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a b s t r a c t

Hysteresis non-linearity in variable stiffness actuators (VSAs) causes significant torque errors and
reduces the stability of the actuators, leading to poor human–computer interaction performance. At
present, fewer hysteresis compensation models have been developed for compliant drives, so it is
necessary to establish a suitable hysteresis model for compliant actuators. In this work, a new model
with a combination of the Maxwell-slip model and virtual deformation is proposed and applied to
an elbow compliant actuator. The method divides the periodic variation of the actuator into three
parts: an ascending phase, a descending phase, and a transition phase. Based on the concept of virtual
deformation, the nonlinear hysteresis curve is transformed into a polyline, and the output torque
is estimated using the revised Maxwell-slip model. The simulation results are compared with the
experimental data. Its torque error is controlled within 0.2Nm, which validates the model. An inverse
model is finally established to calculate the deformation deflection angle for hysteresis compensation.
The results show that the inverse model has high accuracy, and the deformation deflection is less than
0.15 rad.
© 2024 The Author(s). Published by Elsevier B.V. on behalf of ShandongUniversity. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The compliance of the exoskeleton flexible elbow joint is
eflected in possessing a variable stiffness flexible actuator in
erms of mechanical structure, which can enhance the security
f application, dynamic adaptability, and flexibility of movement
f the robot in the process of interacting with human beings [1,2].
The hysteresis phenomenon in the compliant actuator is mani-

ested as a lag between the application and removal of a force and
ts subsequent effect, i.e., an obvious nonlinear phenomenon [3].
he existence of the hysteresis nonlinear phenomenon makes it
mpossible to accurately judge the desirable state of the compli-
nt system, resulting in deviation of the system output, degra-
ation of the motion tracking performance of the actuator, and
ven system oscillation. Therefore, in order to solve the hysteresis
onlinear problem of compliant actuators, it is significant to
ropose a model that can describe the hysteresis phenomenon in
real system. At the same time, this model should possess high
ccuracy and low computational cost.
In recent years, a variety of mathematical models have been

eveloped and applied to piezoelectric ceramics as well as smart
aterial actuators, but few hysteresis models have been used

∗ Corresponding author.
E-mail address: qhbsss@163.com (H. Qin).
ttps://doi.org/10.1016/j.birob.2024.100171
667-3797/© 2024 The Author(s). Published by Elsevier B.V. on behalf of Shandong U

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
for compliant actuators [4–6]. Currently, the common hystere-
sis models are the Preisach model, Bouc-Wen model, Preisach
model, Prandtl–Ishlinskii (PI) model, Maxwell-slip model, etc.
The Bouc-Wen model describes the hysteresis phenomenon in
terms of a non-linear differential equation, which makes the
calculation simpler [7]. Nie et al. developed a cascaded Bouc-
Wen hysteresis model with linear dynamics, whose identification
method fully parallelized the linear and nonlinear parts of the
identification task, allowing the identification task to be trans-
formed to linear without iteration. The important reason for
the lag phenomenon is the inability to measure and control the
internal nonlinear variables. Antonino et al. optimized and iden-
tified the unknown parameters of the Bouc-Wen model through
the topological optimization method [8]. Wang [9] et al. im-
plemented an asymmetric hysteresis model construction based
on the non-hysteresis components of polynomials and identi-
fied the hysteresis parameters of the Bouc-Wen model accord-
ing to an improved differential evolutionary algorithm. However,
the differential-based model parameters are limited, and inverse
model construction is difficult. Dhaouadi [10] et al. proposed
a dynamic system based on the genetic concept for describing
hysteresis phenomena in harmonic drives and developed an ef-
fective controller. The integral-differential equation to describe
the torque-displacement relationship accurately describes com-
plex nonlinear friction. Choi [11] et al. proposed a classical gap
niversity. This is an open access article under the CC BY-NC-ND license
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odel based on polynomials and modifications to fulfill three
equirements for Series Elastic Actuator (SEA) in rehabilitation
obots. That is, the model should first accurately reflect the simu-
ated spring hysteresis characteristics. Secondly, it should reflect
he hysteresis differences between different springs. Thirdly, the
omputational cost of the model should be as low as possible.
he two higher-order polynomials used in the model are able
o represent the nonlinear with fewer parameters but have the
isadvantage of being able to express only up to a third-degree
olynomial.
The Preisach model originated from the hysteresis pheno-

