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The Fracture Reduction Robot (FRR) is a crucial component of robot-assisted fracture correction
technology. However, long-term clinical experiments have identified significant challenges with the
forward kinematics of the parallel FRR, notably slow computation speeds and low precision. To
address these issues, this paper proposes a hybrid algorithm that integrates the Newton method
with a genetic algorithm. This approach harnesses the rapid computation and high precision of
the Newton method alongside the strong global convergence capabilities of the genetic algorithm.
To comprehensively evaluate the performance of the proposed algorithm, comparisons are made
against the analytical method and the Additional Sensor Algorithm (ASA) using identical computational
examples. Additionally, iterative comparisons of iteration counts and precision are conducted between
traditional numerical methods and the Newton-Genetic algorithm. Experimental results show that
the Newton-Genetic algorithm achieves a balance between computation speed and precision, with
an accuracy reaching the 10~* mm order of magnitude, effectively meeting the clinical requirements
for fracture reduction robots in medical correction.
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1. Introduction

External fixation technology has emerged as a significant
method for limb fracture reduction and deformity correction,
utilizing the tension-stress principle to traction bone and pro-
mote soft tissue regeneration [1-3]. Compared to traditional
internal fixation techniques, external fixation offers several ad-
vantages, including the ability to correct conditions beyond the
scope of conventional surgeries, shortened treatment durations,
reduced risks of intraoperative and postoperative infections [4],
and higher success rates of correction procedures. Since the
introduction of external fixation surgeries for limb fractures,
this technique has gained attention for its favorable treatment
outcomes and low rates of postoperative complications [5,6].
To enhance the precision and success rates of external fixation
surgeries while mitigating risks such as physician fatigue and
exposure to X-rays, researchers worldwide have increasingly
focused on utilizing FRR [7-14] to assist in surgical procedures.
The FRR are one of the important applications of external fixation
technology.

* Correspondence to: Beijing haidian district west TuCheng Road 10, Beijing
university of posts and telecommunications, China.
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Among various configurations of fracture reduction robots, the
parallel six-axis fracture reduction robot based on the Stewart
platform principle is a commonly encountered design. Its struc-
ture typically comprises upper and lower fixed rings (static and
moving platforms), six telescopic rods, several connecting hinges,
steel pins, and a fixation frame. The affected limb is connected to
the upper and lower fixed rings via steel pins and the fixation
frame. In comparison, the lengths of the six telescopic rods are
adjusted to control the relative positions of the upper and lower
fixed rings, allowing the trajectory of the dynamic platform to
closely follow the prescribed path for effective limb fracture
reduction and deformity correction.

After the physician measures the deformity parameters on
the X-ray film, the FRR is positioned on the patient’s affected
limb. It is essential to determine the initial pose of the moving
platform relative to the static platform based on the lengths of
the six connecting rods. Accurate determination of the initial
posture is critical for ensuring the effectiveness of the exter-
nal fixator’s orthopedic prescription and maintaining medical
safety, thereby significantly influencing the success rate of exter-
nal fixation surgery. With the advancement of intelligent fracture
reduction robots, a fast and precise pose calculation method is
crucial for the robot’s overall motion planning. This paper pro-
poses a feasible solution to enhance the accuracy of initial pose
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Fig. 1. The correction process for the external fixation fracture reduction robot.

estimation while striving to reduce computation time as much as
possible. The illustration of the correction process for the external
fixation fracture reduction robot is shown below in Fig. 1.

