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a b s t r a c t

Biological undulation enables legless creatures to move naturally, and robustly in various environ-
ments. Consequently, many kinds of undulating robots have been developed. However, the funda-
mental mechanism of biological undulation gait generation has not yet been well explained, which
hinders deepening the investigation and optimization of these robots. Towards developing a theory for
explaining this biological behavior, which will further guide the design of artificial undulation systems,
we propose a hypothesis based on both biological findings and previous robotics studies. To verify the
hypothesis, we investigate embodied intelligence of undulation locomotion via a mechanical system.
Through experimental study, we observe the phenomenon that undulation gait is a production of the
source, which is the torque inputs, and the filter, which is the natural dynamics of the system. We
further derive a general mathematical model and conduct morphological computation accordingly.
From a simple model to a complicated system, our work explores the principles of undulation
gait generation. Our findings significantly simplify the control system design of artificial undulating
systems.
© 2024 The Author(s). Published by Elsevier B.V. on behalf of ShandongUniversity. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Undulation is the most common locomotion style for legless
reatures. As observed from organisms with different body sizes
nd traveling in various environments [1], such a sinusoidal tra-
ectory is produced by agilely bending their bodies and moving
hrough the media via anisotropicity. For example, sperm cells
ravel in high-viscosity fluid [2], worms crawl on soil [3], snakes
lither in sand [4], and eels swim in high-pressure fluid [5].
nspired by this phenomenon, plenty of multi-link robots have
een developed [6–10] to perform locomotion tasks on various
f terrains. Despite the differences among their morphologies
nd application scenarios, the fundamental control frameworks
f their gait generation method share the same mechanism:
ontrolling all of the joints to track a group of predetermined
inusoidal waveforms with specified phase differences, i.e. , the
erpenoid curves designed by Hirose [11].
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Although this traditional method can generate robust artifi-
cial undulation gait, its redundancy has already been found. Ma
has shown the possibility of enabling snake-like robots creeping
forward using the serpenoid curves as open-loop input torques,
where trajectory tracking is unnecessary [12]. Besides, Wang et al.
have shown that by controlling only the head joint to follow a
sinusoidal curve, other joints can also undulate the body with
appropriately injected mechanical energy [13]. In addition, Chen
et al. and Cao et al. have shown that the actuation on the tail joint
is unnecessary for undulation generation either in fluid [14] or on
the ground [15]. Moreover, Li et al. have shown that minimalistic
input torques that effectively excite the system’s natural dynam-
ics can produce undulation gait conveniently [16]. These works
removed the redundancy of artificial undulation gait generation
from different points of view. However, a general theory that
describes its essence is still lacking.

In the domain of acoustics, there is a famous model called
source-filter theory for speech production [17–19]. As shown in
the left panel of Fig. 1, (quasi) periodic air flow coming from the
lungs induces vocal fold vibrations, where the source sounds are
filtered by the vocal tract based on its morphology. Accordingly,
niversity. This is an open access article under the CC BY-NC-ND license
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Fig. 1. Source-filter theory for speech production (blue color) and undulation
gait generation (apricot color).

natural speech sound is produced. This theory not only well
explains the natural speech production mechanism [20–22], but
is also widely used for artificial speech synthesis [23–25].

Encouraged by the physical similarities between speech pro-
uction and gait generation, where both of them articulate and
reate rhythmic patterns, we introduce a model in the right
anel of Fig. 1, towards developing a source-filter theory for
ndulation gait generation. We hypothesize that undulation gait
an emerge naturally without an intricate control framework if
he morphology is well-designed and its dynamics are effectively
xcited. Accordingly, here the input torques created by mus-
les/motors are recognized as sources, the locomotion system is
ecognized as the filter, and the undulation gait is their product.
his theory emphasizes that biological undulation is the product
f simple inputs and elegant passive dynamics [26], rather than a
omplicated control system. Namely, biological undulation is em-
odied [27], rather than encoded. These statements are consistent
ith the biological findings that desert snakes robustly transit in
eterogeneous environments with minimal sensing and control
ramework, benefiting from their passive muscle dynamics [28].
oreover, the fact that vortex allows for passive swimming of
ead fish [29] suggests that biological undulation generation re-
ies more on its morphology, rather than the control. The theory
eveloped in this work not only helps explain the biological
rocess, but also suggests a new direction of artificial locomotion
ptimization, i.e. , refining morphology rather than control.

