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Tendon-driven continuum manipulators can perform tasks in confined environments due to their
flexibility and curvilinearity, especially in minimally invasive surgeries. However, the friction along
tendons and tendon slack present challenges to their motion control. This work proposes a trajectory
tracking controller based on adaptive fuzzy sliding mode control (AFSMC) for the tendon-driven
continuum manipulators. It consists of a sliding mode control (SMC) law with two groups of adaptive
fuzzy subcontrollers. The first one is utilized to estimate and compensate for friction forces along
tendons. The second one adapts the switching terms of SMC to alleviate the chattering phenomenon
and enhance control robustness. To prevent tendon slack, an antagonistic strategy along with the
AFSMC controller is adopted to allocate driving forces. Simulation and experiment studies have been
conducted to investigate the efficacy of the proposed controller. In free space experiments, the AFSMC
controller generates an average root-mean-square error (RMSE) of 0.42% compared with 0.90% of the
SMC controller. In the case of a 50 g load, the proposed controller reduces the average RMSE to 1.47%
compared with 4.29% of the SMC controller. These experimental results demonstrate that the proposed

AFSMC controller has high control accuracy, robustness, and reduced chattering.
© 2025 The Author(s). Published by Elsevier B.V. on behalf of Shandong University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Keywords:

Continuum manipulator
Minimally invasive surgeries
Trajectory tracking

Adaptive fuzzy control

1. Introduction for the approach stage. However, the infinite-dimensional state
space and strong nonlinearity and uncertainty in material flex-
ure intrinsic to the continuum manipulators present challenges
for their motion control [4,9]. To overcome these challenges,
various control methods have been proposed, categorized as po-
sition control or trajectory control based on their corresponding
modeling approaches [4].

Position control moves continuum manipulators in a quasi-
static way, relying on kinematic or static models. The typical kine-
matics derived from the constant curvature (CC) assumption [10]
represents the continuum manipulator’s shape as circular arcs
with finite parameters. Based on this kinematic model, either
inverse/pseudoinverse of Jacobians [11-13] or analytical inver-
sion [14,15] can facilitate the implementation of position control.
However, the CC assumption may exhibit large deviations in the
presence of external loading or disturbances. Therefore, position
control approaches based on statics that utilize the principle of
continuum mechanics [16,17] have higher precision in these sit-

Continuum manipulators can continuously deform due to their
flexibility, thus suitable for operating in unstructured and con-
fined environments. In minimally invasive medical interventions,
their curvilinearity enables them to traverse through tortuous
surgical corridors, and their pliability enhances safety during op-
erations [1]. Hence, they have diverse applications across differ-
ent medical fields [2-5], including flexible endoscopy, single-port
surgery, transluminal surgery, and so on. These surgical proce-
dures mainly involve two stages: approaching/accessing target
tissues and tissue manipulation, as illustrated in Fig. 1. Among
various actuation types, the tendon-driven design emerges as
the predominantly favored choice for continuum manipulators,
evident not only in commercial products (e.g., da Vinci sp®
system and Monarch® platform) but also in research [6-8]. To
achieve both efficiency and safety in surgeries, it is imperative

to maintain precise control over dynamic trajectories, especially
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uations. However, these statics-based control approaches involve
complex and high-dimensional formulations in their solving pro-
cess. Overall, the above position control approaches assume that
the manipulator is under quasi-static equilibrium, and thus may
face challenges in achieving accurate tracking of trajectories with
higher speeds.
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Fig. 1. Surgical procedures divided into two main stages based on performed
operations. Stage I (Approach stage): the surgeon inspects the surrounding
tissues and navigates to the target site with higher speed for efficient access
and screening. Stage II (Manipulation stage): the surgeon performs specific
manipulations with lower speed for safe tissue interaction.

In contrast, trajectory control is vital to efficient navigation
in surgeries as illustrated in Fig. 1, which typically relies on dy-
namic modeling. For computational efficiency, common control-
oriented dynamic models are derived based on CC assumption
and principles of dynamics such as the Lagrange equation. More-
over, under the dynamic modeling framework, existing control
theories for dynamic systems can be applied to continuum ma-
nipulators, such as feedback linearization plus PD control [ 18-20].
Moreover, the PID controller can be integrated with fuzzy logic
control [21] to dynamically tune its parameters with enhanced
robustness. However, this fuzzy controller typically requires em-
pirical design and lacks adaptability when external disturbances
change. Because there are always modeling simplifications and
external disturbances, robust control methods such as sliding
mode control (SMC) are preferred. For example, an SMC con-
troller is designed for an extensible continuum manipulator [22],
demonstrating faster error convergence than the PD controller.
For enhanced control robustness, an adaptive sliding mode con-
troller is proposed in [23], where the adaptive term is utilized to
estimate the unknown model parameters and the upper bound
of external disturbances. Besides, the SMC can also be combined
with the disturbance observer [24], which can compensate for
system uncertainties. Moreover, it utilizes the boundary layer
technique to overcome the chattering phenomenon inherent in
SMC. It should be noted that most existing trajectory control
methods are designed for continuum manipulators driven by
pneumatic muscles. This form of actuation can generate bidirec-
tional driving forces with fast response speed, and it actuates the
manipulator with high force transmission efficiency [25,26]. Thus,
it is convenient to implement trajectory controllers whose out-
puts are driving forces to these manipulators. Nevertheless, pneu-
matic actuation typically results in larger robot sizes, limiting its
applicability in medical fields [4,9].

Considering trajectory control of tendon-driven continuum
manipulators, extra challenges emerge. Firstly, internal friction
along tendons induces a loss of driving force and deterioration
in motion control accuracy [27]. Efforts have been made toward
modeling, such as the utilization of the Dahl friction model [28]
or the Capstan equation [29-31] to predict the distributed friction
forces. However, their accuracy is limited by modeling simpli-
fications and elaborate experiments are demanded to identify
the friction parameters. In contrast, model-free methods such
as the support vector machine [32] can be applied to estimate
friction forces. However, it requires intricate processes to collect
sample data for offline training. Secondly, tendons are incapable
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of supporting compressive driving forces, which can lead to slack
issues during operation. Slackened tendons result in actuation
backlash and may fail to actuate the manipulator. The most direct
and efficient solution is to ensure that the tendons are actuated by
tensile forces. For instance, an optimization algorithm is designed
in [33] to solve for the inverse kinematics. The constraints on
tendon driving forces and static relationships ensure that all ten-
dons are kept under tension. Similarly, based on statics and linear
distributions of tendon tensions, a slack avoidance algorithm is
proposed in [34], which prevents tendon slack by limiting the
length of the manipulator. Nevertheless, existing solutions to
tendon slack are based on static analysis, thus not applicable to
trajectory control scenarios. Due to these two challenges, few
studies have been conducted on the trajectory control of tendon-
driven continuum manipulators based on dynamic modeling so
far.

