , ,/ / / ln RR R R e f e fe f e f e f� � � �� � �� �� �� ���
��

�
��

�1 1 1 1 0 9588 1, , ,/ . cos , : ,� � ��� �1

� (27)
where:
(xi)	 Ft5x is the x-direction tangential viscous force between grains e, f, and e+1, f+1

F R R R R T R Rt x e f e f e f e f s e f e f6 1 16 8 15� � � �� �� �� � � �� ��� �, , , , , ,/ / / ln �� �� � �� �� �� ���
��

�
��1 1 0 9588/ ., ,� R Re f e f � (28)

where:
(xii)	Ft6x is the x-direction tangential viscous force between grains e, f, and e, f+1
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F R R R R R R Tn x e f e f e f e f e f e f s1 1 1

2

16� � � �� �� � �� � � �� �� � ��� �, , , , , ,/ / 11 1
0 5

� �� ��
�

�
�cos , : ,

.
� e f e f � (29)

where:
(xiii)	Fn1x is the x-direction normal viscous force between grains e, f, and e−1, f

F R R R R R R Tn x e f e f e f e f e f e f2 1 1 1 1

2

1 16� � � �� �� � �� �� � � � � ��� , , , , , ,/ / ss e f e f� �� �� � � � �� ��� ��1 1 1
0 5

cos , : ,
.

� (30)

where:
(xiv)	Fn2x is the x-direction normal viscous force between grains e, f, and e−1, f−1

F R R R R R R Tn x e f e f e f e f e f e f s4 1 1

2

16� � � �� �� � �� � � �� �� � ��� �, , , , , ,/ / 11 1
0 5

� �� ��� ��cos , : ,
.

� e f e f � (31)

where:
(xv)	Fn4x is the x-direction normal viscous force between grains e, f, and e+1, f

F R R R R R R Tn x e f e f e f e f e f e f5 1 1 1 1

2

1 16� � � �� �� � �� �� � � � � ��� , , , , , ,/ / ss e f e f� �� �� � � � �� ��� ��1 1 1
0 5

cos , : ,
.

� (32)

where:
(xvi)	Fn5x is the x-direction normal viscous force between grains e, f, and e+1, f+1

( )( ) ( )3
, , 1 1 1 2 2 2 3 4 4 4 5 5 5 6¾  1 /e f e f s s y t y n y s y t y n y n y s y t y n y s y t y n y n y sR F F F F F F F F F F F F F gy Fπ ρ ρ ρ− − − − − + + + + + + + − − + −=

�
� (33)

where:
The impending acceleration along the y-direction is calculated as

F R R c a R b es y e f e f e f e f e f e f1 1 1� � � � �� ��
��

�
��

� ���� � �, , , , , ,/ cosexp 11
0 5

, : ,
.

f e f� ��� �� � (34)

where:
(i)	 Fs1y is the y-direction cohesive force between grains e, f, and e−1, f

F R R c a R bs y e f e f e f e f e f e f2 1 1 1� � � � �� ��
��

�
��

�� ��� � �, , , , , ,/ cosexp ee f e f� �� ��� ��1 1
0 5

, : ,
.

� (35)

where:
(ii)	 Fs2y is the y-direction cohesive force between grains e, f, and e−1, f−1 

F R R c a R bs y e f e f e f e f e f e f4 1 1 1 1 1� � � � �� ��
��

�
��� � � � ��� �, , , , , ,/exp 11 1

0 5
� �� ��� ��cos , : ,

.
� e f e f � (36)

where:
(iii)	Fs4y is the y-direction cohesive force between grains e, f, and e+1, f

F R R c a R bs y e f e f e f e f e f e f5 1 1 1 1 1 1 1 1 1� � � � �� � � � � � � � ��� �, , , , , ,/exp ��� ��
��

�
��

� � �� ��
�

�
�1

0 5
1 1 1cos , : ,

.
� e f e f � (37)

where:
(iv)	 Fs5y is the y-direction cohesive force between grains e, f, and e+1, f+1
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where:
(v)	 Ft1y is the y-direction tangential viscous force between grains e, f, and e−1, f 

F R R R R T Rt y e f e f e f e f s e f2 1 1 1 16 8 15� � � �� �� �� � � �� � � ��� �, , , , ,/ / / ln RR R R e fe f e f e f� � � �� � �� �� �� ���
��

�
��

� � �1 1 1 1 0 9588 1 1 1, , ,/ . cos ,� � :: ,
.

e f� ��� ��
0 5 	

� (39)
where:
(vi)	 Ft2y is the y-direction tangential viscous force between grains e, f, and e−1, f−1

F R R R R T R Rt y e f e f e f e f s e f e4 1 1 16 8 15� � � �� �� �� � � �� � ��� �, , , , ,/ / / ln ,, , ,/ . , : ,f e f e fR R s e f e f� � �� �� �� ���
��

�
��

� �� ��� ���� �1 0 9588 1 1co
00 5.