. Phenomenon description

Using a mechanical system as a simplified model, Fig. 2 de-
cribes the experimental phenomenon of filtering behavior in
ndulation gait generation, where its detailed experimental setup
an be found in the appendix. Fig. 2 (a) shows the experimental
rototype machine of a 4-link locomotion robot. Each joint is
ctuated by a motor equipped on it, which corresponds to the
ource. Besides, a torsional spring is attached to the joint, which
orresponds to the filter. This mechanical design is similar to
ear’s work [30]. At the grounding points, anisotropic frictional
orces along the normal and tangential directions can be guar-
nteed by passive wheels. Here, we compare two methods for

ndulation gait generation. u

2

(1) Common method: serpenoid curve tracking control.
(2) Source filtering method: binary inputs injection.

According to the first method. The desired angular positions of
the joints are shown in Fig. 2(b). Here, each joint strictly follows a
predetermined sine wave, and the phase differences among them
are 2π

N−1 . Here, N = 4 is the number of links. Accordingly, a
smooth undulation gait is generated as shown in Fig. 2(c).

According to the second method. The robot does not need
to track any predetermined trajectory. Instead, each joint is ex-
cited by a minimalistic torque, which is binary, as shown in
Fig. 2(d). Besides, the phase differences among them are the same
as the first method. Notably, a smooth undulation gait naturally
emerges as shown in Fig. 2(e). To accomplish equivalent displace-
ment, it takes more cycles compared to the first condition, which
is due to the fact that its stride is smaller than it.

3. Modeling and analysis

3.1. Mathematical modeling

Here we derive a general mathematical model for the multi-
link locomotion robot to analyze the phenomenon observed above
As shown in Fig. 3, the robot is composed of N identical links with
the centralized mass of m. Besides, the length of the link is L, and
the moment of inertia of it is I. Define (x1, y1) as the center posi-
tion of the first link counting from left, θj represents the angular
position of each link with respect to the horizontal, where j ∈ Z+.
Accordingly, the system dynamics can be described by a general-
ized coordinate vector q =

[
x1 z1 θ1 . . . θj . . . θN

]T.
The equation of motion of the robot reads:

Mq̈ + h = f + Su (1)

where M is the inertia matrix, h is the combination of Coriolis and
centrifugal forces (one can check [31] for the details). According
to the principle of virtual work, the mechanical power of this
multi-link locomotion system dissipated by frictions is calculated
as follows:

Ė f = −ΣN
j=1

(
Ėn + Ė t

)
(2)

= q̇Tf

where Ėn = vnjµnsign(vnj )mg , and Ė t = vtjµtsign(vtj )mg . Accord-
ngly, f can be derived, which is a vector that summarizes the
ertical and horizontal frictions at each grounding point:

= −mg × (3)

ΣN
j=1

(
J TxjR(θj)µnsign(vnj ) + J TyjR(θj)µtsign(vtj )

)
ere, J xj and J yj are the Jacobian vectors that map the jth link
elocities (vxj , vyj ) to general velocities q̇. Besides, R(θj) is the
otation matrix that maps the jth link velocities from normal-
angential (vnj , vtj ) to x-y coordinate (vxj , vyj ). In addition, µn and
t are the normal and tangential frictional coefficients of the
rounding point, where µn ≫ µt creates anisotropic frictions
nabled by passive wheels. Namely, sliding friction in the normal
irection and rolling friction in the tangential direction.

.1.1. Gait generation based on common method
The joint angles Ψ =

[
ψ1 · · · ψj · · · ψN−1

]T can
rack serpenoid curve Ψd(t) via either input–output lineariza-
ion based on its dynamic model, or simple model-free position
ontrollers:
= K (Ψd(t) − Ψ) (4)
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Fig. 2. Filtering behavior of undulation gait generation. (a) Experimental prototype of multi-link locomotion robot. (b-c) Angular position tracking method, and
generated undulation gait. (d-e) Source filtering method, and emerged undulation gait.
S
F

3

a
c

u

where K = kIN−1, k represents control gain, and IN−1 is an
dentity matrix of order N − 1. Besides, Ψd(t) is the simplified
ersion of serpenoid curves [32] as shown in Fig. 1(b):

d(t) =

⎡⎢⎢⎢⎢⎢⎣
ψ1d(t)
...

ψjd(t)
...

ψ(N−1)d(t)

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
A sin(ωt)

...

A sin(ωt + (j − 1)ψ∆)
...

A sin(ωt + (N − 1)ψ∆)

⎤⎥⎥⎥⎥⎥⎦ (5)

here A is the amplitude, ω is the angular frequency, and ψ∆
s the phase difference between neighboring joints, respectively.
n addition, S is the driving matrix that specifies the joint inputs
3

Tq = Ψ . Accordingly, undulation gait is generated as shown in
ig. 2(c).