To address the above limitations, a trajectory controller based
on adaptive fuzzy sliding mode control (AFSMC) is proposed for
the tendon-driven continuum manipulator. The controller is built
upon a dynamic model derived from CC kinematics utilizing the
Lagrange equation, providing computational efficiency for real-
time trajectory control. The proposed AFSMC controller consists
of an SMC law and two independent groups of adaptive fuzzy
subcontrollers. The first one is designed to estimate and com-
pensate for friction forces along tendons. The second one adapts
the traditional switching terms of the SMC with fuzzy switch-
ing terms to alleviate the chattering phenomenon and enhance
robustness. To prevent tendon slack, an antagonistic strategy
is developed for allocating the driving forces generated by the
AFSMC controller. The friction estimation is designed based on
tendon friction’s physical characteristics, and the fuzzy switching
terms do not require prior knowledge of disturbance bounds due
to their adaptive law design. Simulation and experimental studies
are conducted to illustrate the efficacy of the proposed method.
With these friction compensation and fuzzy switching terms,
the AFSMC controller demonstrates higher tracking accuracy and
better control robustness against external disturbance.

2. Materials and methods
2.1. Hardware configuration of the continuum robot system

The overall hardware configuration of the robotic system
mainly includes a tendon-driven continuum manipulator unit,
a binocular vision measurement unit, and a control unit, as
illustrated in Fig. 2. A standard spacing disk-type continuum
manipulator with a nitinol central backbone has been utilized
for experimental validation of the proposed control method. This
manipulator is driven by two pairs of antagonistic tendons con-
nected to linear modules. Each linear module is constructed with
dual lateral guide rails and a central lead screw to convert the
rotation of a DC motor (Maxon, DCX-19X, Switzerland) to linear
motion. The motors are equipped with optical encoders (Maxon,
ENX16) to detect the motions of tendons, and the linear modules
are integrated with force sensors (JinNuo, JLBS-MD, China) to
measure the tendons’ driving forces. The amplifiers (MotionG, UF-
48V10AEDR, China) can actuate the DC motors to generate the
target driving forces of the tendons, with a working principle
similar to [35]. The binocular vision measurement unit (NDI
Polaris, Canada) detects the distal tip position of the continuum
manipulator with the optical marker attached at its distal tip. The
measured position is sent to the host computer (Core i7 processor
@ 2.20 GHz, 16-GB RAM) as feedback on position through a USB
connection. The embedded controller (CX-5140, Beckhoff, Ger-
many) receives control signals from the host computer through a
TCP/IP connection and relays these commands to the amplifiers
via EtherCAT. Meanwhile, the amplifiers read data from encoders
and send feedback on tendon lengths and velocities to the host
computer through the embedded controller.
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Fig. 3. The kinematics of the continuum manipulator based on the CC assumption. (a) The mapping relationships between different spaces. (b) The frames and

parameters defined for the continuum manipulator.

Notes: m; and m, separately denote the mass of the manipulator arm and end effector. Their positions are formulated respect to frames *1 and *2. Meanwhile, *b,

*e, and *h denote the base, end, and head frame, respectively.

2.2. Kinematic and dynamic modeling of the tendon-driven contin-
uum manipulator

The constant curvature (CC) is a well-suited characteristic
for continuum manipulators and represents the manipulator’s
configuration with finite generalized coordinates. Based on CC
kinematics, the kinetic and potential energy can be formulated
via the generalized coordinates, and the Lagrange equation can
be further applied to derive the dynamic model.

2.2.1. Kinematic modeling based on the CC assumption

Different spaces are defined to facilitate the representation
of the continuum manipulator’s states under the CC assumption
(Fig. 3(a)). The actuator space contains the lengths of tendons:
q = [lh, b, I3, 14]7, where I; (i = 1,2,3,4) denotes the length
of the ith tendon. The configuration space contains parameters
2 = [¢, 0]" to describe the bending motion, where ¢ is the angle
of the bending plane and 6 represents the bending angle (Fig.
3(b)). The task space contains the position of the end effector:
p = [x, y, z]". Kinematics involves establishing mappings g and h
between these spaces.

The mapping g can be formulated as Eq. (1), where L is
the length of the central backbone, R denotes the radius of the
manipulator (Fig. 3(b)). The tendon displacements are equal and

opposite for each antagonistic pair (I, I3) and (I3, l4) under the as-
sumption that the central backbone is incompressible. Therefore,
the actuator space can be simplified as q = [I;, I,]".

(L — 12>
arctan
N=g@= L=hL/ 1. (1)

V=) +1—1)?

R

To derive the mapping h, a set of frames is defined as illustrated in
Fig. 3(b). Multiplying the series of transformations between those
frames, the mapping h is represented as Eq. (2), where H denotes
the height of the end effector. This paper focuses on investigating
the x and y coordinates because the value of coordinate z can
be decided by the value of x and y. Therefore, the task space is
simplified to p = [x, y]".

H cos ¢ sinf + Lcosw(;ifcow)
Hsingsing + LneC=cosd)

p=h(2)= [ (2)
As a result, forward kinematics can be represented as the com-
position of the mapping g and h: p = h o g(q). Differentiating
the equation of forward kinematics, the Jacobian matrix J can be
obtained by Eq. (3), whose inverse can be applied for differential
inverse kinematics.

b=in59=14 (3)
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2.2.2. Dynamic modeling based on the Lagrange equation

To develop a control-oriented dynamic model, the continu-
ous mass distribution is simplified to discrete points, enhancing
both modeling and computational efficiency [36]. Similar to the
hypothesis in [20,37], the distributed mass of the manipulator
arm is centralized to its midpoint. Another mass point located
at the distal tip is also utilized to account for the mass of the
end effector. The mass of these two discrete points is separately
denoted by m; and m; as shown in Fig. 3(b).

The Lagrange equation can be written as Eq. (4), where T and
U respectively denote the kinetic and potential energy of the
continuum manipulator, q serves as the generalized coordinates,
and Q represents the generalized forces.

-t @
As indicated by Eq. (4), the derivation of the dynamic model is
divided into three parts: kinetic energy T, potential energy U, and
generalized forces Q.

Under the assumption of centralized mass distribution, the
kinetic energy T can be represented as:

T =320, mvgs (5)

where v, € R3 is the velocity of mass m;. The contribution of the
rotational energy to the kinetic energy can be omitted compared
with the translational energy [38]. Based on the CC kinematics,
v can be expressed as the derivative of the position p of mass
m;.

Vci P.i _ b p;- plc,
(3)-a[x ]t ]

where T? denotes the transformation matrix from 0;{x;y;z;} (i =
1, 2) to 0y, and the position p’q is formulated relative to the frame

0 (ie,pl =[5cosg(1—cos§), tsing (1—cos), ¢ sin %]T,
p;, =[0,0, %]T). The kinetic energy can be obtained by substi-
tuting the velocities v,; into Eq. (5).

The potential energy U includes the gravitational potential
energy U, of the manipulator and the elastic potential energy U,
of the central backbone. U, can be formulated as:

- Z?:l miG'p}; (7)
where G denotes the gravitational acceleration vector (equal to
[0, —9.8 m/s?, 0]T based on the experimental configuration). The
elastic energy U, can be formulated as Eq. (8), where E and
I respectively denote the Young’s modulus and cross-sectional
inertia of the central backbone, and M (x) = EI% represents the
moment along the length of the central backbone.