� (40)
where:
(vii)	Ft4y is the y-direction tangential viscous force between grains e, f, and e+1, f

F R R R R T Rt y e f e f e f e f s e f5 1 1 1 16 8 15� � � �� �� �� � � �� � � ��� �, , , , ,/ / / ln RR R R e f ee f e f e f� � � �� � �� �� �� ���
��

�
��

� �1 1 1 1 0 9588 1 1, , ,/ . cos , :� � ,,
.

f �� ��� ��1
0 5

� (41)
where:
(viii)	Ft5y is the y-direction tangential viscous force between grains e, f, and e+1, f+1

F R R R R R R Tn y e f e f e f e f e f e f s1 1 1

2

16� � � �� �� � �� � � �� �� � ��� �, , , , , ,/ / ccos , : ,� e f e f�� �1 � (42)

where:
(ix)	 Fn1y is the y-direction normal viscous force between grains e, f, and e−1, f

F R R R R R R Tn y e f e f e f e f e f e f2 1 1 1 1

2

1 16� � � �� �� � �� �� � � � � ��� , , , , , ,/ / ss e f e f� �� �� � � �� �cos , : ,1 1 � (43)

where:
(x)	 Fn2y is the y-direction normal viscous force between grains e, f, and e−1, f−1

F R R R R R R Tn y e f e f e f e f e f e f s3 1 1

2

16� � � �� �� � �� � � �� �� � ��� �, , , , , ,/ / � (44)

where:
(xi)	 Fn3y is the y-direction normal viscous force between grains e, f, and e, f−1

F R R R R R R Tn y e f e f e f e f e f e f s4 1 1

2

16� � � �� �� � �� � � �� �� � ��� �, , , , , ,/ / ccos , : ,� e f e f�� �1 � (45)

where:
(xii)	Fn4y is the y-direction normal viscous force between grains e, f, and e+1, f

F R R R R R R Tn y e f e f e f e f e f e f5 1 1 1 1

2

1 16� � � �� �� � �� �� � � � � ��� , , , , , ,/ / ss e f e f� �� �� � � �� �cos , : ,1 1 � (46)

where:
(xiii)	Fn5y is the y-direction normal viscous force between grains e, f, and e+1, f+1
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highlight that a threshold separation time of 1 s exists, 
beyond which the effect of viscosity becomes negligible 
and cohesion prevails.

4. Conclusion
Along the riverside, the gap between sediment grains varies 
depending on local conditions. Thus, a general approach 
proves highly useful. The inbuilt flexibility of the truncated 
pyramid model allows for the integration of multiple 
degrees of freedom, such as sediment grain dimensions, 
inter-grain separation gaps, geometrical arrays of sediment 
grains, separation times, and environmental temperatures. 
Most published studies have focused on either viscous 
force or cohesive force. In this study, the combined effects 
of both viscous and cohesive forces, along with thermal 
variation, were considered and thoroughly investigated. 
The main findings are as follows:
(i)	 The grain escape velocity along the riverside decreases, 

making the bank more vulnerable, as the inter-grain 
separation gap increases.

(ii)	 The combined effect of viscous and cohesive forces 
results in a significant increase in the escape velocity 
requirement of a grain, indicating greater riverside 
stability compared to conditions where only cohesion 
is considered at shorter separation times.

(iii)	For a given inter-grain separation gap, separation 
time, and liquid bridge volume, the escape velocity of a 
sediment grain decreases with increasing temperature.

(iv)	 The effect of temperature is valid only up to a threshold 
separation time of 1 s. Beyond this duration, the effect 
of viscosity and temperature becomes negligible, and 
the effect of force of cohesion prevails.

The present study investigated sediment grain behavior 
in different microscale cases. Predicting the velocity 
requirement of a sediment grain with temperature for a 
limiting separation time, considering both viscous and 
cohesive effects, is essential for practical applications. In 
addition, the temperature of water in soil varies instead of 
remaining constant. Based on the analysis, the behavior 
of sediment grains across varying conditions can be 
effectively predicted by determining the escape velocity of 
a grain, which plays a critical role in riverside erosion.