.1.2. Gait generation based on source filtering method
As we observed, undulation gait, however, can also be gener-

ted based on the source filtering method. According to Eq. (4), u
an be separated to:

= ut + uk (6)

Here,

u = KΨ (t) (7)
t d
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Fig. 3. A general mathematical model for multi-link locomotion robots.
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ecomes the open-loop torques applied on the joints, and K
mplifies the input signals. Besides,

k = K (Ψ − Ψ n) (8)

approximates the stiffness term of torsional springs installed on
the joints, whereΨ n =

[
0 · · · 0 · · · 0

]T are equilibrium
angular positions, and k becomes the spring stiffness in this sense.
Note that the units ofΨ in Eqs. (4) and (7) are different. By adding
a damping term uc on the joints, the revised equation of motion
ecomes:

q̈ + h = f + Sut + Suk + Suc (9)

here

c = CΨ̇ (10)

= cIN−1, and c is the viscosity. Accordingly, the position con-
roller is substituted by torsional springs and open-loop torque
nputs. Moreover, the locomotion is induced by the periodical os-
illation of the joints, where the oscillation is excited as follows:

Ψ̈ + CΨ̇ + KΨ = ut (11)

ere, Ī = IIN−1. Notably, this oscillation system can be regarded
s a second-order low-pass filter of Ψ . Consequently, the open-
oop torques, i.e. , the source injected into the filter are not
ecessarily harmonic, and the binary inputs shown in Fig. 2(d)
re applied. According to Fig. 2(e), the sources are smoothed by
he embodied filter, then generate oscillation of the joints and
urther produce undulation gaits.

.2. Morphological computation

Within the framework of the source-filter theory of speech
roduction, the morphology of the filter determines the timbre,
hich is roughly consistent within species yet unique across
pecies. Accordingly, in the source-filter theory of undulation
ait generation, we hypothesize that the morphology of the fil-
er determines the gait trajectory. Consequently, morphological
omputation [33] is conducted based on the mathematical model
ntroduced above to test the hypothesis, where the morphology
f the robot is determined by its physical parameters, induces its
ass distribution, the momentum of inertia, spring stiffness and
amping. Consistent with the experimental work, binary input
ources are applied. Besides, parameters listed in Table 1 are used
or numerical simulation.
 n

4

able 1
arameters for simulation.
Physical meaning Symbol Value Unit

Mass m 0.5 kg
Link length L 0.1 m
Moment of inertia I 0.0004 kg·m2

Gravitational acceleration g 9.81 m/s2
Forcing amplitude A 1 N·m
Forcing angular frequency ω 1 rad
Phase difference ψ∆ 2π/3 rad
Friction coefficient of normal direction µn 0.5 –
Friction coefficient of tangential direction µt 0.01 –

3.2.1. Simple example
First, we select a 4-link model and compare two conditions

with respect to the morphology parameters k and c:

• High cutoff frequency condition: k = 1 [N·m/rad], c = 0.2
[N·m s/rad].

• Low cutoff frequency condition:: k = 0.05 [N·m/rad], c =

0.005 [N·m·s/rad].

The numerical simulation results are shown in Fig. 4. The high
utoff frequency condition associated with high-viscoelasticity
orsional springs, which corresponds to a large gain of posi-
ion controller, therefore, results in a similarity between input
orques (Fig. 2(d)) and the output joint angles shown in Fig. 4(a).
onsequently, its locomotion trajectory shown in Fig. 4(b) is
harp.
In contrast, the low cutoff frequency condition is associated

ith low-viscoelasticity torsional springs, which results in
armonic-like output joint angles as shown in Fig. 4(c). Moreover,
ts gait trajectory shown in Fig. 4(d) is sinusoidal and highly
onsistent with the undulation gait generated using the common
erpenoid-curve-tracking method.