Currently, parallel Fracture Reduction Robot utilize a vari-
ety of forward solution algorithms [15,16], including numeri-
cal methods, analytical methods, additional sensor algorithms,
and intelligent optimization algorithms. The primary challenge
in solving the forward kinematics of a 6-DOF motion platform
lies in addressing a set of strongly coupled nonlinear equations,
which complicates the solution process. Consequently, no sin-
gle algorithm has been universally recognized for guaranteeing
high success rates, accuracy, and efficiency. Numerical methods
[17-19] offer high computational efficiency but involve extensive
calculations. Additionally, their results are highly dependent on
the selection of initial values; inappropriate initial values can
lead to increased iteration counts or even cause the solution to
diverge. Analytical methods [20] primarily reduce the number
of unknowns in the constraint equations through various elim-
ination techniques, ultimately deriving a higher-order equation
with only one unknown. Although analytical methods can obtain
all forward solutions of the mechanism, their derivation process
is complex, and determining the correct solution in practice can
be problematic. Moreover, analytical methods are only applicable
to specific parallel structures. Mahmoodi et al. [21] proposed
an additional sensor algorithm that directly solves the forward
kinematics of the platform by installing an angle sensor. How-
ever, this approach is highly dependent on the accuracy of the
assembly and the sensors. Intelligent optimization algorithms,
such as neural networks, genetic algorithms, and ant colony al-
gorithms, present alternative solutions. Nevertheless, most single
intelligent optimization algorithms suffer from long computation
times and low computational efficiency. Specifically, the single
genetic algorithm [22] demonstrates good global performance by
mitigating the dependency on initial values inherent in traditional
numerical algorithms, but it requires excessive computation time
and a large number of iterations.

In clinical practice, manual external fixation techniques for
treating fractures often lack sufficient precision. The introduction
of intelligent fracture reduction robots has significantly improved
the accuracy of bone alignment in affected limbs. While different
robots exhibit varying degrees of precision, most high-precision

fracture reduction robot systems achieve positional errors within
0.1-1 mm and orientation errors within 0.1-1° [23]. To further
enhance the therapeutic efficacy and reliability of these robots,
developing even higher-precision robots is an inevitable trend.
Achieving such precision necessarily requires more accurate al-
gorithms; therefore, it is essential to identify algorithms that can
accommodate both current and future demands for increased
precision.

Considering the motion characteristics of the FRR, this paper
introduces a hybrid algorithm that combines the Newton method
with a genetic algorithm. Initially, the high efficiency of the New-
ton method is leveraged during the early stages of iteration to
rapidly approach a solution. Based on the accuracy requirements,
the optimal number of Newton method iterations is determined.
The resulting pose from the Newton method is then incorporated
into the initial population of the genetic algorithm. By utiliz-
ing the global convergence properties of the genetic algorithm,
the hybrid approach effectively resolves the forward kinematics
problem with enhanced precision.

The remainder of the paper is organized as follows. The second
section outlines the kinematic modeling method for the parallel
fracture reduction robot, including the establishment of the co-
ordinate system and the calculation of inverse kinematics. The
third section focuses on the computational solving of the Newton-
Genetic forward kinematics algorithm. In the fourth section, a
comparative analysis of the algorithms is presented, accompanied
by a detailed examination of the experimental results.

2. Kinematics analysis of FRR
2.1. Establishment of FRR structure and coordinate system

The FRR is based on the principles of the Stewart platform,
resulting in a structure that closely mirrors that of a traditional
Stewart platform [24]. The overall robot system is illustrated
in Fig. 1. The main components of the FRR include upper and
lower fixed rings, six telescopic rods, and twelve Hooke hinges.
Each telescopic rod is equipped with a quick-inserting airport,
facilitating rapid assembly and adjustment. The robot’s pose is
determined by coordinating the lengths of the individual actu-
ators. The mechanical configuration of the FRR is shown in Fig. 2.
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Moving platform

Fixed platform

Fig. 2. Structure diagram of bone external fixator.

The hinge points on the static platform for the telescopic rods
are designated as B; through Bg, while the hinge points on the
moving platform are designated as P; through Ps.

A coordinate system, 0-XYZ, is established on the static plat-
form with the origin O fixed at the center. The X-axis points
towards the midpoint between B; and B,, the Z-axis is perpen-
dicular to the static platform, and the Y-axis is defined according
to the right-hand rule. The moving platform’s coordinate system,
P-X1Y1Z;, is translated from the O-XYZ system along the Z-axis,
with point P located at the center of the moving platform. This co-
ordinate transformation ensures precise alignment and accurate
pose calculation, which are critical for the robot’s motion control
and the success of fracture reduction procedures.

