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ABSTRACT This article proposes a novel methodology that uses mathematical and numerical models of a structure to
build a data set and determine crucial nodes that possess the highest sensitivity. Regression surfaces between the structural
parameters and structural output features, represented by the natural frequencies of the structure and local transmissibility,
are built using the numerical data set. A description of a possible experimental application is provided, where sensors are
mounted at crucial nodes, and the natural frequencies and local transmissibility at each natural frequency are determined
from the power spectral density and the power spectral density ratios of the sensor responses, respectively. An inverse
iterative process is then applied to identify the structural parameters by matching the experimental features with the
available parameters in the myriad numerical data set. Three examples are presented to demonstrate the feasibility and
efficacy of the proposed methodology. The results reveal that the method was able to accurately identify the boundary
coefficients and physical parameters of the Euler-Bernoulli beam as well as a highway bridge model with elastic
foundations using only two measurement points. It is expected that the proposed method will have practical applications
in the identification and analysis of restored structural systems with unknown parameters and boundary coefficients.
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1 Introduction

Structural modeling plays an essential role in any model
updating or structural health monitoring process [1]. The
structural model is normally initiated based on the nominal
values of material properties provided by the manufactur-
ing codes and design drawings as well as the analyst’s
assumptions about the connectivity and element types and
sizes [2]. It is inevitable that experimental and numerical
models will deviate from each other for reasons such as
modeling idealizations, model simplifications, and round-
off errors in numerical models associated with computer-
based processes [3]. Structural model updating or
structural model validation (SMV) can be categorized as
the first essential step in practical structural health
monitoring [4]. During the updating process, the numerical
model is tuned to match the in situ real-world model
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normally by minimizing the discrepancies between their
responses.

The most important system parameters in an SMV are
the material properties, model geometry, and boundary
conditions (BCs). Although there has been extensive focus
on updating the system parameters, the updating of BCs
has not received similar attention [5,6]. In most applica-
tions, the BCs are idealized as ecither fixed or free.
However, BCs can deteriorate by aging and rust and thus
can be a major source of system uncertainty in structural
health monitoring and updating processes [7,8]. While
there are guides for the deterioration of material properties,
such as Young’s modulus of elasticity and density, due to
environmental effects and manufacturing deficiency, there
are no such guides for BCs [9,10]. This process can
become more complicated when dealing with detailed real-
world engineering structures whose optimization schemes
require accurate local and global information [11].

The determination of system features is a crucial step in
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any SMV process. The conventional system features for
SMV are the results of an eigenvalue problem (EVP)
represented by the natural frequencies (NFs) and mode
shapes [12]. In a linear system, the relationship between
the force and displacement in the static form is linear,
whereas the relationship between the system parameters
and its features is nonlinear. This could be the main reason
that most optimum points returned by customary SMV
algorithms are not reliable and are usually local optimum
points [13,14]. In addition, there is no way to check the
uniqueness of the results to justify the entire process.

The solution of the inverse EVP is one of the most
topical subjects in the structural engineering field; it is
essential for the SMV process and has been investigated by
many authors. Nanthakumar et al. [15] suggested an
algorithm to solve the inverse problem in order to detect
material interfaces iteratively using the extended finite
element model (FEM). Another SMV method was
proposed by Mao and Dai [16], who used a quadratic
inverse eigenvalue solver with incomplete modal data. An
inverse structural modification process was developed by
Tsai et al. [17], who solved the inverse problem of
receptance instead of the original matrices or modal model.
The method iteratively minimizes the dynamic stiffness
modification matrix defined in their study and the
corresponding objective functions. Anitescu et al. [18]
proposed a method to solve the inverse problem of a
complex-valued Helmholtz equation by using artificial
neural networks and a grid point generation engine to
approximate a differential equation in its domain and the
BCs. Experimental SMV studies were performed by
Nehete et al. [19] to obtain accurate information about
the vibroacoustic cavity by using an inverse eigen
sensitivity method; the authors were able to identify the
BC properties of their 3D model.