The truncated pyramid model fits well with variations 
in parameters such as grain size, separation gap between 

grains, liquid bridge volume, and environmental 
temperature. However, this model is limited to two-
dimensional cases, whereas in reality, all cases are three-
dimensional. Therefore, future studies should focus on 
extending the truncated pyramid model from a two-
dimensional to a three-dimensional basis to enable finer 
data interpretation and more accurate results.

Furthermore, this microscale analysis can be extended 
to incorporate additional factors such as vegetation 
effects and the impact of geotextiles, thereby enhancing 
robustness depending on the data available in real-world 
situations. Geotextile membranes can function as filters 
between water and sediment grains, allowing water to 
pass through while retaining grains, thereby increasing 
bank stability. Vegetation mitigates erosion through plant 
root systems that bind soil particles. Thus, integrating 
geotextile membrane and vegetative root system models 
into the truncated pyramid model could yield more 
realistic results.
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where:
(xiv)	Fn6y is the y-direction normal viscous force between grains e, f, and e, f+1 

All notations used in the text are listed under Appendix.
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Ft2y = y-direction viscous tangential force linking grains e, 
f, and e−1, f−1, N

Ft4y = y-direction viscous tangential force linking grains e, 
f, and e+1, f, N

Ft5y = y-direction viscous tangential force linking grains e, 
f, and e+1,f+1, N

Fn1x = x-direction viscous normal force linking grains e, f, 
and e−1, f, N

Fn2x = x-direction viscous normal force linking grains e, f, 
and e−1, f−1, N

Fn4x = x-direction viscous normal force linking grains e, f, 
and e+1,f, N

Fn5x = x-direction viscous normal force linking grains e, f, 
and e+1,f+1, N

Fn1y = y-direction viscous normal force linking grains e, f, 
and e−1, f, N

Fn2y = y-direction viscous normal force linking grains e, f, 
and e−1, f−1, N

Fn3y = y-direction viscous normal force linking grains e, f, 
and e, f−1, N

Fn4y = y-direction viscous normal force linking grains e, f, 
and e+1, f, N

Fn5y = y-direction viscous normal force linking grains e, f, 
and e+1, f+1, N

Fn6y = y-direction viscous normal force linking grains e, f, 
and e, f+1, N

FG e,f = Submerged weight of sediment grain e, f, N
Me,f = Mass of sediment grain e, f, kg
xe f, = x-direction impending acceleration of sediment 

grain e, f, m/s2

ye f,  = y-direction impending acceleration of sediment 
grain e, f, m/s2

fe,f = The resulting impending acceleration of sediment 
grain e, f, m/s2

Vescape e,f = Escape velocity of grain e, f from riverside, m/s
g = Gravitational acceleration, m/s2

ρ = Water density, kg/m3

ρs = Material density of sediment grains, kg/m3

σ = Coefficient of surface tension, n/m
η = Dynamic viscosity coefficient, pa-s
∅ = Contact angle, radians
V = Liquid bridge volume, nL

Appendix
Notations

ae,f, be,f, and ce,f coefficients used in the cohesive force 
equation linking a pair of grains with the bigger grain 
being e, f
Re,f = Radius of grain e, f, m
δ = Inter-grain separation gap, m
TS = Separation time, s
T = Temperature, °C
Fs1x = x-direction cohesive force linking grains e, f, and e−1, 

f, N
Fs2x = x-direction cohesive force linking grains e, f, and e−1, 

f−1, N
Fs3x = x-direction cohesive force linking grains e, f, and e, 

f−1, N
Fs4x = x-direction cohesive force linking grains e, f, and e+1, 

f, N
Fs5x = x-direction cohesive force linking grains e,f, and 

e+1,f+1, N
Fs6x = x-direction cohesive force linking grains e, f, and e, 

f+1, N
Fs1y = y-direction cohesive force linking grains e, f, and e−1, 

f, N
Fs2y = y-direction cohesive force linking grains e, f, and e−1, 

f−1, N
Fs4y = y-direction cohesive force linking grains e, f, and e+1, 

f, N
Fs5y = y-direction cohesive force linking grains e, f, and e+1, 

f+1, N
Ft1x = x-direction viscous tangential force linking grains e, 

f, and e−1, f, N
Ft2x = x-direction viscous tangential force linking grains e, 

f, and e−1, f−1, N
Ft3x = x-direction viscous tangential force linking grains e, 

f, and e, f−1, N
Ft4x = x-direction viscous tangential force linking grains e, 

f, and e+1, f, N
Ft5x = x-direction viscous tangential force linking grains e,f, 

and e+1, f+1, N
Ft6x = x-direction viscous tangential force linking grains e,f, 

and e, f+1, N
Ft1y = y-direction viscous tangential force linking grains e, 

f, and e−1, f, N
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