Ug =

Ue= [ Wy = B2, (8)
The generalized forces can be represented by the forces exerted
on tendons: Q = Fyq — f, where F; = [F4, Fi2]" denotes the
driving forces, and f = [fi, f>]" represents the friction forces.

However, modeling challenges of friction forces arise from their
nonlinearity and uncertainty. To overcome their modeling dif-
ficulty, the friction forces are estimated by the adaptive fuzzy
subcontrollers, which will be designed in the next section. Based
on the above analyses, the derived dynamic model can be written
in a compact form:

M@qg+C@q.qq+N(@ +f=F,y (9)

where M (q) € R**2,C(q,q) € R**? and N(q) € R>*! are
the generalized inertial matrix, Coriolis/centrifugal matrix, and
gravity/elastic force vector, respectively.
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Fig. 4. (a) The workflow of the trajectory tracking control for the tendon-driven
continuum manipulator. (b) The details of the proposed AFSMC controller.

2.3. AFSMC controller design of the continuum manipulator

Based on the established dynamic model, the AFSMC controller
is proposed in this section to achieve accurate and robust tra-
jectory control of the tendon-driven continuum manipulator. The
workflow of the trajectory tracking with this proposed controller
is shown in Fig. 4(a). Because the dynamic model is derived in
the actuator space, the desired trajectory in the task space py
should be converted to q, in actuator space. This conversion is
carried out via the inverse kinematics, utilizing the inverse of
the Jacobian as defined in Eq. (3). Given the existence of internal
friction and external disturbance, the inverse kinematics based on
the CC assumption will cause non-negligible errors. Thus, an outer
control loop is employed to correct the deviation from the actual
inverse kinematics, including both feedforward and proportional
feedback action:

P =pa+k, 0y — D) (10)

where the position feedback p is provided by the binocular vi-
sion measurement unit. Upon receiving the desired trajectory
q, together with feedback on tendon lengths q and velocities q
from motor encoders, the AFSMC controller calculates the driving
forces F4 to control the manipulator.

The AFSMC controller mainly includes three components: the
SMC law, the antagonistic control strategy, and two groups of
adaptive fuzzy subcontrollers, as illustrated in Fig. 4(b). The SMC
law serves as the core and fundamental component of the pro-
posed controller, due to its capability to handle nonlinear systems
with model uncertainties and external disturbances. With the
tracking error in actuator space denoted by e = q—q,, the sliding
surface is represented as s = ye-+e, where y is a diagonal positive
definite matrix. Then the formulation of the SMC law is derived
as:

Fq= Mg, + Cq, + N — Wsgn (s) — Ks (11)

where W = diag (wq, w;), w; > 0 denotes the switching gains
and Wsgn (s) represents the switching terms. K is a diagonal
positive definite matrix, which can accelerate the convergence of
errors and enhance stability, and q, = q; — ye is the derivative
of the reference trajectory [39] in actuator space.

One problem posed by the tendon-driven approach is the
slack of tendons, which occurs when the driving force is thrust
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(Fgi > 0). Slackened tendons may lead to the failure of actuating
the continuum manipulator and the trajectory tracking task. To
solve this problem, the AFSMC controller utilizes an antagonistic
control strategy, as shown below.

{Fdi = F4i, Fait2) =0  F;i <0

ief(1,2). (12)
F4i = 0, Fyiy2) = —Fai  Fai > 0,

In this strategy, when the calculated driving force of one tendon
is thrust, the AFSMC controller converts it to the pulling force of
its antagonistic tendon. According to Eq. (12), the driving forces
of all tendons will always be pulling forces, thereby preventing
tendon slack.

To overcome another problem inherent in the tendon-driven
approach, i.e., internal friction along tendons, and to further en-
hance control performances of SMC, two independent groups of
adaptive fuzzy subcontrollers are incorporated. The first group,
denoted as Fuzzyy, is designed to estimate the friction forces and
compensate them to the dynamic model through a feedforward
term. The second group, denoted as Fuzzy,, is utilized to adapt
the SMC's traditional switching terms with fuzzy switching terms.
Fuzzy control possesses universal approximation capabilities for
any real function [40]. Equipped with adaptive laws, it can further
approximate unknown functions. The design of these subcon-
trollers Fuzzy; and Fuzzy; is based on the above ability of adaptive
fuzzy control, which will be detailed in the following sections.

2.3.1. Estimation of the friction forces along tendons

The friction force along each tendon is governed by various
physical factors, including tendon length and velocity, the manip-
ulator’s bending angle, and the tendon’s driving force [28]. Among
these factors, tendon lengths and velocities are the predomi-
nant ones, because they directly influence both the manipulator’s
bending angle and the tendon’s driving force. Hence, the subcon-
trollers Fuzzy, can effectively approximate the friction force by
using the tendon lengths q = [l1, b]" and velocities ¢ = [l1, b]"
as inputs of the friction estimation. The output of each Fuzzyy is
the estimated friction force fk along tendon #k(k € {1, 2}).

To implement fuzzy logic control, it is necessary to specify
fuzzy sets for the range of interest of control input and output.
For control inputs, suppose Afi(ai =1,2,...,m) and ij (b =
1,2, ..., n) represent fuzzy sets defined for tendon length I; and
tendon velocity [;, respectively (i,j € {1, 2}). For control output,
the fuzzy sets C;; 1920152 4 re defined for the estimated friction force
fk. Then the fuzzy rules can be represented as:

IF I, is A" and L, is Ay and I is BI;‘
and L, is B2 THEN f, is Cf1%"P

This work utilizes the typical fuzzy controller configuration with
singleton fuzzification, product inference, and center-average de-
fuzzification. Based on the above fuzzy rules and controller con-
figuration, the subcontrollers Fuzzy; can be formulated as:

_aqapbqb: 2 aj 2 bi .
A Y ay.ay=1 Z'él.bzzwkl 2 2<Hi=1 w () Ty v (5)

k= o A
Yy .ay=1 2by.by=1 (l'[izzl i () T Mf] (l])) (13)
=0/£(q.q) . ke (1,2}

where u?i () and [L]l-)j (-) respectively denote the membership

. ; by . .
functions of A" and B’. The adjustable parameter yj'*"'"? is the

center of the membership function of C,f‘”zblbz. All the member-
ship functions in this paper are Gaussian membership functions
in the form:

u(x) = exp [—%]. (14)
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As indicated by Eq. (13), the output is a linear combination of
fuzzy basis functions [41] in vector £(q, q) = [£1 (4. 4) , &2 (4, ) ,
oy E22 (q, @17 with 0r, containing all adjustable coefficients:

2.2 .
05, = Je» Vi - - -, ¥p " 17, The fuzzy basis function Eayazb1, (@, @),
a;a;b1by€[1, m*n?] can be written as:

. b .
M, /’“fl ) 1_[]'2:1 “’j} (1)
, b -\
2 ay.ay=1 2by.by=1 (ﬂfz:l 1 T, w (’J))

In experiments, parameters related to membership functions
of q and q in &(q, q) are set according to the actual range of
tendon lengths ([—6, 6] mm) and velocities ([—15, 15] mm/s).
The initial value of 6y, is randomly assigned and further adjusted
by adaptive laws to ensure an accurate approximation of the
friction forces. The adaptive laws for 6y, are derived based on the
Lyapunov synthesis approach as follows, with I, being a positive
scalar (details are shown in Appendix A).