A major challenge with SMV implementation is
determining the most significant structural responses with
the smallest number of sensors. In addition, the locations
and distributions of the sensors must be appropriately
assigned to collect structural features that have sufficient
information to identify system parameters [20]. Conven-
tional optimal sensor installation is normally performed
based on information entropy and probabilistic tools. The
information entropy, as a scalar value, measures the quality
of structural information using various clusters of sensor
configurations [21]. Stochastic simulations using the
Bayesian framework must be performed repeatedly to
evaluate the optimal sensor locations and uncertainties. An
extensive review of the prevalent optimal sensor placement
was performed by Mallardo and Aliabadi [22]. The
concurrent methods depend mostly on probabilistic,
heuristic, artificial, and genetic algorithm theories [23,24].

The current structural model updating algorithms have
the following disadvantages: (i) system responses normally
require numerous degrees of freedoms (DOFs) for mode
shape extraction; (ii) the BCs of the system are
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traditionally assumed to be known and are not considered
in the updating process; (iii) there is no way to determine
whether the returned value is genuine; (iv) gradient-based
and heuristic methods are typically executed with
sequential, implicit, and black-box steps that will turn
out to be the optimum point closest to the initial guess of
the analyst. Several apt treatments are offered to eliminate
existent flaws during the process.

A novel approach is presented in this work to identify
the uncertain parameters of a system as well as its BCs
using the minimum number of measurement points. A new,
exquisite method for assigning appropriate weights to the
objective function is presented. In this proposed method, a
returned point’s stability and uniqueness can be investi-
gated by a visual inspection toolbox, which is unprece-
dented for SMV analysis. The parallel coordinate toolbox
is also presented to enhance the SMV’s confidence in
determining whether the returned points are in a unique
region. Furthermore, the economic cost of the experiment
is reduced by recognizing and then mounting a sufficient
number of sensors, while the required number of structural
modes are excited.

This article is organized as follows. The methodology
section introduces a novel comprehensive algorithm for
authentic SMVs. The algorithm uses a multi-stage process
to determine a system’s properties with high confidence.
Three examples are presented in the example and
verification section, ranging from a simple model to
more sophisticated ones, to show the feasibility of the
proposed method in various situations. The possible
experimental implementation section elaborates on the
implementation of the proposed method in real-life
scenarios. The article ends with the discussion and
conclusion section.

2 Methodology

In this section, the steps required for conventional SMV are
presented first. This is followed by a description of the
proposed algorithm.

2.1 Conventional structural model updating process

In this process, a common objective function, which
defines the difference between the analytical and experi-
mental models, is minimized subject to some constraints.
The following is an example [13,25]:

min : J(X)_Z (ffef)
+Z“’ < MAC) ,
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where X = {x; - - - x), } is a vector that contains uncertain
parameters defined as random variables (RVs). N and M are
the total number of modes and total number of uncertain
system parameters, respectively. LB and UB are the lower
and upper bounds of the RVs, respectively. The feasible
region (FR) of the unknown parameters is defined by those
bounds. MAC is the modal assurance criterion, which
measures the correlation between a pair of local mode
shapes [3,26]. Finally, f;;, fi;, @!, and ! are the ith
analytical NF, experimental NF, NF weighting coefficient,
and mode shape coefficient of the ith mode, respectively.

This formulation normally uses a single objective
function that comprises weighted terms, where each
weight indicates the relative degree of importance of that
term. This process faces a critical pitfall in assigning
appropriate weights to each term in order to determine the
optimum point(s) [27]. Various weights can return spurious
optimum points, which could be far from genuine. In
addition, if the objective function is in the form of a multi-
objective function, then it may return a Pareto optimal front
issue, which is difficult to resolve and refine in higher-
dimensional space [13]. The optimization codes must
minimize the objective function by updating the input
parameters either randomly or by using gradient-based
schemes. The sensitivity of the eigenvalues and eigenvec-
tors (features) of any system to unknown parameters can be
expressed as follows [12]:

o), }T( K]

op;

<<2nﬁ>2>%f]) ) @

J

v (o (B~ ()2 ) {01}
T (2nf,)* (2 o

®)

where [M], [K], p;, f;» and ¢, are the mass matrix, stiffness
matrix, jth unknown parameter, ith NF, and mode shape of
the system, respectively. As can be seen from Eqgs. (4) and
(5), any change in the stiffness and mass matrices of the
system can lead to changes in the system features. In
addition, as the relationships between the system para-
meters and their features are nonlinear, the degree of
nonlinearity can be estimated using numerical simulations
and regression analyses.