enon in the field of magnetism. Through further development,
verett et al. found that the Preisach model is not limited to
he study of material hysteresis in the field of magnetism but
hat the model is able to be used as a mathematical tool to
escribe various physical properties of hysteresis [12]. The two
ufficient conditions for the Preisach model to represent non-
inearity are eras-ability and consistency. However, the hysteresis
on-linearity in the real situation does not necessarily satisfy
he above two conditions because the Preisach model can only
pproximate the representation, and then the modeling error will
e increased. In operator-based hysteresis models, increasing the
umber of operators describes the hysteresis model and improves
ts accuracy, but a large number of coefficients leads to an in-
rease in computational cost. In addition, there is the PI model,
he Maxwell-slip model, etc. The PI model belongs to a subset
f the Preisach model and is mainly used to model hysteresis
n smart materials. The PI model is mainly modeled using two
perators: the stop operator and the start operator. However, its
nverse model is difficult to construct, and the handling of singu-
arities is particularly difficult to analyze [13]. The Maxwell-slip
odel was proposed mainly to describe some friction behav-

ors present in mechanical systems. Zschack [14] proposed an
daptive method based on the generalized Maxwell-slip model
or accurate friction compensation. Maxwell-slip modeling iden-
ifies force signals applied through unit displacements. Therefore,
he method does not require a priori knowledge of physical
arameters. Its simplicity in modeling makes it suitable for simu-
ating, hypothesizing, and evaluating system hysteresis phenom-
na. Rizos [6] proposed a nonlinear regression model based on
he Maxwell-slip model and discussed a friction control scheme
ased on it. Chen [15] and others constructed a new hysteresis
odel based on the Maxwell-slip model, which incorporates the
oncept of virtual deformation. The method is computationally
imple and easy to construct the inverse model, but the accu-
acy still needs to be improved. In addition, it is necessary to
mplement closed-loop feedback and real-time control when the
roposed hysteresis model is applied in real-world environments.
From the above analysis, the differential-based model param-

ters are limited, and inverse model construction is difficult.
n operator-based models, the Maxwell-slip model is a suitable
hoice for compliant actuators. This model has a smaller number
f parameters and is therefore relatively straightforward to calcu-
ate. Furthermore, no prior knowledge of physical parameters is
equired. The construction of inverse models is straightforward.

A Maxwell-slip model-based hysteresis modeling method-
logy is proposed for the investigation of the hysteresis phe-
omenon observed in the elbow joint actuator. To analyze the
ysteresis phenomenon of the actuator, the method of combining
irtual deformation is introduced. The torque curve is divided into
hree parts, namely, an ascending phase, a descending phase, and
transition phase. Comparing the outputs of different models
erifies that the proposed hysteresis model has high accuracy.
he inverse model of the proposed hysteresis model is developed
nd analyzed to calculate the variation of the deflection angle to

ompensate for the elimination of the hysteresis effect.

2

Fig. 1. Elbow joint.

Fig. 2. Compliant Elbow. (a) The overall structure of the variable stiffness
compliant elbow joint. (b) The internal variable stiffness driver module.

2. Maxwell-slip modeling of hysteresis in compliant actuators

2.1. Nonlinear compliant actuator for elbow joints

Fig. 1 illustrates a variable stiffness elbow joint device incorpo-
rating the non-linear behavior of a compliant actuator. The design
was inspired by the concept of a variable stiffness joint proposed
by Li and Bai [16,17]. The new device contains an upper arm, a
lower arm, a motor, and a VSA [18,19].

The complete structure of the variable stiffness flexible drive
elbow joint comprises the big arm, forearm, flexible drive mecha-
nism, and drive device. The overall structure is illustrated in Fig. 1.
The large arm 1 is coupled to the small arm 2 and connected to
the flexible drive module 3. The rotation axis of the large arm
1 and the small arm 2 is identical, aligning with the movement
characteristics of the elbow joint. The relative coupling rotation
between the two components can be generated to simulate the
flexion and extension of the elbow joint. The overall structure of
the variable stiffness compliant elbow joint is shown in Fig. 2(a),
and the internal variable stiffness driver module is shown in
Fig. 2(b).

Fig. 3 presents the front and back sides of a VSA with 6
compliant branches, where each branch contains 2 pulleys. The
elastomer wraps around the pulley and forms a closed loop with
the pulley. Varying the number of compliant branches results
in different configurations of N, allowing for variable stiffness
regulation. The advantages of polyurethane PU are excellent resis-
tance to tension, easy fusion, and easy installation. Therefore, the
elastic element is a round polyurethane PU belt, and the diameter
of the belt is set to 3 mm. A portion of the input mechanical
energy is lost when the elastomer is stretched and compressed.
The elastomer deforms, and the output lags behind the input, thus
exhibiting hysteresis.