.2.2. Analysis with Fourier series
This filtering behavior can be also explained by decomposing

he binary square wave via the Fourier series:

square =
4
π

∞∑
i=1

sin ((2i − 1)ωt)
2i − 1

(12)

s shown in Fig. 4(e), the black wave is the original binary
ignal, where the amplitudes of the decomposed sine waveforms
re inversely correlated with the orders. Namely, a high-order
omponent associated with a low oscillation amplitude.
For further verification, we change the morphology parameter

from 0.05 to 1 continuously and let c = k/10 (neglecting the
nit). After numerically generating simulation results, we elimi-
ate the transient and decompose the joint angles of steady-state
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Fig. 4. Morphological computation of undulation gait of a 4-link locomotion robot generated based on source-filter theory. (a-b) generated joint angles, and gait
trajectory of high cutoff frequency condition. (c-d) generated joint angles, and gait trajectory of low cutoff frequency condition. (e) Binary input decomposed by
Fourier series. (f-h) Frequency components of the first, the second, and the third joint angles with respect to k, where the darker the color, the larger the amplitude
f frequency component.
ait via the Fourier series. To make a convenient observation, the
mplitude of all of the 1st order frequency components are nor-
alized to 1. In Fig. 4 (f-h), we show the frequency components

rom the 2nd order to the 9th order, of which the amplitude
s small enough. Among all cases, the even orders are in white,
ndicating null values, since they originally do not exist in Eq. (12).
oreover, the high-order components are much smaller than the

ow-orders, which is also consistent with Eq. (12) and Fig. 4(e).
oreover, the frequency components are positively correlated
ith k (and c), which verifies that a high-viscoelasticity of the
pring provides the filter with a high cut-off frequency.
5

3.2.3. Embodied filter
To further investigate the embodied filter, we define input

waveforms as follows:

Ψd(t) =

⎡⎢⎢⎣
A(sin(ωt) +

sin(ηωt)
η

)

A(sin(ωt) +
sin(ηωt+ψ∆)

η
)

A(sin(ωt) +
sin(ηωt+2ψ∆)

η
)

⎤⎥⎥⎦ (13)

As shown in Fig. 5, η is varied from 2 to 10.
We use the same method introduced above to input joint

torques and decompose the output joint angles concerning η. As
shown in Fig. 6, the high-order components are trivial compared
with the 1st order component. Nevertheless, the diagonal lines
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Fig. 5. Different input waveforms.

become lighter when η increases, consistent with Eq. (13). The re-
sults indicate that although the differences between input torques
are significant, their output gaits are similar, since the embodied
low-pass filter eliminates high-frequency components.

3.2.4. Complicate case
In the 4-link simple example, a desirable morphology can

be found empirically. Then, we select an 8-link model to ob-
serve whether it becomes difficult when dealing with large link
numbers. Here, two conditions with respect to the morphology
parameters k and c are compared:

• High cutoff frequency condition: k = 1 [N·m/rad], c = 0.2
[N·m s/rad].

• Low cutoff frequency condition:: k = 0.05 [N·m/rad], c =

0.005 [N·m·s/rad].

The numerical simulation results are shown in Fig. 7. The high
cutoff frequency condition results in a similarity between input
torques (Fig. 2(d)) and the output joint angles shown in Fig. 7(a).
However, its locomotion trajectory shown in Fig. 4(b) does not
have a concentrated direction, making circles rather than moving
forward.

On the other hand, as shown in Fig. 4(c), the low cutoff
frequency condition does not result in harmonic-like output joint
angles. Moreover, although the locomotion direction shown in
Fig. 4(d) converges eventually, its gait is unnatural and slow.

3.3. Morphology design

Last, we test the possibility of generating an undulation gait
with complicated dynamics yet simple inputs. Benefiting from
machine learning tools, we use the Bayesian optimization [34]
method to design an appropriate morphology for the filter con-
veniently.

Although attaching different springs at each joint might re-
sult in better performance, we assume that a group of unified
torsional springs is enough to generate a desirable undulation
gait. According to Hirose’s findings [11], a periodical and smooth
sinusoidal gait is not only natural but also efficient. Therefore,
we eliminate the first 50 [s] dynamics of each trial, which is
recognized as the transient behavior, and the smoothness of the
trajectory is calculated as follows:

Fsmoothness =
Af1∑11 (14)

i=2 Afi

6

Fig. 6. Frequency components of output joint angles concerning η, where the
darker the color, the larger the frequency component value. (a) The first joint.
(b) The second joint. (c) The third joint.

where Afi represents the amplitude of the ith frequency com-
ponent of the periodical trajectory. Namely, the smoothness is
defined as the amplitude of the fundamental frequency divided
by the summation from 2nd to the 11th (we assume it is enough).
Consequently, a large F associates a large amplitude of the
smoothness
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Fig. 7. Numerical results of undesirable gait of an 8-link locomotion robot generated based on source-filter theory. (a-b) generated joint angles, and gait trajectory

of high cutoff frequency condition. (c-d) generated joint angles, and gait trajectory of low cutoff frequency condition.
Fig. 8. Numerical results of undulation gait of an 8-link multi-link locomotion
robot generated based on source-filter theory. (a) finding appropriate morpho-
logical parameters via Bayesian optimization. (b-c) generated joint angles, and

gait trajectory.