According to the rectangular coordinate system established
above, the relative pose of the moving platform coordinate sys-
tem relative to the static platform coordinate system can be
represented by a set of vectors. According to the Euler angle
description method, the moving platform coordinate system can
be realized by three rotation movements around the coordinate
axis. In this paper, the matrix transformation of Z — Y — X is used
to represent, and the overall rotation matrix R is:

R =Rz(a)-Ry(B) - Rx(y)

cacf casBsy —sacy casfcy + sasy (1)
=| cacB sasPsy +cacy sasBcy — casy
—sB cBsy cBecy

where «, 8 and y are Euler angles rotating around Z, Y and X
axes, respectively. The position vector of the moving platform in
the static platform coordinate system is, and the homogeneous
coordinate transformation matrix is introduced to represent the
pose of the moving platform relative to the static platform. Then
the coordinate transformation matrix T is:

R P
T=1o0 1
cacB caspsy —sacy casfBcy +sasy X )
| cacB  sasBsy +cacy sasBcy —casy 'y
| —=sB cBsy cBcy z
0 0 0 1

where the symbol ¢ represents the function cos; the symbol s
represents the function sin.

2.2. The working space of the FRR

The workspace of a robot is a key indicator of its motion
capabilities and overall performance [25-29]. In the context of
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Fig. 3. Three-dimensional map of working space of the FRR.

fracture reduction, understanding the workspace parameters of
the FRR is crucial for physicians to accurately select the most suit-
able device for each patient. The workspace of the FRR depends
on several factors, including the stroke length of the telescopic
rods, the rotation range of the hinges, potential interference be-
tween the rods, and the overall structural dimensions of the FRR.
These parameters collectively determine the FRR’s effectiveness
in performing precise corrective maneuvers during surgery.

2.2.1. Length constraint of telescopic rod

During the movement of the telescopic rod, its working length
must be limited to a certain set range. Assuming that the maxi-
mum length and the minimum length of the telescopic rod are
Limax and Lyn, respectively, the length constraint of the telescopic
rod is:

Liin < Li < Linax, i= 17 2,3, 47 5,6 (3)

2.2.2. Hinge rotation range constraint
The rotation range of the Hooke hinge of the FRR must always
satisfy the following constraint:

0i < Omax, 1=1,2,3,4,5,6 (4)

2.2.3. Interference constraint of rod

When the FRR operates, the shortest distance d;; between the
centerlines of any two telescopic rods must be greater than or
equal to the diameter d of each rod, ensuring no interference
occurs:

dj >d (5)

where i, j are the numbers of any two telescopic rods respectively.
The working space of the FRR, obtained through the scanning
method, is shown in Fig. 3.

2.3. Inverse kinematic model

The inverse kinematics of the parallel mechanism is com-
paratively simpler than the forward kinematics. In the FRR, the
lengths of the telescopic rods define the pose of the moving
platform. During the correction process, inverse kinematics calcu-
lations are performed to determine the precise lengths of the six
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Fig. 4. Schematic diagram of kinematics solution of the FRR.

telescopic rods needed to achieve a desired position. The mecha-
nism for solving the inverse kinematics of the FRR is depicted in
Fig. 4.

The vector P; = [Py, Py, P, 1" of the hinge point on the moving
platform in the moving coordinate system is expressed as P,; in
the static coordinate system:

Py; = RP; (6)

where R is the rotation matrix that converts coordinates from
the moving platform to the static platform. The i vector of the
telescopic rod can be expressed as:

L =P + Py — B; (7)

where P represents the translation vector of the moving plat-
form’s center relative to the static platform, and B; is the position
vector of the ith hinge point on the static platform in the static
coordinate system.

The length of the telescopic rod i can be based on the modulus
length of the vector L;:

L=\JlL (8)

This length is calculated as the Euclidean norm of vector L;.