Two methods are currently employed by VSA to adjust vari-
able stiffness. The first method is to alter the configuration of
the elastic element in conjunction with the pulley. The second
method entails radially adjusting the preload. The transmission
principle of the three-jaw chuck is employed to alter the ini-
tial length of the elastic element within the compliant actuator,
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Fig. 3. Physical prototype of VSA. (a) Front side. (b) Back side.

Fig. 4. Radial adjustment of compliant actuator. (a) Main view, (b) Top view.

Fig. 5. Variable stiffness compliant actuator with double pulley configuration.
a) Physical prototype with 6 compliant branches (N = 6). (b) Mathematical
odeling of a single compliant branch.

hereby enabling the radial adjustment of the preload, as shown
n Fig. 4.

Fig. 5(a) shows the physical prototype of the VSA. Fig. 5(b)
resents the mathematical model of a single compliant branch.
he model can be regarded as a special kind of planar four-bar
echanism with frame length 0, where the elastomer length is

2, the crank length is l1, and the following link length is l3. The
longation length of the elastomer δle = 0 when the deflection

angle θ is zero. At this time, l1+l2 = l3. The elongation length of
lastomer δle = 2(l1+l2-l3) when deflection angle θ is not zero.
From the figure above, the output torque T is a nonlinear

unction of the deflection angle θ as the input angle is rotated at
. Therefore, according to the torque equation and Hooke’s law,
he torque of VSA can be obtained as

= k [12 (l1 + l2 − l3) + x0]
l1l3 sin θ

l2
(1)

where k is the stiffness of the elastomer and F0 is the initial
preload of the elastomer. Specific stiffness solutions as well as
torque equations are shown in the Appendix.

The polyurethane (PU) round belts used had a strain range of
1.5%–3% and a maximum stretch of 0.7 kg.

For different configurations of N, the curve variation between
torque and deflection angle of the actuator is shown in Fig. 6
3

Fig. 6. The variation curve between torque and deflection angle of the VSA in
different configurations.

Fig. 7. Correction of Maxwell-slip model.

when the preload force is 5N. The blue curve is the result for
N = 2 obtained from experimental measurements. The red curve
is the result for N = 4. The green curve is the result for N = 6.
All three curves reflect the same hysteresis phenomenon. That is,
an ascending curve is shown during the loading phase, and the
curve deforms to show another curve during the unloading phase,
which has a significant hysteresis effect.

2.2. Maxwell-slip model principle

The Maxwell-slip model operates with an elastic sliding unit
composed of a massless linear spring and a massless block that
are susceptible to Coulomb friction. The modified Maxwell-slip
model is shown in Fig. 7 and contains m elastic units. T0 is the
torque at the turning point of running towards the transition
phase [15].

The Maxwell-slip model consists of m parallel elastic units,
and each elastic unit is at the same input displacement x. For each
unit i, there is a corresponding output force fi, stiffness ki, etc., as
shown in Fig. 8. The hysteresis force, Fi, is the sum of the initial
torque T0 at the turning point and the sum of the unit forces fi,
s shown in the following equation:

i(x) =

m∑
i=1

fi + T0, x ∈ [x1, x2] ∪ [x3, x4] (2)

As seen in Fig. 8, when ki > 0, the instantaneous stiffness of the
system Sj is the sum of all ki. At this time, Sj > Sj+1 , and the hys-
teresis return line is convex, but the actual torque curve is shown
in Fig. 6, and the hysteresis return line is concave, with both
positive and negative stiffnesses, which increases the difficulty of
obtaining the parameters of the Maxwell-slip model. Therefore,
hysteresis modeling considers combining virtual deformation to
transform the nonlinearity of the hysteresis phenomenon into a
polyline [20].
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Fig. 8. Sliding behavior of the elastic unit. Sj =
∑m

i=j kj .

Fig. 9. The hysteresis characteristics of position and force in the Maxwell-slip
odel.