9fk = _rk_lskf q.9,ke{1,2}. (16)

Combining all the estimated friction forces, the feedforward
term to compensate for the unknown friction forces can be rep-
resented as follows, where 6y = [0y, , 6y, 1.

(15)

N A~ A7
fla.aw) = [fh] =6fs@d. (17)

2.3.2. Design of the fuzzy switching terms

In the SMC law (11), the utilization of function sgn (s) leads
to the noncontinuous switching terms Wsgn (s) and chatter-
ing phenomenon. Moreover, the value of the switching gains
W should be assessed in advance according to the boundary
of external disturbances, thus the unexpected disturbances will
reduce the controller’s robustness. To address these limitations,
adaptive fuzzy control can be utilized to approximate the desired
switching terms W*sgn (s), where W* is the upper bound of
external disturbances.

Because the desired switching term W;'sgn (sy), k € {1,2}
is only the function of sy, the control input of each Fuzzy, is
sk and the output is the fuzzy switching term W,. For control
input, suppose D,tf(tk = 1,2,...,r) are fuzzy sets related to sy.
For control output, suppose E,i“(tk = 1,2,...,r) are fuzzy sets
defined for W,<. Then the fuzzy rules can be written as:

IF s, is D THEN W, is EX

Based on the above fuzzy rules and the same fuzzy controller
configuration as Fuzzyy, the output of the subcontrollers Fuzzy,
can be formulated as:

Wi = O, & (1), k € {1,2) (18)

where & (sy) contains fuzzy basis functions and 6y, contains
the centers of membership functions of Wk. In experiments, pa-
rameters related to membership functions of s, in & (s;) can be
specified according to the actual range of s; ([—0.1, 0.1] m) and
the initial value of 6y, can be set randomly. The adaptive laws of
0w, are shown as follows, with ¢, being a positive scalar.

Ow, = ¢ 'sik (s k € (1,2} (19)
Therefore, the vector containing all fuzzy switching terms can be
written as follows, where 8y = [0w,, Ow, .

A N ~ 1T
W (slow) = [Wi, s | = [61,8 60 6,8 62)]' (20)

It should be noted that the resulting fuzzy switching terms W
are continuous, which can alleviate the chattering phenomenon.
Moreover, it does not require prior knowledge of disturbances,
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because the adaptive laws (19) can dynamically adjust parame-
ters 6y, to ensure approximation to the desired switching terms
W*sgn (s). Thus, the fuzzy switching terms W can also enhance
the controller’s robustness.

Merging the estimated friction forces (17) and fuzzy switching
terms (20) into Eq. (11), the formulation of the AFSMC controller
can be represented as:

Fq = M, +Cd, + N +f (q, 4/6;) — W (s|6w) — Ks. (21)

The stability proof of this controller and derivation of the adaptive
laws (16) and (19) are presented in Appendix A.

3. Experiments and results

3.1. Trajectory tracking experiments for the AFSMC controller in free
space

This section implements the proposed AFSMC controller on
the physical continuum manipulator for trajectory tracking in
free space to investigate its efficacy. To compare with the pro-
posed controller, the traditional SMC controller was utilized as a
benchmark with the same control parameters. Two types of 2D
trajectories were defined as target motion patterns, as illustrated
in Fig. 5. The circular trajectory has a simple shape but can
be utilized to test the controllers’ ability to track the desired
shape, while the compound trajectory changes more dynamically
with circular, linear, and angular elements. The tracking time
of both trajectories was set as 20 s, thus the resulting speeds
were 21.99 mm/s for the circular path and 20.77 mm/s for the
compound path.

To assess the tracking performances of these controllers, met-
rics for quantifying the deviation from the desired trajectories
were employed. These metrics include the root-mean-square er-
ror (RMSE) between the actual and desired trajectories and the
tracking error’s standard deviation (SD). The SD can quantify the
extent of tracking error’s dispersion, thus it can reflect the extent
of chattering behaviors as well. Moreover, the shape error (SE)
is also defined as Eq. (22) for the circular trajectory. The SE can
assess the controllers’ ability to track the shape of the desired
trajectory.

SE = sup ||p - pcen ”2 — inf ||p - pcen H2 (22)

where sup ||p — P, ||, and inf |p — p,,|, denote the maximal
and minimal Euclidean distance between the actual trajectory
and its center of the circle, respectively. Moreover, one-tailed
Welch’s t-tests were conducted to statistically validate the signif-
icance of performance improvement of the AFSMC controller. The
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null hypothesis Hy and the alternative hypothesis H; are defined
as follows:

Ho: pearsme = tsmc,  Hi: parsme < Msmc (23)

where papsyc and usyc denote the mean value of the controller
errors. The Satterthwaite degrees of freedom is utilized to account
for unequal variances between the two controllers. Statistical
significance is evaluated at « = 0.05 and Cohen’s d effect size
is calculated to quantify the magnitude of improvement.

Before the actual experiments, simulation studies were per-
formed to qualitatively verify the proposed controller’s perfor-
mances (details are presented in Appendix B). The AFSMC con-
troller demonstrates its feasibility and exhibits high control ac-
curacy with an average RMSE of 0.305 mm on two trajectories
(lower than that of the SMC controller by 76.3%). Furthermore, a
theoretical friction model with the Dahl friction formulation was
also incorporated, and the comparison between the theoretical
and estimated friction forces is shown in Fig. 6. The AFSMC con-
troller generates an average FERMSE (friction estimation RMSE)
on two trajectories of 0.090N and 0.106N on tendon #1 and ten-
don #2, respectively. These minor errors confirm the effectiveness
of the friction estimation.

For actual experiments, the configurations of the continuum
robot system have been illustrated in Fig. 2. The controllers oper-
ated at a frequency of 60 Hz, which is limited by the synchro-
nization between different devices (such as amplifiers and the
binocular vision measurement unit). All the identified parameters
of the physical continuum manipulator and controller parame-
ter settings are enumerated in Table 1. To test the controllers’
stability, the trajectories were extended to include two cycles.