3. Forward kinematics solution method based on Newton-
Genetic hybrid algorithm

The forward kinematics of the parallel degree-of-freedom
platform is relatively complex due to the strong coupling of its
motion [27,28]. The traditional Newton algorithm offers high
accuracy and fast computation speed, but it is heavily dependent
on the choice of initial values—large deviations in the initial
value can lead to iterative divergence. While the traditional
genetic algorithm addresses the issue of dependence on initial
values, it requires many iterations to achieve a high-precision
solution, resulting in low computational efficiency. Considering
the practical use of the FRR, real-time performance is not required
for its forward kinematics solution. Therefore, it is essential to
strike a balance between success rate, solution accuracy, and
computational efficiency. Given the strengths and weaknesses of
both the Newton and genetic algorithms, this paper proposes
a hybrid approach that combines these two algorithms. The
flowchart of the Newton-Genetic algorithm is presented in Fig. 5.
In the initial phase of the algorithm, the core step is to use
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the Newton-Raphson method to process the preliminary results.
Through the Newton-Raphson operation, the processed data will
progressively converge towards the true value. Thanks to the fast
convergence speed of the Newton method, a small number of
iterations can effectively leverage its computational efficiency to
quickly optimize the initial values. The processed initial values
will then serve as the basis for generating the initial population
of the genetic algorithm.

After generating the initial population, the genetic algorithm
will perform weighting and offsetting operations on the popu-
lation to further optimize its quality and diversity, taking into
account the actual operational conditions. Specifically, these
weighting and offsetting operations will adjust the initial pop-
ulation based on computational requirements and environmen-
tal constraints, generating a more advantageous solution space.
Ultimately, through multiple generations of evolution in the
genetic algorithm, the individuals in the population will continu-
ously evolve, leading to a higher-precision computational result,
ensuring both the quality and reliability of the solution.

This process fully integrates the advantages of both the
Newton method and the genetic algorithm, ensuring rapid con-
vergence of the initial solution while further improving the pre-
cision and robustness of the solution through the global search
capability of the genetic algorithm.

3.1. The Newton iteration method part of the hybrid algorithm

The Newton method is widely used for solving nonlinear
equations. The Newton iteration method features second-order
convergence, providing a fast convergence speed, but it has strin-
gent requirements for initial values and a limited convergence
range [29]. The iteration formula is:

Tipr = Ty — (F'(Ti))”'F(Ty) (9)

where T, and Ty, represent the solution vectors at the current
and next iterations, respectively. F(Ty) is the value of the nonlin-
ear function at the current estimate Ty, representing the residual
vector, and F'(Ty) is the Jacobian matrix at Ty, which contains the
partial derivatives of the system of nonlinear equations.

The Newton iteration method is a classical approach to solving
the forward kinematics of parallel mechanisms. In this method,
the exact solution is obtained through iterative approximation.
First, an initial assumed pose of the moving platform is provided.
The inverse kinematics solution is then used to determine the
corresponding assumed rod lengths. The difference between the
actual rod lengths of the six telescopic rods and the assumed
values is used to form the rod length error vector. The Jacobian
matrix J is employed to map the rod length error vector to the
pose error vector, allowing the correction of the pose based on
the known rod length information. The corrected pose is then fed
back into the process, iterating until the pose error falls below a
predetermined threshold.

In the forward solution of the FRR, the length of the six
telescopic rods of the FRR is L = (Iy, I, Is, l4, Is, Is), and the initial
assumed position is Xy = (Xo, Yo, Zo, @0, Bo, ¥o)- According to the
inverse kinematics solution, the rod length vector L; under the
assumed position is obtained.

The difference vector of rod length is:

AL=L—-1L4 (10)
The kinematic Jacobian matrix ] is expressed as follows.
M 3 dh B dh T
ax 0 9z da D F]
aly aly dly Ay aly é

ax 9y 9z da 9B
T R ﬁ il
_| & 3 9z da 98 B
J=| & o & i o L (11)
x 9 9z da 9B D
s ol ol ois £ ik
R T TR TR
ol ol ol g ol
L ox ay 0z da ap y
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Fig. 5. Mixing algorithm flow chart.

where each element, such as 3—2 represents the partial derivative
of the ith telescopic rod length with respect to a specific pose
parameter, including x, y, z (translation) and «, 8, y (rotation).
These partial derivatives indicate how sensitive the rod length is
to changes in the position or orientation of the moving platform.

The relationship between the telescopic rod error vector AL
and the pose error vector AX is established with the help of the
Jacobian matrix:

ALT = jAxT (12)

This is the core step of the Newton iteration method. Repeat the
above operation and iterate to approximate the real value.