The modified Maxwell-slip model containsm hysteresis elastic
nits and torque variables at the transition between the ascend-
ng and descending phases. The relationship between the force
pplied by each elastic unit and the displacement output and its
ysteresis behavior is shown in Fig. 9.
From a to b, the spring is gradually elongated, but no move-

ent of the block occurs. The force continues to be applied until
t reaches the ultimate slip force ηi and the block starts to slide,
ontinuing to point c, after which the block begins to move in
he opposite direction and the spring is compressed until point
. Again, the sliding is started from point e to point f when the
pplied force reaches force -fi.
The relationship between force and displacement in the

axwell-slip model is shown as follows:

i =

⎧⎨⎩ki(x − ζi), |ki(x − ζi)| < ηi

ηisgn(ẋ), ζi = x −
ηi

ki
sgn(ẋ) (3)

The ki is the stiffness of the spring, ζi is the initial state
osition, and ηi is the ultimate slip force.
Based on the principle of virtual work, the relationship be-

ween K and θ can be described as δT = K · δθ . The output
orque of the compliant actuator is re-mathematically calculated
s shown in Eq. (4)

= Kh(θ ) (4)

here T is the output torque, K is the stiffness of the elastomer,
nd θ is the deviation from the equilibrium position.
Define the virtual deformation x as
= h(θ ) (5)

4

Fig. 10. Block diagram of hysteresis modeling.

Fig. 11. Constructed hysteresis model.

In configuration N = 6, h(θ ) is

(θ ) = [12 (l1 + l2 − l3) + x0]
l1l3 sin θ

l2
(6)

3. Hysteresis modeling for the proposed hysteresis model

The modeling requires the introduction of virtual deforma-
tions and combining them with a modified Maxwell-slip model to
construct the torque curve, which is easy to construct with high
accuracy and low computational effort. The hysteresis behavior
can be accurately described using functional relationships. Hence,
the inverse model is developed, and the inverse function is solved.
In order to design the compensator to eliminate the hystere-
sis effect, the variation of parameters such as output torque
and deflection angle is estimated and calculated. The hysteresis
modeling framework is shown in Fig. 10.

The proportional linear relationship between output torque
and deflection can be seen from the above equation. The hystere-
sis model shown in Fig. 11 below is proposed.

The rotation trajectory of the drive period is shown in Fig. 9 as
A-B-C-D-E-F-G-H-I-J-K-L-A. The JC is the ascending phase fa, the
CD and the IJ are the transitional phases ft+, ft−, and the DI is the
descending phase f .
d
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The output torque can be expressed as follows:

T =

⎧⎪⎨⎪⎩
fa(x), ẋ ≥ 0, x < x2

fd(x), ẋ ≤ 0, x > x1

ft (x), x2 < x < x1

(7)

The torque functions of the ascending and descending curves
can be described in detail as:

fa (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

kJK
(
x − xJ

)
+ TJ , x ∈

[
xJ , xK

]
kKL (x − xK ) + TK , x ∈ [xK , xL]

kLA (x − xL) + TL, x ∈ [xL, xA]

kAB (x − xA) + TA, x ∈ [xA, xB]

kBC (x − xB) + TB, x ∈ [xB, xC ]

(8)

fd (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

kHI (x − xI) + TI , x ∈ [xI , xH ]

kGH (x − xH) + TH , x ∈ [xH , xG]

kFG (x − xG) + TG, x ∈ [xG, xF ]

kEF (x − xF ) + TF , x ∈ [xF , xE ]

kDE (x − xE) + TE, x ∈ [xE, xD]

(9)

where kij =
Ti−Tj
xi−xj

(i, j = A,B,C,D,E,F,G,H,I,J,K,L). The transition line
s described by the modified Maxwell-slip model, and the torque
unction of the transition line can be described as

ft+ (x) =

n∑
i=1

fi + T0, x ∈ [x1, x2]

ft− (x) =

n∑
i=1

fi + T0, x ∈ [x3, x4]
(10)

x1, x2, x3, and x4 are the turning points in the ascending and
descending lines, respectively, when the transition line passes
through turning points.{
fd(x1) = k(x1 − x2) + fa(x2)

fa(x4) = k(x4 − x3) + fd(x3)
(11)

where k is the slope of the transition line, which can be expressed
as

k =

⎧⎪⎨⎪⎩
k+ =

TD − TC
xD − xC

, x ≥ 0

k− =
TI − TJ
xI − xJ

, x < 0
(12)

Therefore, substituting the above Eqs. (8) and (9) into (11) we
an conclude that⎧⎪⎪⎨⎪⎪⎩
x1 =

fa(x2) − kx2 + p(x1)
k(x1) − k

x2 =
fd(x1) − kx1 + p(x2)

k(x2) − k

(13)

⎧⎪⎪⎨⎪⎪⎩
x3 =

fa(x4) − kx4 + p(x2)
k(x2) − k

x4 =
fd(x3) − kx3 + p(x1)

k(x1) − k

(14)

here

(x1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−xIkHI + TI , x1 ∈ [xI , xH ]