The experimental results of trajectory tracking in free space
are calculated and listed in Fig. 7 and Table 2. Due to the noncon-
tinuous switching terms, the trajectories generated by the SMC
controller exhibit serious chattering behaviors. The fuzzy switch-
ing terms of the AFSMC controller are continuous, therefore, the
driving forces and the trajectories of the AFSMC controller are
both smooth. The average SD of the SMC controller is 0.656 mm
on two different trajectories and the AFSMC controller reduces it
to 0.387 mm, which also indicates that the AFSMC controller can
alleviate chattering behaviors. Moreover, the AFSMC controller
can estimate friction forces as illustrated in Fig. 7(d1-d2)

Due to the above advantages, the AFSMC controller exhibits
smaller errors compared with the SMC controller (Fig. 7(b1-b2)).
The significant errors of the AFSMC controller happen exclusively
at points where there is a discontinuity in desired velocities. The
SMC controller generates an average RMSE of 1.336 mm (0.90% of
the length of the continuum manipulator) and an SE of 3.001 mm.
The AFSMC controller reduces the RMSE and SE to 0.618 mm
(46.26% of the SMC controller) and 1.745 mm (58.15% of the
SMC controller), respectively. A one-tailed Welch'’s t-test revealed
a statistically significant reduction in tracking error for the AF-
SMC controller compared with the SMC controller (t (8221.5) =
—63.03, p < 0.001). The effect size is quantified with Cohen’s
d = —1.25, demonstrating a large practical improvement. Such
results indicate the effectiveness of the continuum manipulator
modeling approach and the high trajectory tracking precision of
the AFSMC controller on the physical manipulator.

3.2. Evaluations of adaptive fuzzy subcontrollers in the AFSMC con-
troller

In this section, the individual effects of adaptive fuzzy sub-
controllers Fuzzy; and Fuzzy, in the proposed AFSMC controller
are further validated. Two groups of experiments were conducted
with the same experimental configuration and controller param-
eter settings as Section 3.1. The first one is designed for the SMC
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Fig. 6. Theoretical and estimated friction forces on both tendons during the trajectory tracking simulations. (a) On circular trajectory tracking. (b) On compound

trajectory tracking.
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Fig. 7. The tracking performances, tracking error variations of the AFSMC and SMC controllers, and intermediate results of the AFSMC controller in free space
experiments. (al-a2) The measured circular and compound trajectories of both controllers with details. (b1-b2) The tracking error variations of both controllers
on each trajectory. (c1-c2) The driving force variations calculated by the AFSMC controller on each trajectory. (d1-d2) The friction forces estimated by the AFSMC
controller on each trajectory.

Table 1
Identified parameters of the continuum manipulator and controller parameter settings in experiments.
Manipulator parameter Physical meaning Value Controller parameter Value
L Length of the central backbone 0.148 m y diag(20, 20)
H Height of the end effector 0.044 m K diag(4, 4)
R Radius of the manipulator 0.01 m w diag(1, 1)
my 1st centralized mass 0.019 kg I 5x 1074
my 2nd centralized mass 0.025 kg I, 5x 1074
E Young's modulus 56.278 Gpa b1 2x 1073
1 Cross-sectional inertia 5.153 x 107 ®m* 2 2x 1073
Table 2
Data analysis of the experimental results in free space.
Trajectory Controller RMSE (mm) Relative RMSE SD (mm) Relative SD SE (mm)
Circular SMC 1.275 0.86% 0.575 0.39% 3.001
AFSMC 0.543 0.37% 0.322 0.22% 1.745
Compound SMC 1.396 0.94% 0.737 0.50% /
P AFSMC 0.692 0.47% 0.451 0.30% /
Mean value on two trajectories SMC 1.336 0.90% 0.656 0.44% 3.001
J AFSMC 0.618 0.42% 0.387 0.26% 1.745

t-test results (on two trajectories): t (8221.5) = —63.03, p < 0.001, Cohen’s d = —1.25 (large effect size).
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Fig. 8. The tracking performances and tracking error variations in evaluations of the adaptive fuzzy subcontrollers. (al1-b1) The measured circular and compound
trajectories of the SMC controller with Fuzzy;. (a2-b2) The tracking error variations of the SMC controller with Fuzzy; on each trajectory. (c1-d1) The measured
circular and compound trajectories of the SMC controller with Fuzzys. (c2-d2) The tracking error variations of the SMC controller with Fuzzy;on each trajectory.

Table 3
Data analysis in evaluations of the adaptive fuzzy subcontrollers.

Trajectory Controller RMSE (mm) Relative RMSE SD (mm) Relative SD
AFSMC 0.618 0.42% 0.387 0.26%
Mean value on SMC+Fuzzyy 0.922 0.62% 0.463 0.31%
two trajectories SMC+Fuzzy; 0.927 0.63% 0.489 0.33%
SMC 1.336 0.90% 0.656 0.44%

controller with subcontrollers Fuzzy; (denoted as SMCy), while
the second one is for the SMC controller with Fuzzy, (denoted as
SMCs).

The experimental results of these single-module studies are
presented in Fig. 8 and Table 3. The trajectories generated by
SMC; exhibit chattering behaviors with an average SD of 0.463 mm
(120% of the AFSMC controller). This result verifies the effect
of Fuzzy, to alleviate chattering. Meanwhile, the SMC; reduces
the average RMSE to 0.922 mm compared with 1.336 mm of
the SMC controller. This result demonstrates that Fuzzy; can
compensate for friction forces, thereby improving tracking ac-
curacy. In addition, similar analyses can be conducted on the
results of SMC; to get the same conclusion. Overall, due to the
respective effects of Fuzzy, and Fuzzy; to alleviate chattering and
compensate for friction forces, the proposed AFSMC controller can
achieve smooth and accurate trajectory tracking.

3.3. Trajectory tracking experiments for the AFSMC controller with
distal loading

3.3.1. Trajectory tracking experiments under constant loading

The trajectory tracking experiments with constant external
disturbance have been conducted to investigate the robustness of
the proposed controller. Weights of 50 g/100 g were introduced
to the manipulator at the beginning of the trajectory tracking
as the disturbance (the setup of the weights is displayed in
Fig. 9(a1-a3). The parameters of the continuum manipulator and
controllers remain the same as enumerated in Table 1.

The trajectory tracking results with a 50 g loading are shown
in Fig. 9, and the assessed errors with both 50 g and 100 g
loadings are collected in Table 4. In the 50 g loading case, the
SMC controller still exhibits chattering behaviors with an average

SD of 1.725 mm, while the AFSMC controller reduces the SD to
0.817 mm with smoother trajectories. Notably, the SMC controller
shows significant deviation, while the errors of the AFSMC con-
troller are much smaller. The SMC controller generates an average
RMSE of 6.348 mm (4.29% of the manipulator length) and an SE of
3.559 mm. The AFSMC controller reduces the RMSE to 2.176 mm
(34.28% of the SMC controller) and the SE to 2.266 mm (63.67%
of the SMC controller). In the 100 g loading case, although the
tracking error of both controllers rises, the AFSMC controller still
maintains a performance advantage with an RMSE of 3.87 mm,
an SD of 1.534 mm, and an SE of 2.703 mm (26.02%, 44.18%,
and 54.32% of the SMC controller, respectively). The main reason
lies in the different designs of the switching terms. As indicated
by Fig. 9(e1-e2), the magnitude of the fuzzy switching term W,
(exerted on tendon #2 in the vertical direction) of the AFSMC
controller grows immediately after the loading time to counter
the influence of disturbance. As a result, the driving force Fy,
has a higher magnitude than that in free space tracking (Fig.
9(d1-d2)) and Fig. 7(c1-c2)). This is because the adaptive fuzzy
subcontrollers Fuzzy, can dynamically adjust the magnitudes of
the fuzzy switching terms according to the extent of external
disturbances via adaptive laws. Nevertheless, the SMC controller
maintains its switching term W,sgn(s,) at a fixed magnitude
(1N as shown in Table 1) without adjustment, thereby failing to
effectively counteract disturbance effects.