In this paper, the advantages of the fast iteration speed of
the Newton method are utilized to obtain pose estimates with
a specified level of accuracy. However, due to the local conver-
gence characteristics of the Newton method [30], if the initial
deviation is large, the iterative process can cause the estimated
values to diverge further from the actual solution, especially as
the number of iterations increases. This divergence can result in
the subsequent genetic algorithm needing to perform extensive
operations to correct the deviation. To prevent this, the number
of Newton iterations is limited to a predefined maximum.

In practical applications, the accuracy requirement for the FRR
is generally at the millimeter level. With the advancement of
the FRR, achieving higher precision in the forward kinematics
solution has also become an essential requirement. Therefore,
the target accuracy for the forward solution is set to 10> mm.
The Newton iteration process is terminated once the specified
number of iterations is reached, and the output is then used as
the initial population for the genetic algorithm.

To determine the optimal number of Newton iterations, 100
sample poses were randomly generated within the defined
workspace of the FRR. The final iteration accuracy was recorded
for different iteration counts of 1, 2, and 3. The iteration accuracy
diagrams for these specified numbers of iterations are shown in
Figs. 6-8.

In Figs. 6-8, the position error and attitude error decrease with
the increase of the number of iterations. The table of position
error and attitude error with the increase of the number of
iterations is shown in Table 1.

After three iterations of the Newton method, the maximum
position error is 0.036 mm, and the maximum orientation error
is 0.008°. The Newton iteration method demonstrates high initial

Table 1
Position error and attitude error increase with the increase of
iteration times.

Iteration times Position error (mm) Attitude error (°)

1 23 22
2 0.01 0.09
3 0.039 0.008

efficiency and the fastest convergence speed. In the Newton-
Genetic hybrid algorithm, the number of Newton iterations is
set to 3. Additionally, the Jacobian matrix obtained during the
third iteration is recorded and used in the subsequent genetic
algorithm.

3.2. The genetic algorithm part of hybrid algorithm

The genetic algorithm is a stochastic global optimization
method [31]. It generates successive populations by selecting,
crossing, and mutating individuals from an initial random pop-
ulation, simulating the process of biological evolution to obtain
high-quality solutions.

In this paper, finding the forward kinematics solution of the
FRR is essentially a constrained optimization problem. The goal
is to find the optimal numerical solution within a specified range
of conditions. For constrained optimization problems, the search
efficiency of real-valued encoding is higher compared to binary
encoding when using genetic algorithms [32-35].

The initial population for the genetic algorithm is generated
based on the results from the Newton method. The Newton
iteration method provides a pose with a certain level of accuracy,
and from this pose, 100 initial poses are generated randomly
with position and orientation ranges set to 0.05 and 0.001, re-
spectively. This pose set is used as the initial population for the
genetic algorithm.

After the population is generated, it is necessary to determine
the fitness function to evaluate individuals within the popula-
tion. The selection of the fitness function significantly affects the
efficiency of the algorithm. The fitness function is defined as:

F(p) =1/(f(p) + 1) (13)

where F(p) represents the fitness value for an individual p, f(p) is
the objective function value for the individual, and A is a small
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Fig. 6. The position error and attitude error after one iteration of the Newton method.
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Fig. 8. The position error and attitude error after three iterations of the Newton method.

positive constant to ensure that the fitness function does not
become zero.

In selecting a new generation of individuals, this paper aban-
dons the traditional roulette selection algorithm and adopts a
random traversal sampling method. This improves the probability
of selecting individuals from the low-fitness population, ensuring
that these individuals still have a chance to be selected, which
promotes genetic diversity. This approach prevents individuals
with high fitness values from monopolizing the selection, thereby
maintaining a diverse gene pool in the new population.

The crossover operation is a core process that drives the gen-
eration of optimal solutions. The parent individuals, P; and P,
produce offspring through crossover, which enables the offspring
to adapt better to the environment. To ensure a rich variety of
offspring, a random coefficient « is introduced, ranging from 0 to

1. The offspring generation formula is:
P’ = aP, +(1 —Cl)Pz (14)

where P’ is the offspring individual, P; and P, are the parent
individuals, and o determines the contribution of each parent to
the offspring.