2.2 Proposed methodology

The proposed methodology is designed to identify the
minimum number of essential global and local features to
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determine the locations of the measurement node and
uncertain system parameters. A flowchart of the proposed
methodology is presented in Fig. 1. The methodology is
divided into a multi-stage process as follows.

start

{St.(l): construct EVP by (PDE/FEM)]

[ St.(2): design of experiments (DOEs) ]

[ St.(3): solve and save EVPs ]—»

[ St.(4): find sensitive nodes ]

St.(5.1): create
global info RSs

[St.(5.2): create local info RSs]

[ St.(6): create myriad discrete set ]

l

St.(7): 1/0 evaluation of
myriad set from RSs

(" N

St.(8): find minimum
required modal info I Nm=1 I

[ Nm=Nm+1 ]—»[ generate arbitrary trial point X(7) ]

l

[ estimate “Nm” features of the model, Y(i) ]

l

[ search Y(7) in myriad set by Eq.() ]

l
[ no H authentic UD of X(i) achieved }

yes

end

Fig. 1 Flow chart of the proposed authentic SMV process
showing the eight stages and their components.

2.2.1 STAGE (1): construct an EVP with a PDE/FEM

The first step is to construct an EVP for the desired
structural system, which can be solved analytically or
numerically. For simple discrete and continuous elastic
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media such as rods, beams, plates, or shells with simple
BCs, it is possible to analytically solve the EVP. In these
cases, the behavior of the system can be expressed by a
partial differential equation (PDE), and then a nonlinear
characteristic equation must be derived for further input-
output (I/O) analysis. Alternatively, a detailed FEM of the
structure can be constructed to numerically solve its EVP.

2.2.2  STAGE (2): design of experiments

As the relationship between the system’s features and
parameters is implicit, design of experiments (DOE) can be
exploited to generate several input parameters. These trial
points are various combinations of the system’s uncertain
parameters within their FR [28]. The number of samples
depends on the number of design variables or RVs, the size
of the FR, the number of DOFs of the boundary variables,
and the acceptable cross correlation between various RVs.
In this research, Latin hypercube sampling (LHS) was used
for the DOE process. This method shuffles samples of
multi-dimensional variables randomly within the FR
without any priority [29]. With this setup, each variable
is distributed uniformly, and the least correlation exists
between any pair of variables to cover the entire FR
appropriately.

2.2.3 STAGE (3): solve and save EVPs

In this step, the constructed EVP must be solved for all
DOEs. The physical parameters of the entire system,
X ={x;---x)}, construct a vector of M number of
unknowns. Each output of the system y,, is usually either an
eigenvalue or an eigenfunction. The outputs of the entire
system, Y = {f,p;:i=1:N}, construct 2N system
features. It has been strongly suggested that, to determine
a viable solution, the number of selected features must be
equal to or greater than the number of parameters that need
to be identified [20]. In other words, in order to estimate M
system parameters authentically, at least N modes must be
excited, where (N=M). The input parameters and
corresponding output global features and local features
are used to construct regression surfaces hereafter.

2.2.4 STAGE (4): find sensitive nodes

In this step, collection points for local information are
identified. These are points where spots/nodes oscillate the
most when the parameters of the system change. The local
information depends on the location as well as the
directions (x, y, and z) of motion at the measurement
points. Because it is computationally expensive to collect
all the mode shapes of a system, it would be more practical
to simply find the most sensitive nodal information [30].
The mode shape component, ¢;;, represents the amplitude
of the ith mode at the jth DOF. The selection of the node
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number and its DOF in each mode depends on its
sensitivity to various system parameter variabilities. In
this section, we present the modal transmissibility (MT) to
represent the local feature hereafter. The MT is defined by
the ratio of the mode shape components of the jth and kth
DOFs in the ith mode as follows:

sk _ P
M Pir (©)
In practice, this local variable can be estimated by power
spectral density transmissibility (PSDT). First, the ratio of
the PSD between the time domain signals of y(¢) and y,(?)
with a reference signal y,(¢) is defined by the following
formula [31,32]:

Gr(f)
Th(f) = 275,
Jk(( ) Gkr(f)
where G, (f) and Gg(f) are the cross PSDs of the
corresponding signals. The PSDT is a frequency-depen-

dent function. Around the ith NF of the system, this
function returns the MT; as follows [33-35]:

™)

lim T5(f = f) = 2 = MT), ®)
= Dik

Numerically, the entire mode shape can be easily
collected for further statistical processing. Then, after
finding the best sensitive nodes on the structure, the data at
these nodes can be mounted for the feature extraction
process during sensor collection. The minima and maxima
of mode shapes at any node are associated with the
smallest and largest energies, respectively. If the minimum
of'a mode shape at a node is close to zero, that node attains
the least energy and is called a fixed/modal node. On the
other hand, if the maximum of the mode shapes is an
antinode, this means that the highest energy is concentrated
on them during excitation [26,36]. It was found that the
most appropriate locations for data collection were the
points that attained the highest standard deviation (S7D)
while being far away from the fixed points or minimum. A
high STD means that the nodes oscillate the most when the
system parameters change and attain the highest sensitivity
to the predefined system parameters. The source of a high
STD of any node could be at least one uncertain parameter

because the system parameters vary simultaneously.

2.2.5 STAGE (5): create global and local information RSs

Because the FEM is a type of black box and the
interrelationship of various I/O parameters is unknown,
the response surface (RS) method is presented in this work
as a substitute for the FEM [28,37]. It will be shown that
highly nonlinear relationships exist between the local and
global features of the system and system parameters.
Owing to the derivability and tractability provided by
polynomial expressions, polynomials are used in the
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curve-fitting process. It has been proven that the number of
regression coefficients required for precise curve fitting
grows exponentially as the polynomial degree increases
[9,11]. The general high-order polynomial RS model plus
its interaction terms for the system feature, y can be
expressed as [38,39]

J/(xl ,xz,m,XM) =

>

i1=0 i,=0

p-iip—ii—i p—ii—iyiy

=0 iy=0

ﬂ[I[ZA..[MXlllleZ .. _kaM + &, (9)
where B; ;... X, & M, and p are the regression
coefficients, nth independent variable or predictor para-
meter, Gaussian error term, total number of independent
variables, and highest order of polynomials, respectively.
There are two major indicators of the goodness and
accuracy of curve-fitted surfaces/functions. The coefficient
of determination, R?, is the first indicator and represents the
ratio of the sum of the square regression (SSR) to the total
sum of the square (SST) as follows [1]:

_SSR I

SST & '
> i)
i=1

This coefficient (R*) can vary from 0.0, which indicates
no accuracy, to 1.0. The second indicator is the root mean
square error (RMSE), which evaluates the overall accuracy
of the fitting surface and is defined as follows:

/SST
RMSE = 55 =
n

Usually, the RS method is executed by a second-order
(p = 2, quadratic) or at most third-order (p = 3, cubic)
polynomial, owing to the simplicity in estimating its
coefficients [4,40]. However, when considering several
uncertain parameters simultaneously, satisfactory R? can
barely be achieved by a low polynomial order. However,
the real degree of nonlinearity between the system features
and its uncertain parameters is demanded in this proposed
method. Practically, it is impossible to achieve an exact RS
to express the I/O relationship. Therefore, the order of the
polynomials was gradually increased until a high accuracy
(R*20.99) and minimum RMSE were achieved. The
overall problem definition can be expressed as follows: If
there are M system parameters (x;) that need to be
identified, N features (y;) must be extracted to correctly
identify (x;). In other words, the system parameter vector is
X ={x;---xy}, and the system feature vector is

RZ

(10)
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Y = {y; ---yy}. The direct and inverse problems, respec-
tively, are as follows:

yields

X={x xy}t—>Y={wh (12)
Y= (o} S X = ooy (13)

In the direct approach, either the PDE or FEM returns
the system features based on predefined model parameters,
while the inverse problems aim to find system parameters
from extracted model features. The crucial issue in almost
all inverse problem solvers is determining whether the
returned result is a genuine or a false one, especially for a
high-dimensional domain in which there is no way to
investigate the optimum domain.