3.3.2. Trajectory tracking experiments under variable loading

The tracking experiments under variable external disturbance
were further performed by attaching a 50 g/100 g weight to the
manipulator’s distal tip through a sideways fixed pulley, as shown
in Fig. 10(a1-a3). The direction of the external force applied to the
manipulator changes continuously during the trajectory tracking,
thereby serving as a variable disturbance.
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Fig. 9. The tracking performances and tracking error variations of the AFSMC and SMC controllers along with intermediate results of the AFSMC controller under
the 50 g constant loading condition. (al-a3) Side view and front view of the robotic system with constant loading. (b1-b2) The measured circular and compound
trajectories of both controllers. (c1-c2) The tracking error variations of both controllers on each trajectory. (d1-d2) The driving force variations calculated by the
AFSMC controller on each trajectory. (e1-e2) The fuzzy switching term variations calculated by the AFSMC controller on each trajectory.

Table 4
Data analysis of the experimental results under constant external disturbance.
Load (g) Trajectory Controller RMSE (mm) Relative RMSE SD (mm) Relative SD SE (mm)
Circular SMC 6.364 4.30% 1.944 1.31% 3.559
AFSMC 2.253 1.52% 0.815 0.55% 2.266
50 Compound SMC 6.332 4.28% 1.505 1.02% /
AFSMC 2.099 1.42% 0.818 0.55% /
Mean value on two trajectories SMC 6.348 4.29% 1.725 1.17% 3.559
AFSMC 2.176 1.47% 0.817 0.55% 2.266
Circular SMC 14.461 9.77% 3.565 2.41% 4976
AFSMC 3.994 2.70% 1539 1.04% 2.703
100 Compound SMC 15.284 10.32% 3.378 2.28% /
AFSMC 3.746 2.53% 1.529 1.03% /
Mean value on two trajectories SMC 14873 10.04% 3.472 2.35% 4976
AFSMC 3.870 2.61% 1534 1.04% 2.703

t-test results (on two trajectories, 50 g loading): t (7173.0) = —150.54, p < 0.001, Cohen’s d = —2.99 (large effect size).
t-test results (on two trajectories, 100 g loading): t (6923.7) = —202.18, p < 0.001, Cohen’s d = —4.03 (large effect size).

The tracking results under variable disturbance are summa-
rized in Table 5 and results under the 50 g loading condition are
illustrated in Fig. 10. The RMSEs of both controllers remain com-
parable to those observed under constant disturbance, though
both controllers display slight increases in SEs and SDs due to the
continuous fluctuation in external force direction. For instance,
in the 50 g loading case, the SMC controller exhibits an average
SD of 2.893 mm (1.95% of the manipulator’s length) and an SE
of 7.386 mm. The AFSMC controller reduces the SD and the SE
to 1.032 mm and 4.342 mm (35.67% and 58.79% of the SMC
controller respectively). Meanwhile, it is noteworthy that the
magnitudes of both fuzzy switching terms W; and W, increase
to counteract the variable-direction external force, which differs
from the case with constant disturbance (Fig. 10(e1-e2)). Based

on the experimental results in this section, it can be concluded
that the AFSMC controller has high trajectory tracking robustness
toward both constant and variable disturbance.

3.4. Experiments for the AFSMC controller on trajectories with dif-
ferent prescribed speeds

This section investigates the performances of the proposed
AFSMC controller tracking trajectories with different speeds. The
experiments are divided into three groups according to their
prescribed speeds. In the first group Exp. D1, the tracking time
is set as 20 s (21.99 mm/s for the circular path and 20.77 mm/s
for the compound path). In the group Exp. D2 and Exp. D3, the
tracking times are respectively set as 10 s and 6 s (the speeds are
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Fig. 10. The tracking performances and tracking error variations of AFSMC and SMC controllers along with intermediate results of the AFSMC controller under
the 50 g variable loading condition. (a1-a3) Side view and front view of the robotic system with variable loading. (b1-b2) The measured circular and compound
trajectories of both controllers. (c1-c2) The tracking error variations of both controllers on each trajectory. (d1-d2) The driving force variations calculated by the
AFSMC controller on each trajectory. (e1-e2) The fuzzy switching term variations calculated by the AFSMC controller on each trajectory.

Table 5
Data analysis of the experimental results under variable external disturbance.
Load (g) Trajectory Controller RMSE (mm) Relative RMSE SD (mm) Relative SD SE (mm)
Circular SMC 6.712 4.54% 3.264 2.21% 7.386
AFSMC 2.552 1.72% 1.127 0.76% 4.342
50 Compound SMC 6.562 4.43% 2.521 1.70% /
AFSMC 2.496 1.69% 0.936 0.63% /
Mean value on two trajectories SMC 6.637 4.48% 2.893 1.95% 7.386
AFSMC 2.524 1.71% 1.032 0.70% 4.342
Circular SMC 13.104 8.85% 4.622 3.12% 7.531
AFSMC 4.885 3.30% 1.656 1.12% 4781
100 Compound SMC 14.581 9.85% 4514 3.05% /
AFSMC 4.751 3.21% 1.553 1.05% /
Mean value on two trajectories SMC 13.843 9.35% 4.568 3.09% 7.531
AFSMC 4818 3.26% 1.605 1.08% 4781

t-test results (on two trajectories, 50 g loading): t (6294.9) =
t-test results (on two trajectories, 100 g loading): t (6239.2) =

separately doubled and tripled compared with Exp. D1). More-
over, the tracking time of the initial straight line from the center
to the target trajectory remains the same (3 s for the circular
path and 1 s for the compound path). A position controller based
on pure kinematics was also implemented as the benchmark,
which utilizes the standard resolved motion rate control (RMRC)
method. As shown in [13], this RMRC controller can be formulated
as:

q [kl =J7"[k] (pg [K] + Kp (pg [K] — P[KD) (24)

where k denotes the time step, K, represents its proportional
parameters and J is the Jacobian defined in Eq. (3).