−xHkGH + TH , x1 ∈ [xH , xG]

−xGkFG + TG, x1 ∈ [xG, xF ]

−xFkEF + TF , x1 ∈ [xF , xE ]
−xEkDE + TE, x1 ∈ [xE, xD]
5

p(x2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−xJkJK + TJ , x2 ∈
[
xJ , xK

]
−xKkKL + TK , x2 ∈ [xK , xL]

−xLkLA + TL, x2 ∈ [xL, xA]

−xAkAB + TA, x2 ∈ [xA, xB]

−xBkBC + TB, x2 ∈ [xB, xC ]

k(x1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

kHI , x1 ∈ [xI , xH ]

kGH , x1 ∈ [xH , xG]

kFG, x1 ∈ [xG, xF ]

kEF , x1 ∈ [xF , xE ]

kDE, x1 ∈ [xE, xD]

k(x2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

kJK , x2 ∈
[
xJ , xK

]
kKL, x2 ∈ [xK , xL]

kLA, x2 ∈ [xL, xA]

kAB, x2 ∈ [xA, xB]

kBC , x2 ∈ [xB, xC ]

x2 is the turning point between the ascending line and the
transition line, and x1 is the turning point between the descend-
ing line and the transition line. In addition, x4 is the turning point
between the ascending line and the transition line, and x3 is the
turning point between the descending line and the transition line.
The transition phase starts at x2. During the transition phase, the
torque changes significantly and the curve undulates. When the
transformation reaches x1, the transition phase is finished. The
deformation value x is updated when the following conditions are
met.

x ≥ x1, if

{
x − xp ≥ 0

x − xf ≥ 0
(15)

x ≤ x4, if

{
x − xp ≤ 0

x − xf ≤ 0
In the VSA, the initial position is determined. When the ac-

tuator starts to move, the parameters xi, Ti, and e during the
rotational motion in the A − B − C trajectory are still the initial
values. The deformation value changes significantly when the
actuator continues to rotate to C. The ascending curve gradually
slows down and starts to transition to the descending curve. The
local deformation value reaches its maximum when it arrives
at point D. The virtual deformation value is followed up, and
the output torque is calculated using the algorithm during this
process. The behavioral description of the transition phase is
specifically shown in Fig. 12.

The parametric representation with the modified Maxwell-
slip model is able to be obtained when the actuator is rotating
regularly, as

k1 = KP1P2 − KP2P3

k2 = KP2P3 − KP3P4

. . .

kN = KPN PN+1 (16)

η1 = k1
x(P2) − x(P1)

x(PN+1) − x(P1)
e

η2 = k2
x(P3) − x(P2) e
x(PN+1) − x(P1)
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Fig. 12. A detailed behavioral description of the transition phase. (a) Transition
hase 1, (b) Transition phase 2.

. . .

N = kNe0 (17)

here K, x, and e are the slope of the corresponding crease line,
he imaginary deformation value, and the imaginary deformation
rror in the transition stage, respectively. In some cases, when the
ystem is in the elastic range, the slope difference between two
oints can be used to approximate the stiffness of the system.
ccordingly, the stress and strain of a system in the elastic range
re linearly related. The slope can be interpreted as the degree to
hich the system responds to an external force. Therefore, the
ifference in slope can be used to indicate the stiffness of the
ystem.

. Torque test of the proposed hysteresis model

.1. Measurement and simulation test of the hysteresis model

Torque experiments are carried out on the constructed exper-
mental platform of the elbow joint variable stiffness compliant
echanism. The input shaft is connected to the MG6012E-i8v2
C brushless servo motor with an internal reducer with a reduc-
ion ratio of 1:6. The output shaft is connected to a Forsentek
iniature torque transducer, the Forsentek FTE-20 N.m, which is
sed for the measurement of the output torque of the mechanism.
he output shaft is connected to a pendulum, which is connected
o a non-contact miniature angle sensor GTE to measure the
eflection angle of the pendulum. Thus, the variation of torque
nd deflection angle can be measured experimentally and saved
o the host computer, as shown in Fig. 13.

The VSA possesses reconfigurability and can meet different
erformance requirements by changing the structural configu-
ation. It is possible to achieve a VSA 1:1 type of mechanical
onstruction by changing the winding way of the elastomer and
6

Fig. 13. Torque test of a compliant actuator.