Mutation operations determine the local search capability of
the genetic algorithm and also play a key role in maintaining
population diversity. To speed up the convergence of the genetic
algorithm and enhance the efficiency of the overall hybrid al-
gorithm [36], specific mutation parameters are determined by
incorporating the Jacobian matrix from the third iteration of the
Newton method.

The position and orientation errors can be determined using
the difference in rod lengths and the Jacobian matrix. Since the
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rod length differences are known, these errors can be estimated
using the Jacobian matrix obtained from the third iteration of
the Newton method. The specific mutation operation process
is illustrated in Fig. 9. This flowchart illustrates the mutation
process in a genetic algorithm that incorporates the Jacobian
matrix for enhanced efficiency and precision. The process begins
with a selected individual from the population (pre-mutated in-
dividual), represented by its position and orientation parameters
(x, ¥, z, «, B, y). Two parameters are randomly selected for
mutation, introducing new candidate solutions and increasing
population diversity. The mutation operation results in changes
to the rod lengths, quantified as AL, which serves as a key
metric for evaluating the mutation’s effect. Subsequently, the
Jacobian matrix derived from the third iteration of the Newton
method is used to map the rod length changes to corresponding
pose adjustments (including position and orientation updates).
This step guides the mutated individual closer to the optimal
solution. Finally, the individual is refined by applying the pose
adjustments calculated through the Jacobian matrix, producing
a new individual. This process effectively combines randomness
and directional guidance, maintaining population diversity while
significantly enhancing local search capability and global conver-
gence speed, ultimately achieving higher computational precision
and efficiency.

In the genetic algorithm section, selecting appropriate algo-
rithm parameters is crucial for achieving a dynamic balance
between computational resources and solution accuracy. The
key parameters include population size, number of generations,
crossover rate, and mutation rate. In this study, since the initial
solution of the genetic algorithm has already been optimized
through the preliminary numerical processing of the Newton
iteration method, significant accuracy improvements have been
achieved at the outset. Therefore, the population size and number
of generations can be appropriately reduced to lower compu-
tational costs. However, if higher solution accuracy is required,
increasing the population size and number of generations will
enhance the algorithm’s global search capability.

The proper setting of the mutation rate is essential for the
genetic algorithm to escape local optima. Particularly in cases
where the initial results from the Newton iteration method are
suboptimal, the mutation rate becomes a critical parameter for
ensuring the robustness of the algorithm. A higher mutation rate
can significantly improve the global search ability of the genetic
algorithm, allowing it to explore the solution space more compre-
hensively and mitigating the limitation of the Newton method’s
tendency to converge to local optima.

From the perspective of clinical needs, ultra-high precision
solutions currently do not provide significant advantages for the
operational performance of actual robots. Therefore, in the con-
figuration of global algorithm parameters, highly time-consuming
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parameters can be adjusted appropriately, such as reducing pop-
ulation size or limiting the number of generations. This adjust-
ment effectively accelerates the solving process while meeting
the combined requirements of clinical solution efficiency and
accuracy.

4. Simulation experiment
4.1. Comparative experiments of different types of algorithms

To provide a more comprehensive explanation of the algo-
rithm’s application in clinical computational scenarios, a simula-
tion experiment was designed to replicate critical computational
tasks that may arise during the actual clinical use of a fracture re-
duction robot. The experimental scenario assumes that when the
fracture reduction robot is first applied to the patient’s affected
limb, the robot’s pose information cannot be directly obtained.
However, accurately determining the robot’s pose is crucial for
subsequent fracture reduction procedures, surgical precision, and
patient safety.

In this experiment, the lengths of the robot’s six motion chains
were acquired as the foundational input data for solving the
robot’s pose using different algorithms. Three distinct methods
were used for pose calculation: the analytical method, the ad-
ditional sensor-based algorithm, and the Newton-Genetic hy-
brid algorithm. These methods represent different computational
approaches: the analytical method relies on known geometric
relationships for direct computation, the additional sensor-based
algorithm utilizes external sensors to obtain pose information,
while the Newton-Genetic hybrid algorithm combines the fast
convergence of the Newton method with the robust global search
capability of the genetic algorithm to enhance computational
accuracy and robustness.