The trajectory tracking results under different speeds are il-
lustrated in Fig. 11, and the corresponding errors are shown in
Table 6. As the desired trajectory speeds increase, both the AFSMC

1

0

—83.66, p < 0.001, Cohen’s d = —1.67 (large effect size).
—122.96, p < 0.001, Cohen’s d = —2.45 (large effect size).

and RMRC controllers exhibit increased errors (Fig. 11(a2-f2)).
This trend is reasonable because, as the reference signal (desired
trajectory) changes more rapidly, the control frequency stays con-
stant due to the hardware constraint. Meanwhile, both controllers
tend to generate larger errors at the points where there is a dis-
continuity in desired velocities. However, the AFSMC controller
generally demonstrates smaller errors than the RMRC controller.
The AFSMC controller generates an average RMSE of 0.618 mm
in Exp. D1, 1.233 mm in Exp. D2, and 2.354 mm in Exp. D3
(1.0 mm, 1.8 mm, and 2.8 mm smaller than the RMRC controller,
respectively). As computed, the disparities in RMSEs between
the AFSMC and RMRC controllers exhibit an increasing trend at
higher speeds. Firstly, this can be attributed to the meticulous
design of the AFSMC controller, including fast response by the
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Fig. 11. The tracking performances and tracking error variations of the AFSMC and RMRC controllers under different prescribed speeds. (al-b1) The measured
circular and compound trajectories in Exp. D1. (a2-b2) The corresponding tracking error variations on each trajectory in Exp. D1. (c1-d1) The measured circular and
compound trajectories in Exp. D2. (c2-d2) The corresponding tracking error variations on each trajectory in Exp. D2. (e1-f1) The measured circular and compound

trajectories in Exp. D3. (e2-f2) The corresponding tracking error variations on each trajectory in Exp. D3.

Table 6
Tracking errors in the experiments with different speeds.

Trajectory Experiment label Controller RMSE (mm) Relative RMSE
Exp. D1 RMRC 1.643 1.11%
AFSMC 0.618 0.42%
Mean value Exp. D2 RMRC 3.034 2.05%
on two trajectories ’ AFSMC 1.233 0.83%
Exp. D3 RMRC 5.131 3.47%
AFSMC 2.354 1.59%

Table 7
Dynamic terms on trajectories with different speeds.

Experiment label Trajectory Mean value of |Mg, + Cq,||
Circular 0.186 N

Exp. D1 Compound 0.181 N
Circular 0.301 N

Exp. D2 Compound 0.340 N
Circular 0.492 N

Exp. D3 Compound 0.671 N

SMC law and friction compensation by the adaptive fuzzy subcon-
trollers Fuzzy;. Secondly, the AFSMC controller is designed based
on the dynamic model, while the RMRC controller neglects the
dynamic effects on these trajectories. As depicted in Table 7, the
AFSMC controller generates dynamic terms to reduce the tracking
error, and their magnitudes increase with higher speeds. These
experimental results indicate that the AFSMC controller exhibits
consistent and stable behaviors at different speeds. Furthermore,
by incorporating dynamic effects, the AFSMC controller achieves
higher tracking accuracy compared with the RMRC controller.

11

3.5. Discussion

The experimental results have validated that the proposed
AFSMC controller for tendon-driven continuum manipulators can
achieve smooth and accurate tracking of dynamic trajectories,
with high robustness toward external disturbances. These per-
formances are ensured by the appropriate integration of an SMC
control law and adaptive fuzzy subcontrollers. In addition, the
contributions of the subcontrollers Fuzzy; to compensate for fric-
tion forces and subcontrollers Fuzzy, to alleviate chattering have



P. Du, J. Hao, K. Qian et al.

been separately validated. Moreover, the behavior of the AFSMC
controller at different tracking speeds is consistent and stable,
with higher accuracy than the RMRC controller which purely
relies on kinematics.

In experimental validations, controllers tend to exhibit larger
errors at points with discontinuity of desired velocities. This
is primarily because the controllers may not respond quickly
enough to compensate for the sudden changes. From a control
perspective, these points can better investigate the controllers’
stability and tracking performances. However, in practical appli-
cations, avoiding the presence of these points in desired trajec-
tories is essential to ensure both safe and accurate manipulation.
Thus, motion planning methods for avoiding jerk movement are
important and will be explored in future research.

For trajectory tracking experiments in free space, only the
estimated friction forces are recorded, because it is challenging
to measure the actual friction forces along tendons. Therefore,
the simulation studies in Appendix B serve as supplementary
proof of the AFSMC controller’s friction estimation ability. In the
experiments with both constant and variable loading, the AFSMC
controller demonstrates superior robustness than the SMC con-
troller. However, it was observed that the deviation of the AFSMC
controller slightly got larger as the loading increased. To further
enhance robustness, Eq. (10) could be extended to incorporate
fuzzy PID [21] or neural network PID methodologies.

In the experiments with different prescribed speeds, the AF-
SMC controller exhibits increased errors at higher speeds. To
lessen the tracking error, a viable solution is to update the hard-
ware for a higher control frequency. Furthermore, it is note-
worthy that the trajectories generated by the RMRC controller
lag behind the desired trajectories, evident at the end of the
tracking process. Therefore, although the RMRC controller occa-
sionally follows the geometric path more closely, its performance
in accurately tracking the time-parameterized desired trajectory
is inferior. Consequently, the AFSMC controller with enhanced
tracking accuracy at various speeds is more suitable for surgical
applications, where precise tracking of trajectories with different
speeds is imperative (Fig. 1). Moreover, the proposed AFSMC con-
troller will be implemented on continuum manipulators [42,43]
specifically designed for targeted medical applications in future
research. Additionally, the tip position feedback by the binocular
visual measurement unit will be replaced by vision-based meth-
ods [44,45] through the binocular endoscope to achieve practical
visual servo control [46] under medical situations.

4. Conclusion

In this work, an AFSMC controller for the tendon-driven con-
tinuum manipulator is proposed, which merges SMC with two
independent groups of adaptive fuzzy subcontrollers Fuzzy; and
Fuzzy,. The subcontrollers Fuzzy; can estimate and compensate
for friction forces along tendons. The Fuzzy, adapts the traditional
switching terms of SMC to reduce chattering and enhance robust-
ness. To prevent tendon slack, an antagonistic control strategy
is designed based on the antagonistic arrangement of tendons.
Experimental results demonstrate that the AFSMC controller not
only addresses the tendon friction and slack issues but also ex-
hibits high control accuracy and robustness during trajectory
tracking. Meanwhile, simulation results validate the effectiveness
of the friction estimation capability by incorporating a theoret-
ical friction model. In addition, the contributions of adaptive
fuzzy subcontrollers Fuzzy; and Fuzzy, are separately evaluated.
Furthermore, the AFSMC controller exhibits consistent behaviors
at different speeds and higher accuracy than the RMRC con-
troller. These benefits can enable manipulators to maintain ac-
curate tracking not only in the manipulation stage of surgeries
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to achieve safe tissue interaction but also in the approach stage
to realize efficient surgical navigation and inspection. In future
research, the proposed controller will be extended to address the
segment coupling issue in multiple-segment manipulators [47].
Moreover, the chained beam model, which maintains its accu-
racy even under significant deflections, will be integrated into
the controller design framework to further enhance modeling
precision [48,49]. Furthermore, fiber Bragg grating (FBG) sensing
techniques [5,50,51] can be integrated to provide force and shape
feedback, enabling interaction control along the entire length of
the manipulator.
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Appendix A. Stability analysis of the AFSMC controller

The dynamic model of the continuum manipulator is rewritten
as Eq. (A.1), and an additional term d which denotes external
disturbance is added for stability proof.