2.2.6 STAGE (6): create a myriad discrete set

To check the uniqueness of the FR, the infinite continuous
multidimensional space is discretized to a plentiful number
(Np) of random trial points that cover the FR accurately
using the same method as in Stage 2 while utilizing the
highest number of trial points that the computer can handle
for searching. Because the parallel coordinate can only plot
a discrete set of multidimensional points, this step must be
executed for further visualization. As can be seen in the
second and third examples, Np = 1E6 random trial points
were generated by the DOE process for the discretization
of the domains.

2.2.7 STAGE (7): 1/O evaluation of a myriad set from RSs

In this stage, the myriad set must be evaluated by the RSs
estimated from the global and local information (Stage 5).
This process is computationally trivial because there is no
longer a need to solve EVPs; instead, one just needs to
evaluate RSs. At the end of this step, the I/O values of the
myriad points can be estimated in a metadata for-
mat{X : Y }. Because the continuous FR was discretized
in a multidimensional space, there is still a gap between
each sequential input X and output Y of the system. In this
proposed methodology, instead of putting ambiguous
weights, such as those in Eq. (1), into the system features,
each feature is assigned a unique weight based on its own
range in the FR. Because each feature varies independently
of other features as the input parameter changes in the FR,
selection of the desired points is based on an equal
percentage of range/variability for each feature. In the
constructed set {X : Y}, the feature gap percentage (FGP)
is presented as the quotient of the maximum difference
between two successive or sequentially ordered features in
the set divided by its own potential range. This can be
considered the existent discretization gap due to the
sampling at the previous step. The scalar FGP index for
the constructed set can be evaluated by
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FGP = Max{Distance|Ordered(y;)|/Range (y;);

i=1:N}. (14)

The FGP can be considered a percentage by which each
feature in the constructed set can increase or decrease to its
neighborhood point. It must be mentioned that when the
number of NDs increases, the FGP decreases by the same
amount. The maximum of the individual feature gap must
be chosen to ensure that the search process will find at least
one sample.

2.2.8 STAGE (8): find minimum required modal
information

This stage is the most critical; it indicates the number of
essential eigen solutions required to identify the system
parameters. It is always desirable to identify system
parameters with the smallest number of excited modes
because it is costly to excite many modes of a large
structure. The additional extracted features could be
redundant and could ruin the results because there is less
accuracy in the higher mode features in practice [30]. If we
know how many features are sufficient, then more energy
must be used in extracting them more precisely based on
the required accuracy rather than finding redundant ones.
In Stage 5, it was found that the relationships between
system parameters and their features are highly nonlinear.
It, therefore, needs to be determined whether a unique
intersection domain of local and global features can be
achieved. For two-dimensional (2D) functions, a contour
plot can visually show the intersection of the local and
global features, as in the first example. Whereas if a feature
be function of more than two independent variables, it is
challenging to plot that function in common 3D Cartesian
domain. A novel contribution of this work is the use of the
parallel coordinate for SMV purposes, and its feasibility is
demonstrated in the second and third examples. The
parallel coordinate is a well-known geometric toolbox for
the visualization of discretized high-dimensional data [41—
43].

The eighth stage comprises several steps, as shown in
the dotted box at the lower end of the flowchart in Fig. 1.
The goal of this stage is to find the minimum number of
modes Nm that can provide sufficient constraints to
authentically find M system parameters. There are several
reasons why every conventional optimization code returns
several optimum points. First, based on the definition of
the conventional objective function described by Eq. (1),
different weights return different parameters. Second, as
extracted features are obtained repeatedly during experi-
ments, it is inevitable that these features will have some
variations even in the same environment. Finally, there is
no way to determine whether these returned optimum
points are genuine. Therefore, it is anticipated that the
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proposed parallel coordinate will find a unique domain
(UD), which means that each returned system parameter is
stable around a single neighborhood. As mentioned earlier,
all optimization codes provide several optimum points that
could vary in FR, but the UD returns a unique intersection
around single system parameter values.