Table 1
Parameters of the proposed virtual deformation model.
Parameter Value Parameter Value Parameter Value

TA 0 xA 0 kAB 1.7561
TB 0.72 xB 0.4100 kBC 6.8864
TC 3.75 xC 0.8500 kDE 9.1929
TD 5.02 xD 1.0000 kEF 5.5781
TE 1.93 xE 0.6639 kFG 1.0887
TF 0.43 xF 0.395 kGH 2.2416
TG 0 xG 0 kHI 8.2931
TH −1.00 xH −0.4461 kJK 9.5385
TI −4.61 xI −0.8814 kKL 6.6620
TJ −5.66 xJ −1.0000 kLA 1.6932
TK −2.56 xK −0.6750 K+ 8.4667
TL −0.66 xL −0.3898 K− 8.8533

Table 2
Parameters of the transition phase.
Point x τ

P1 0.8500 3.75
P2 0.9100 4.60
P3 0.9300 4.81
P4 0.9500 4.93
P5 1.0000 5.02
Q1 −0.8814 −4.61
Q2 −0.9153 −5.28
Q3 −0.9322 −5.47
Q4 −0.9661 5.62
Q5 −1.0000 −5.66

the pulleys in a manner that sets the number of pulleys in the
input flange to one and the number of pulleys in the output flange
to one for a single compliant branch. Thus, six configurations are
derived, one of which is selected with N = 6, i.e., the compliant
unit branch is 6. The resulting movement at a preload force
of 5N is used to obtain its deflection angle and output torque,
from which the model parameters can be calculated as shown in
Table 1 below.

The Maxwell-slip model is used to simulate the non-linearity
in the transition phase. The deformation of the model for a point
number of 4 is shown in Table 2. The stiffness of each unit as well
as the unit limit force are shown in Table 3. The VSA rotates, the
angle sensor measures the deflection angle, and the torque sensor
measures the output torque (which constitutes the parameters of
the model, which are obtained manually). The modified Maxwell-
slip model is built up out ofm elementary models in parallel. Each
element is characterized by a linear spring with a stiffness unit
ki, a maximum force ηi, and a state variable ζi. The error between
the measured torque and the estimated torque obtained through
the proposed hysteresis model is less than 0.3 N.m. It shows that
the constructed model is able to accurately estimate the output
torque.

Therefore, the code is prepared for the simulation experiments
in combination with the previously described formulas and pa-
rameter values. The proposed hysteresis model is shown in Fig. 14
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Table 3
Parameters of the modified Maxwell-slip model.
Parame-
ter

Value Parame-
ter

Value

k1 14.1667 k′
1 8.52

k2 10.5 k′
2 6.82

k3 6 k′
3 3.24

k4 1.8 k′
4 1.18

η1 0.22 η′
1 0.29

η2 0.09 η′
2 0.35

η3 0.116 η′
3 0.27

η4 0.638 η′
4 0.14

Fig. 14. Proposed hysteresis model.

Fig. 15. Torque versus time graph.

elow, with a red curve for the ascending phase, a green curve for
he descending phase, a blue curve for the transitional phase 1,
nd a black curve for the transitional phase 2.
A comparison of the torque variation curves between the

easured and simulated torque of the proposed model in a
ertain time period shows the accuracy of the proposed model
nd the accuracy of the estimated output torque, which verifies
he feasibility and validity of the model. Fig. 15 shows the period
ariation curves of the proposed hysteresis model torque and the
easured torque obtained. Fig. 16 shows the variation curves of

he torque errors for the two models with a maximum deviation
f 0.2 N.m.
The simulation results are compared with the experimental

esults, as shown in Fig. 17. The average value of torque of
he simulated model is 1.7 N.m, and the torque of the model
btained from experimental measurements is 1.8 N.m with a
ysteresis error of about 6%, which is able to meet the require-
ents. The 6% error allows researchers to determine the shape
nd specifications of the motor. In addition, controlling motor
oad and temperature, training and optimizing model parameters,
7

Fig. 16. Torque deviation curve.

Fig. 17. Comparison of experimentally measured torque and simulated torque:
Model 1 is the measured torque, Model 2 is the simulated torque, and Model 3
is the error.

Fig. 18. Comparison of three models.

and using control strategies continue to improve the accuracy of
drive motion to eliminate hysteresis.

4.2. Comparison of the proposed model with the cubic fitting model
and the Bouc-Wen model

The torque variation in different models is tested to verify
the tracking performance of the model. The cubic fitting model
and Bouc-Wen model are chosen to compare with the proposed
hysteresis model to observe the torque variation of the three
models, as shown in Fig. 18. The tracking ability of the three
models is also compared, and the tracking error is calculated.