M(@g+Cq.9q+N(@ +f+d=F,. (A1)

Lemma 1. The matrix C(q, q) is obtained utilizing Christoffel
symbols, thus M (q) — 2C (q, q) is skew-symmetric [39].

The optimal parameter 0}" of adaptive fuzzy subcontrollers
Fuzzy; can be defined as that which achieves the minimal approx-
imation error.

0f = argming, co, (sup Hf (q.4167) —fHoo) . (A2)
The switching gains W* of the desired switching term W*sgn (s)
should be the upper bound of disturbances d, as represented in
the following condition.

W¢ >di, ke f1,2}. (A3)
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Then the optimal parameter 6y, can be defined similarly as:

0}, = argming, co,, (sup HW (s]60w) — W*sgn (s) HOO) . (A4)

Errors in the parameters ;, and 6y, can be defined as follows
(6r = 165,0f,1 and Oy, = [Ow, O, ]).

b, = 6; — 6. ke(1,2) (A5)
Ow, = 03y — Ow,. k€ {1,2}. (A6)
With the above optimal parameters ¢; and 6y, the minimal

approximation errors of the adaptive fuzzy subcontrollers can be
represented as:

& =f —f (q.4167) (A7)
Sw = W*sgn(s) — W (sl65y) - (A.8)

Because adaptive fuzzy control can approximate a function
with any given accuracy, the minimal approximation errors &;

and &y are small and bounded, which leads to the following
condition.

{|8f,(| < ay skl
|8Wk| = ﬂk |Sk| s

The stability of the AFSMC controller and the adaptive laws (16)
and (19) can be derived by considering the following Lyapunov
function candidate, where I, > 0 and ¢y > 0.

~T ~ ~T ~
V=1sMs+ 130 180 + 3 Sh_ drby, O,

The derivative of the above function w.r.t. time is obtained by
combining Egs. (21), (A.1) and (A.10).

a > 0,8 >0,ke{l1,2}. (A.9)

(A.10)

2
. . 1 .. ST % ST 2
V= s™M$+ SsMs + ) (181,05, + b, B, )
k=1
using Lemmal:

2
v . ~T % ~T %
=s'M q—aq,)+ s'Cs + E (ﬂcoﬁ(ofk + d)kOWkOWk)
k=1

— " (f —f-W —Ks— d) + 22: (Fké;kéfk + ¢/€é—l‘;vkéwk)

= —s'8 +5"8yw —s'd — sTW*sgn (s) — s'Ks

2
- Z (F"éfzéfk + ské;,ﬁ (q, iI))
k=1

2
- <¢ké$vk9w,( - Ské;/,ﬁ (Sk)) :
k=1

Substituting Eqs. (16) and (19) into the above equation leads to:

V = —5"86 + 56y — s'd — s"W*sgn (s) — s"Ks. (A.11)
Considering Eq. (A.3), it can be derived that:
V < —s"6 +5"8y — s'Ks. (A.12)

Based on Eq. (A.9), it can be further written as follows, where
o = diag(ay, az), B = diag(B1, B2).

V <s"(e+ B)s —s'Ks. (A.13)

Because the approximation errors & and dy are small, the o and
By in Eq. (A.9) are small numbers, and the following assumption
makes sense.

Assumption 1. The elements of the diagonal positive definite
matrix K are big enough to counter the influence of §; and dw,
ie, K > a;i+ Bi, i €{1,2}.
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Based on Assumption 1, it can be further concluded from Eq.
(A.13) that:
V< —s'K's (A.14)
where K’ = K — (a + B) is a positive definite matrix. Thus,
the derivative of the Lyapunov function (A.10) is ensured to be
negative definite, which implies the asymptotic stability of the
proposed controller.

Appendix B. Trajectory tracking simulations for the AFSMC
controller

This section imglements simulations of the continuum manip-
ulator in MATLAB™ 2019a (MathWorks, USA) to test the AFSMC
controller’s trajectory tracking performances and friction estima-
tion capability. The target trajectories are kept the same as those
in experiments and the SMC controller serves as the benchmark.

To verify the AFSMC controller’s ability to estimate the friction,
a theoretical friction model was incorporated, which utilizes the
Dahl friction formulation:

o
b — o (1 - %sgn (l))
where fp denotes the Dahl friction force, and f, represents the
Coulomb friction force. The reference [28] proves that the Dahl
model has sufficient accuracy for the tendon-driven continuum
robot scenario. However, the Coulomb friction force in the above
model varies with the tendon tension and the bending angle of
the robot. In this simulation, it is assumed that the Coulomb
friction force is derived utilizing the capstan equation:

fo=Fa(1—e)

where F; denotes the driving force calculated by the controller,
and u is the friction coefficient.

The parameters of the simulated continuum manipulator and
controllers are listed in Table B.1, and simulation results are
presented in Fig. B.1. The driving forces calculated by the SMC
controller exhibit high-frequency variations while the curves of
driving forces calculated by the AFSMC controller are smoother.
As a result, the trajectories generated by the two controllers show
chattering behaviors and smooth paths respectively. It indicates
the effectiveness of Fuzzy, that provides continuous fuzzy switch-
ing terms. The capability of the proposed AFSMC controller to
estimate the friction forces along the driving tendons during the
trajectory tracking process was also evaluated, which has been
illustrated in Fig. 6.

Overall, due to the chattering behaviors and lack of com-
pensation for friction forces, the SMC controller generates larger
tracking errors than the AFSMC controller (Fig. B.1 (b1-b2)).
The SMC controller has an average RMSE of 1.288 mm (0.64%
of the length of the continuum manipulator) on two different
trajectories. However, the AFSMC controller reduces the RMSE
to 0.305 mm (23.7% of the SMC controller). These simulation
results demonstrate that the AFSMC controller can estimate and
compensate for internal friction forces and achieve smooth and
accurate trajectory tracking.

(B.1)

(B.2)

Appendix C. Supplementary data

Supplementary material related to this article can be found
online at https://doi.org/10.1016/j.birob.2025.100234.
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Fig. B.1. The tracking performances, tracking error variations, and driving force variations of the SMC and AFSMC controllers in simulations. (a1-a2) The measured
circular and compound trajectories of both controllers with details. (b1-b2) The tracking error variations of both controllers on each trajectory. (c1-c2) The driving
force variations calculated by the SMC controller on each trajectory. (c3-c4) The driving force variations calculated by the AFSMC controller on each trajectory.

Table B.1
Continuum manipulator and controller parameter settings in simulations.
Manipulator parameter Physical meaning Value Controller parameter Value
L Length of the central backbone 0.2m y diag(15, 15)
H Height of the end effector 0.03m K diag(1.2,1,2)
R Radius of the manipulator 0.01m w diag(0.5, 0.5)
m 1st centralized mass 0.02kg I 5x%x 1074
my 2nd centralized mass 0.03kg I, 5x 1074
E Young’s modulus 60Gpa o1 5x 1073
1 Cross-sectional inertia 5.153 x 10~ ®m* 1o 5x%x 1073
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