Consequently, an iterative loop was defined to reach a
UD from the smallest number of modes Nm = 1, as shown
in Fig. 1. In each iteration, a trial point of system
parameters X (/) was randomly generated within the FR in
the same manner as in the second stage. Then, the system
features ¥ (i) that contain only Nm modal information
could be estimated in a similar way as in the third stage.
Now, even if the exact value of ¥ (i) does not exist in the
constructed discrete myriad set {X : ¥ }, the algorithm will
still be able to find the optimum system parameters X, in
the set as follows:

Optimum Points

= Find{X,| ¥()-By<¥< Y()+ B/}, (1)

where the feature bound vector (By) is defined to provide a
fine interval:
By = FGP-Range(X>. (16)
The FGP gives weights to the system features by
assigning a degree of importance to each feature based on
its variability inside FR. Afterwards, Egs. (15) and (16)
return several optimum points X, from the myriad set.
Then, the algorithm increases the number of modes Nm
during the search process of the defined loop automatically
until a UD of X, is achieved. The UD can be defined when
the distance between various X, becomes less than an
acceptable value. The UD for the first example is displayed
with a counter plot as two independent variables exist. For
the second and third examples, the UD is investigated by

parallel coordinates because more than two independent
variables exist in the RSs.

3 Examples and verifications

This section aims to thoroughly demonstrate all the
required steps based on the proposed methodology
depicted in Fig. 1. Three examples, ranging from a simple
structural model to more complex ones, were chosen. The
first and second examples present prismatic beams
supported on various BCs described by the Euler-Bernoulli
theory, and the third example is a full three-dimensional
FEM of a highway bridge superstructure. In this research,
MATLAB® was adopted for the DOE process, root-
finding of nonlinear characteristic equations, high-order
polynomial curve-fitting, and data visualization. In the
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third example, ABAQUS and the Abaqus2Matlab toolbox
[44] were exploited for the eigen solver machine and data
collection purposes.

3.1 Example 1: prismatic Euler-Bernoulli beam plus
rotational spring supports at each end (two system para-
meters)

A well-known EVP is a continuous prismatic beam of a
homogeneous material described by modulus of elasticity
E, second moment of area /, density p, length L, and cross
section A. The flexural displacement of the Euler-Bernoulli
beam can be written as the following PDE [45,46]:
Pw o*w
pA—- 32 + El— e 0.
Using the separation of variables technique, this PDE
has the following solution:

(17

(18)

(2nf,)t

where ¢,, q,, and f, are the nth mode shape, frequency
equation, and resonant frequency, respectively. Substitut-
ing Eq. (18) into Eq. (17) and making a few calculation
simplifications yields the following univariable equations:

d*q,(t
0 4 g,0) =0, 19)
L) gt = 0, o)

where £, is the nth modal coefficient that depends on the
nth frequency coefficient (modal number) 4,. This modal
coefficient is related to the material properties as well as the
geometry of the beam as follows:

2 4
pr = (7) = (27,25 @)
2 EI
1o =5\ o @2)

The general solution of the EVP described by Eq. (20),
that is, the mode shapes of the system, can be calculated as

follows [47]:
Pn (X) =4, Sin(ﬂnx) + B, COS(ﬂnX)
+ C,,-sinh(B,x) + D, -cosh(f,x), (23)

where 4,,, B,, C,, and D,, are the constant coefficients for
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each mode, which can be estimated based on various BCs.
By substituting various BCs into the latter equation, a
nonlinear univariable equation, namely the characteristic
equation with infinite roots, is obtained. Its roots are modal
numbers A,, which are related to the system NF by
Eq. (21).

The first example, which is a Euler-Bernoulli beam with
two rotational springs, is shown in Fig. 2(a). The four BCs
of this model are as follows [48]:

¢n(x = 0) = O’

pp(x=1L)=0,

dp,(x=0) @4)

dx? ~EI

ﬁ d(/’n(x = 0)
dx b

g, (x=L) _ —Kp dp,(x =L)
dx? -~ EI e
Substituting the BCs shown in Eq. (24) into the general
solution of Eq. (23) and making several parametric
manipulations yields the characteristic equations (fre-
quency equation):
x « Ay[1 + a[sin(A,)cosh(A,) —cos(4,)sinh(4,
k2 4  all t llsin(i,)cosh(4,) —cos(i, sinh(, )]
a[l —cos(4,)cosh(2,)]

222sin(4,)sinh(A,)
a[l —cos(4,)cosh(4,)]

=0. 25)

This equation is remarkably nonlinear, and its roots need
to be evaluated for various spring coefficients using a
robust root-finding toolbox. Then, by substituting the roots
of this equation as well as the modal unknown coefficients
into Eq. (23), the normalized mode shape can be
determined as follows [49]:

Pn (5) = Sin(Anf) 781nh(/1n£)

sinh(4,,) —sin(2,)

24
cos(4,) —cosh(A,) ——sinh(4,)
Ky

+

24
X cos(}tni)—cosh(A,,i)—K—*"sinh(Ang) ,  (26)
o
Ko o Ko . Ko
where a = —, Ky = ——+, Ky ,and & =x/L
Ko 0 D

are the rotational spring ratio, dimensionless left-side
rotational spring, dimensionless right-side rotational
spring, and dimensionless beam length, respectively. As
Egs. (25) and (26) are evaluated by solving a pre-defined



1338

PDE and then become dimensionless, they are applicable
to all similar prismatic beams with the same BCs. In this
example, two dimensionless spring constants (K, Kj,) are
considered as the system parameters. Any combination of
these dimensionless constants in the characteristic Eq. (25)
will yield infinite modal parameters A, as the equation
roots. Then, those roots will construct infinite mode shapes
of the system by Eq. (26). As only NFs could be extracted
experimentally and the characteristic equation roots are the
modal numbers, the following formula, which relates
modal numbers 4, to the normalized NFs, was used:

AZ
b2 @7)
N A

This formula can be confirmed by Eq. (22); somehow,
all NFs are normalized to the first NF. Therefore, numerical
as well as experimental results could be completely related.

X w(x, t
2 Ko T 9
11
- p.AET
i L
(@)
—x w(x, 1)
2 Kor T
)}

? p. A E 1
Ky % L
T,

(b)
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In Fig. 3(a), the correlation plot of the 500 samples
generated by the LHS algorithm is shown.

By substituting these samples into Eq. (25), a collection
of modal numbers A, based on various (Kp, Kj) was
estimated numerically by the highest precisions the root
finding toolbox could handle. Then, the normalized mode
shapes were evaluated based on Eq. (26); the overlaid
mode shapes of the first three modes and their statistical
information are plotted in Fig. 4. For this example, nodes at
&= 0.2 and &= 0.8 were chosen for the local information
collection (MT) based on Eq. (6), as these nodes attain
relatively high STD while being located far away from the
nodal points of the first three modes. The local information
in this example, i.e., MT|, MT,, and MT3, are the MT
features at those nodes in the first, second, and third modes,
respectively. For RS fitting, global and local information
must be chosen; they intersect at one region/domain. The
RS of a few initial global and local features of the samples

Fig. 2 (a) The first model, a prismatic beam plus only rotational springs; (b) the second model, a prismatic beam plus both translational
and rotational springs; (c) the third model, one span of a USA highway bridge (FHWA #33472).
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Fig. 3 2000 DOE obtained by the LHS technique and their correlation plots: (a) 500 samples of the first example with two system
parameters; (b) 1000 samples of the second example with four system parameters; (c) 500 samples of the third example with six system

parameters.
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as well as curve-fitted data are shown in Fig. 5. In this
example, (p= 4) was applied as the highest polynomial
order to obtain a high coefficient of determination
(R*=0.99). As there are only two independent parameters,
the intersection domain can be visually identified.

The contour plots of the feature RSs by specific trial
values are shown in Fig. 6(a) and Fig. 6(b) for FGP = 0.01
and FGP = 0.05, respectively. From the Fig. 6 contour
plots, three important conclusions can be made. First, both
local and global information are required to update and
identify system parameters at a UD. In other words, neither
global nor local information individually can specify a UD;
however, the region where the two intersect can. Second,
as the feature value uncertainty FGP increases, a broader
domain of optimal points can be returned by the UD. This
plot shows that, by enlarging the feature uncertainty, the
provided UD swells and consequently proliferates the
potential optimum points. Finally, it is clear from the
contour plot that at least two modes must be excited and
that their global and sensitive local features are able to
return the correct system parameters (Nm = 2). The other
modal information is redundant, as shown in Fig. 6.