As illustrated in Fig. 19, the maximum deviation of the pro-
posed hysteresis model is 0.2 N.m. The maximum deviation of
the cubic fitted model is 0.5 N.m. The maximum deviation of
the Bouc-Wen model is greater than 0.5 N.m. Therefore, it has
been verified that the proposed model is more accurate. In the
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Fig. 19. Torque tracking deviation.

Table 4
Comparison error of torque of two models.
Hysteresis model MAE (N·m) MRE (N·m) RMSE (N·m)

Proposed hysteresis model 0.063 0.187 0.081
Cubic fitted model 0.095 0.271 0.162
Bouc-Wen model 0.182 0.242 0.211

open-loop control mode, the hysteresis model can be calculated
offline based on the experimentally obtained data. The law of
closed-loop control can be obtained through the compensation
calculation of the inverse model after obtaining the hysteresis
model, which is a simple and effective method with low cost and
higher safety.

A modified Maxwell-slip model combined with virtual defor-
ation is able to simulate the nonlinearities in the hysteresis
henomenon as well as being applicable to other compliant ac-
uators with nonlinearities. At the same time, evaluation metrics
uch as the Root Mean Squared Error (RMSE) between the mea-
ured torque values and the torque values of the proposed model
re calculated and compared with other models to verify that the
roposed model is able to accurately estimate the output torque.
The parametric indicators of the proposed hysteresis model,

ubic fitting model, and Bouc-Wen model were evaluated to
easure the prediction accuracy of the three different models.
ean Absolute Error (MAE) estimates the mean absolute error
etween the predicted and actual values. The MAE is able to
irectly predict the magnitude of the error for the same order
f magnitude. The proposed hysteresis model has a smaller MAE
nd higher overall prediction accuracy. Meanwhile, Mean Rela-
ive Error (MRE) estimates the average relative error between
redicted and actual values. The error of the proposed model is
loser to 0 with higher accuracy. RMSE is a statistical measure
f the overall accuracy of prediction models. A comparison of
RSE calculations to measure prediction accuracy is shown in
able 4. The proposed hysteresis model has smaller RMSE values
nd higher model accuracy compared to the other models.

. Examination of the inverse hysteresis model

In order to improve the performance of torque tracking in
he actuator, it is necessary to construct the inverse model and
et the compensator to reduce hysteresis. Firstly, the hysteresis
nverse model is constructed, as shown in Fig. 20. In the inverse
ysteresis model, the reference torque is set as input and the
irtual deformation value as output. The difference between the
nverse hysteresis model and the original hysteresis model is the
xchange of horizontal and vertical coordinates, i.e., the transfor-
ation of input and output. Therefore, in the case of an inverse
ysteresis model, its parameters can be obtained directly from
8

Fig. 20. Description of hysteresis inverse model behavior.

Fig. 21. Comparison between the proposed inverse model and the measure-
ments obtained.

the parameters of the original hysteresis model. At the same time,
since the construction method of the inverse hysteresis model
still follows the method of the original hysteresis model, the mod-
eling process is simpler and more convenient, which is conducive
to improving the compensation performance. By constructing the
inverse hysteresis model, the value of the virtual deformation x
an be obtained. Thereby, the solution of the inverse kinematics
s obtained from the equations of torque and virtual deformation,
hich lead to the reference trajectory of the motor.
In order to verify the performance of the inverse hysteresis

odel, the inverse model curves are plotted. Comparing the
imulated inverse hysteresis model with the measured inverse
odel, it is concluded that the two models have the same shape,

he same trend of change. The two models basically overlap, as
hown in Fig. 21. The deflection angles of the two inverse models
re calculated to obtain their variation curves with time as well
s the error variation curves, as shown in Figs. 22 and 23. It is
earned that the maximum error of the deflection angle is less
han 0.15 rad within the period change.

Calculating the RMSE, MRE, and MAE of the above proposed
nverse hysteresis model, the inverse cubic fitting model, and the
ouc-Wen model, the proposed inverse hysteresis model has a
igher prediction accuracy with a 7% reduction in RMSE, a 16%
eduction in MRE, and a 21% reduction in MAE, as shown in
able 5.

. Conclusions

In this paper, a hysteresis model is presented that utilizes
he Maxwell-slip principle and incorporates virtual deformation.
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Fig. 22. Comparison of the inverse model deflection angle.