Subsequently, the solution sets obtained from the three meth-
ods were analyzed and compared to evaluate their performance
in terms of computational accuracy, convergence speed, and re-
source efficiency. This experiment provides a comprehensive un-
derstanding of the characteristics and limitations of each method,
offering valuable references for assessing the clinical applicability
of fracture reduction robots.

4.1.1. Analytical method to solve experimental examples

The algebraic elimination method [37] is employed to solve for
the initial values of different rod lengths. In this approach, 6 of the
9 constraint equations are replaced by variables and converted
into linear equations. The Groebner basis algorithm, implemented
in a computer algebra system, is then used to construct the
Sylvester resultant to obtain the one-dimensional polynomial
equations for the forward solution of the FRR’s position. Finally,
each specific solution is determined by solving these equations.

The algebraic elimination method is capable of outputting all
possible solutions for the mechanism’s configuration, which may
include non-real solutions. After an initial data filtering process,
only the real solutions are retained. One solution from the 40
groups of experiments is presented for demonstration, with spe-
cific results shown in Table 2 (values are rounded to two decimal
places).

Based on the specific conditions of the application example,
further filtering and refining of the data yields the final solution.
The speed and accuracy of the algorithm are summarized in
Table 3.
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Table 2 Table 5
The real number solution of the analytic method. Operating parameters of Newton-Genetic algorithm.
No. X y z o B y Name Running speed (s) Position error (mm)  Attitude error (°)
1 -1682 2597 1751 5583  —2417 1294 Newton-GA  4.25 6.16 x 107 6:53 x 107
2 —12.04 —28.47 17.31 54.48 —28.35 —14.59
3 0.00 0.00 67.09 0.00 0.00 0.00
4 3051 —5.24 17.09 8.11 —58.92 —4.60 Compared to these methods, the Newton-Genetic algorithm

Table 3
Analytical algorithm performance parameters.

Name Running speed Position error Attitude error
(s) (mm) (°)
Algebraic elimination 7.3 10730 10730
Table 4
Operating parameters of additional sensor algorithm.
Name Running speed (s) Position error (mm) Attitude error (°)

ASA 0.0125 52 x 1072 )

4.1.2. Application of additional sensor algorithm to solve experimen-
tal examples

The ASA utilizes a set of sensors installed at various locations
on the FRR to simplify subsequent calculations using measured
data. In this study, three attitude sensors are positioned on the
moving platform, and the actuators of the FRR to capture the
robot’s motion information.

In this paper, three attitude sensors are arranged on the mov-
ing platform and actuator of the FRR to obtain the motion infor-
mation of the robot.

The FRR model is first established and imported into ADAMS,
where a virtual simulation environment is created by adding the
necessary constraints. The robot is driven by setting different
branch lengths, with a simulation duration of 40 s, divided into
40 time steps. During the simulation, the attitude sensors directly
collect the motion data, which is then recorded and imported
into MATLAB for further pose calculation of the robot based on
the collected information. The speed and accuracy of the ASA are
summarized in Table 4.

Among them, § is the system error value of the attitude sensor
(the system error of the attitude parameter measured by the
attitude sensor will generally be less than 0.1°).

4.1.3. Application of Newton-Genetic algorithm to solve experimen-
tal examples

The Newton-Genetic algorithm is applied to solve the forward
kinematics of the FRR. Initially, an assumed pose is provided, and
the final pose is determined through iterative calculations. The
speed and accuracy of the algorithm are summarized in Table 5.

4.1.4. Comparative analysis of different types of algorithms

Among the three algorithms used to solve the forward kine-
matics of the FRR, each demonstrates unique advantages and
limitations. The analytical method offers high precision in so-
lutions; however, it faces challenges in determining a specific
solution from multiple possible outcomes. In practical applica-
tions involving the FRR, the desired forward solution should
ideally be obtained directly.