7

fundamental frequency and small amplitudes of high-frequency
components. Accordingly, one can optimize the morphology via
the following process

argmax
k,c∈{0.01 1}

Fsmoothness (15)

where the detailed algorithm can be found in [35,36].
Fig. 8 shows the optimization process and the simulation

results. The smoothness descriptor converges within 300 steps as
shown in Fig. 8(a), where the optimal morphology is k = 0.461
[N·m/rad], c = 0.238 [N·m·s/rad]. Although the joint angles
shown in Fig. 8(b) are triangular-like waveforms, their resultant
gait trajectory is smooth, natural, and efficient, as shown in
Fig. 8(c).

4. Concluding remarks

In this work, we propose a source-filter theory for undulation
gait generation. Through experimental observation, numerical
simulation, and theoretical analysis, one can find that by ap-
propriately designing the morphology of the filter, undulation
gait can naturally emerge with simple input sources. Conse-
quently, our hypothesis is verified. Our work is consistent with
Hunt’s results [37], where a filtering behavior is observed in a
jumping robot actuated by different open-loop input torques yet
resulted in similar locomotion trajectories. Moreover, the impor-
tance of mechanical characteristics, i.e. , the passive dynamics
highlighted in our work also agree with Felix’s findings, where a
well-designed morphology enables a plausible matching between
the input sources and the embodied filter to leverage the natural
dynamics of the locomotion system [38].

We further show that by increasing the complexity of the
system dynamics, the importance of morphology optimization
also increases. The torsional springs, on the one hand, are recog-
nized as embodied low-pass filters that eliminate high-frequency
components, which also corresponds to the control gains on
the other hand. Therefore, the high-viscoelasticity of the springs
corresponds to the risk of inducing shark angles of the joints,
while the low-viscoelasticity of the springs corresponds to the
risk of gait failure. Consequently, the balance between filter and
gain is crucial for springs.
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Fig. 9. Setup of gait trajectory recording experiment.
The reason we select undulation rather than other gait styles
s due to the fact that this gait is general, periodic, and does not
ontain discrete events, unlike legged locomotion. In contrast to
revious works [11], the results of morphology design indicate
hat generating harmonic joint angle is sufficient, yet unnecessary
or enabling a sinusoidal undulation gait trajectory.

Although here we show that open-loop input torques are
nough for undulation gait generation based on the proposed
ource-filter theory, sensory information is also important for
oth biological and mechanical locomotion systems. Instead of
ait generation, we argue that feedback information is more im-
ortant for gait transition tasks, e.g., obstacle avoidance [39], lo-
omotion speed change [40]. Moreover, note that the filter is em-
odied in this work, the phase differences, however, are encoded.
n contrast, it has been discussed that in biological/mechanical
ystems, phase differences not only can be determined via being
ntrained to sensory feedback [41], but also can naturally emerge
ased on nonlinear system dynamics via hysteresis effects [42].
The similarity between speech production and gait generation

ies in their reliance on complex motor control and coordina-
ion of various body parts, regulated by the nervous system,
ncluding motor control and coordination [43,44], neurological
egulation [45,46], feedback mechanisms [47,48], learning and
daptation [49,50], rhythmic patterns [51,52], and muscle acti-
ation [53,54]. These similarities highlight the intricate nature of
otor control and the importance of neural regulation in both
peech production and gait generation. As a starting point, our
ork emphasizes the importance of optimizing the morphology
ather than control in periodical locomotion generation. This is
ore crucial in soft robots, which have more degrees of free-
om yet more simple actuation [55,56], and thus rely more on
heir passive dynamics. To allow for resonance tuning [57] to
urther appropriately excite the system, different kinds of spring
orphology design will be considered in our future work [31,
8]. Extending this theory to more general conditions is also of
nterest.
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Appendix A

Fig. 9 illustrates the setup of the experiments. The robot was
controlled by signals sent from a Linux computer through a USB
communication converter called U2D2. Motors are powered by a
12 V power source. Both the U2D2 and the power source are con-
nected to the robot through U2D2 Power Hub. Simultaneously,
the locomotion trajectory is measured by a motion-tracking sys-
tem.

Appendix B. Supplementary data

Supplementary material related to this article can be found
online at https://doi.org/10.1016/j.birob.2024.100173. This video
compares the undulation gaits of a snake-like robot generated
using different methods.
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