Fig. 23. Deflection angle error.

able 5
omparison error of torque of two models.
Hysteresis model RMSE (rad) MRE (rad) MAE (rad)

Proposed inverse hysteresis model 0.051 0.183 0.038
Inverse cubic fitted model 0.056 0.219 0.048
Bouc-Wen model 0.243 0.622 0.217

The model is simple to model, highly accurate, computationally
efficient, and easy to construct inverse models. The contributions
include:

(1) The hysteresis phenomenon of VSA is simulated using the
Maxwell-slip model in combination with virtual deforma-
tion.

(2) The proposed hysteresis model is compared with the cubic
fitting model and the Bouc-Wen model, and it is verified
that the model can estimate the driving torque better.

(3) The inverse model is constructed on the basis of the hys-
teresis model to calculate the deformation of the deflection
angle with time, which lays the foundation for hysteresis
compensation.

Although the proposed model is able to model hysteresis well
under open-loop control, the effect of the model in closed-loop
control systems needs to be considered in future research and
applied to exoskeleton robot joints.
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Appendix

The variable stiffness structure of VSA is shown in Fig. 2, and
the individual compliant branches are shown in Fig. 3(b). l1, l2,
nd l3 satisfy the following cosine theorem

2
2

= l12 + l23 − 2l1l3 cos θ (A.1)

The elongation of the elastomer when the elastomer is rotated
y θ is δle = 2(l1 + l2 − l3), where Fe is the elastic tension and
e is the external equilibrium torque applied to the compliant
ctuator, which is then obtained as

e = FeJe = Fe

⏐⏐⏐⏐l̂2 ×
→

l1

⏐⏐⏐⏐ (A.2)

here l̂2 is the unit vector of l⃗2, l⃗1 is the parallel vector of l1, and
is the displacement generated under the elastic force as

e =

⏐⏐⏐⏐l̂2 ×
→

l1

⏐⏐⏐⏐ =
∂ l2
∂θ

=
l1l3 sin θ√

l21 + l23 − 2l1l3 cos θ

(A.3)

Thus, combined with the above equation, the torque can be
xpressed as

e = FeJe = k [2 (l1 + l2 − l3) + x0]
l1l3 sin θ

l2
(A.4)

In accordance with the principle of virtual work, the equiva-
lent rotational stiffness Ke of the output linkage can be regarded
as a linear relationship between the infinitesimal torque δT and
the infinitesimal deflection δθ . This relationship can be expressed
as

δT = Ke · δθ (A.5)

Combining the above equations, the equivalent stiffness of the
variable stiffness compliant drive mechanism can be found as

Ke =
δT
δθ

=

(
J2e +

Je
θ

δle

)
k +

Je
θ
F0 = c1k

k1

+ c2F0
k2

(A.6)

where c1 and c2 are⎧⎪⎪⎨⎪⎪⎩
c1 =

l12l32 sin2 θ

l2
+ 2c2 (l1 + l2 − l3)

c2 =
l1l3 cos θ

l2
−

l12l32 sin2 θ

l23

(A.7)

From the stiffness model of the compliant drive mechanism,
it can be seen that the stiffness variation of the mechanism is
influenced by the physical characteristics of the elastomer, the
coupling angle between the input flange and the output flange,
and the mechanical structure. The angle θ , the preload force F0
of the elastic element, and the rod length l are the variables that
influence the stiffness model. As can be seen from Eq. (6), the
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nfluence of the stiffness model is divided into two parts. One
art is the effect of the elastic element’s own stiffness k, which
ffects the overall stiffness K by changing k1; the other part comes
rom the elastic element’s own preload F0, which changes k2, thus
ausing changes in the overall stiffness K. In Eq. (7), c1 and c2
are related solely to the geometry of the mechanism and vary
nonlinearly with respect to the joint angle θ .

Combining the above equations, the overall stiffness of the
variable stiffness compliant drive mechanism with N compliant
unit branches and the overall torque model can be solved as in
Eq. (8) and Eq. (9)

K = Nk
(
Je2 +

Je
θ

δle

)
+ N

Je
θ
Foe (A.8)

T = N (kJeδle + JeFoe) (A.9)

According to Hooke’s law, Fe can be expressed as

Fe = kδle + F0 (A.10)

here k is the stiffness of the elastomer and F0 is the initial
preload force of the elastomer, which can be expressed as

F0 = kx0 (A.11)

Therefore, we can get

= k [12 (l1 + l2 − l3) + x0]
l1l3 sin θ

l2
(A.12)
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