The additional sensor algorithm simplifies the problem by
using sensors to measure certain parameters, which significantly
reduces the complexity of the calculations and improves effi-
ciency. However, this approach is heavily dependent on the ac-
curacy of the sensors, and the assembly requirements are strin-
gent. Low-precision assembly can result in failure to obtain valid
solutions.

does not require determining specific solutions nor the instal-
lation of additional sensors. For solving the forward kinematics
of the FRR, this hybrid algorithm reduces the complexity of the
problem and provides a set of accurate poses. For the FRR’s
requirements in medical applications, the Newton-Genetic algo-
rithm delivers high-precision poses while maintaining a lower
difficulty in sensor assembly, ultimately enhancing the effective-
ness and safety of medical correction procedures.

4.2. Comparison test of Newton-Genetic algorithm and common
numerical method

The motion trajectory of the moving platform within the
workspace is planned, and a total of 40 poses at different time
points are selected during the motion process. The correspond-
ing rod lengths are determined using inverse kinematics. The
Newton-Genetic algorithm, genetic algorithm, and particle swarm
optimization algorithm are then used to calculate the forward
kinematics for these 40 sets of rod lengths. The poses obtained
through inverse kinematics at different times serve as the refer-
ence values for evaluating the accuracy of the forward kinematics
calculations. Several sets of iterative error plots comparing the
position and orientation results of the different algorithms are
presented in Fig. 10. To provide a clearer illustration of the varia-
tion in iteration error of the Newton-Genetic Algorithm following
the Newton method, a smaller scale coordinate system is utilized
in Figs. 10(c) and 10(d) to display the trend of the changes.

The Newton-Genetic algorithm demonstrates a faster itera-
tion speed compared to the simple genetic algorithm and the
particle swarm optimization algorithm. When the iterative error
curve stabilizes, the Newton-Genetic algorithm achieves a no-
ticeably smaller error compared to the genetic algorithm, with
higher accuracy. After 20 iterations, the Newton-Genetic algo-
rithm achieves an accuracy error of less than 1074 mm.

Due to the poor convergence performance of the particle
swarm optimization algorithm during the iteration process, only
the genetic algorithm and the Newton-Genetic algorithm are
retained for further analysis and comparison in the subsequent
numerical evaluation. The forward kinematics calculations were
performed on 40 sets of rod length data, and the results obtained
from the two algorithms were statistically analyzed. The analysis
results are presented in Fig. 11.

After 250 iterations, the average position and orientation er-
rors of the genetic algorithm are significantly higher than those
of the Newton-Genetic algorithm. The genetic algorithm’s av-
erage position error is 0.5630 mm, and the average orienta-
tion error is 0.1403°. In contrast, the Newton-Genetic algorithm
achieves smaller errors, fully meeting the accuracy requirements
for adjusting the medical FRR.

These results demonstrate that the Newton-Genetic algorithm
has faster convergence and better accuracy compared to the
traditional genetic algorithm, thus verifying its practicality for the
intended application.

5. Conclusion
In the clinical application of a fracture reduction robot for cor-

recting affected limbs, achieving a high-precision forward kine-
matics solution is crucial for ensuring the success of subsequent
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(c) is the iteration diagram of position error of the Newton-GA; (d) is the iteration diagram of attitude error of the Newton-GA.
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treatment steps and patient safety. The Newton-Genetic algo-
rithm proposed in this study offers superior accuracy and faster
computation speed compared to traditional genetic algorithms,
significantly improving the success rate of solving forward kine-
matics for a six-axis fracture reduction robot. This novel approach
addresses the challenge of solving complex kinematic problems
and contributes to the intelligent development of external fixa-
tors [38-44].

The Newton-Genetic iterative algorithm demonstrates clear
advantages in clinical computations. Its simple code logic makes it
flexible and adaptable, while also requiring fewer computational
resources. In contrast to traditional methods such as analytical so-
lutions, sensor-based algorithms, and numerical approaches, the
Newton-Genetic algorithm avoids the need for additional sensors,
reducing both hardware dependency and operational complexity
for clinicians. This leads to a more streamlined workflow and
lower operational burden.

Moreover, the algorithm provides more precise results with
fewer iterations compared to numerical methods. Given the clin-
ical need for sub-millimeter accuracy and the increasing demand
for high-precision medical correction, the Newton-Genetic itera-
tive algorithm strikes an optimal balance between computation
speed and accuracy, offering a promising computational solution
for six-degree-of-freedom parallel fracture reduction robots.
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