3.2 Example 2: prismatic Euler-Bernoulli beam plus
translational and rotational spring supports at each end (four
system parameters)

In this example, both translational and rotational springs at
the bearing sides are considered simultaneously as the
most general case for the Euler-Bernoulli beam BCs, as
shown in Fig. 2(b). The four BCs in this problem are as
follows [48]:

& Dy (x = 0) Ky

dx3 - E l‘pn(x = O)a

d2¢n(x = O) _ Ky dgo,,(x = 0)

dx? El dx ’
. (28)
d gpn(x _ L) K T
dx3 - E); ‘pn(x = L)a

dz(on(x = L) 7K(')r d(”n(x = L)
& EI dx
Substituting the BCs shown in Eq. (28) into the general
solution of Eq. (23) and making a few parametric
manipulations gives the following characteristic
Eqgs [49]:

2811 —cos(a,)cosh(A,)]
- AZ[(K(;I + K;r)(Sin(An)COSh(An) + COS(An)Sinh(An))]

- /\2 [2K;1K;r5in()‘n ) Sinh(An)]
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+1[(Ky + Ky, ) (cos(A,)sinh(A,) —sin(4, )cosh(2,))]
+ 28 (KpKy1 + Kx:Kgr ) (1 + cos(2,)cosh(2,))
+2(KguK1 + KyeKp) (cos (3, )cosh(2,))]

+0 (KoK (K + Kxr)

(cos(4,)sinh(4,) + sin(A,)cosh(4,))]

+222[Ky 1Ky sinh(4,)sin(4,)] + A, [KniKy (Ko + Kgr)
(sin(4,)cosh(4,) —cos(4,)sinh(4,))]

+Kp KKKy [1—cos(2,)cosh(A,)] = 0. (29)

This equation is nonlinear, and its roots depend on Ky,

K and K5 K
EI/[?

= m, which are the left and right

translational normalized spring coefficients, respectively.
The two rotational spring coefficients Kj and Kj, are the
same as in example 1. In this example, four dimensionless
spring constants (Ky,, Ky., Ky, Kp,) are considered as the
system parameters. The mode shapes are determined by
inserting the roots of Eq. (29) into the mode-shape formula.
Because it is a very long equation, it will not be shown in
the paper. However, it is available in the literature [50,51].

In Fig. 3(b), the correlation plot of the 1000 samples
generated by the LHS algorithm is shown. The mode
shapes of the system based on various sample values can
be evaluated. The overlaid mode shapes of the first five
modes and their statistical information are plotted in Fig. 7.
In this example, nodes at &= 0.1 and &€= 0.9 were chosen for
local information collection (MT) based on Eq. (6) because
they met the high STD criteria while being far away from
the nodal points of the initial five modes of the beam. The
local information in this example, MT;, MT,, MT3, MTy,
and MTs, are the MT features at those nodes in the first
through fifth modes, respectively. In this example, (p = 5)
was applied as the highest polynomial order to obtain a
high coefficient of determination (R*>0.99). The order of
the polynomials is one degree more than that in the
previous example, where rotational springs were consid-
ered. Although the RSs cannot be plotted as four
independent variables, the statistical information for the
global and local features of the 1000 samples is shown in
Fig. 8 to check their sensitivity. The intersection domain
must be investigated using the parallel coordinate toolbox
of the myriad data set to find the UD. To find the essential
information for correct parameter identification, the myriad
discretization step was performed with Np = 1E6 points
provided by LHS and FGP= 0.01. In Fig. 9, parallel
coordinate plots are shown for the myriad and the
gradually increasing Nm from just two modes up to four
modes of trial features. Several different trial feature points
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Fig. 7 1000 overlaid mode shapes of the second example and their statistical information for the five initial modes based on the

normalized axis (£): (a) the first mode shapes; (b) the second mode shapes; (c) the third mode shapes; (d) the fourth mode shapes; (e) the
fifth mode shapes; (f) the first mode statistics; (g) the second mode statistics; (h) the third mode statistics; (i) the fourth mode statistics; (j)

the fifth mode statistics.

were used to ensure that there was enough information to
find the UD. Based on this toolbox, the four modes must be
excited and their global and local information at the pre-
mentioned nodes must be collected in order to find the UD
(Nm = 4). In this case, the information in the fifth mode is
redundant and can be disregarded during the experimental
feature extraction process.

3.3 Example 3: highway bridge super structure plus
rotational BCs (six system parameters)

This structural model was selected as a benchmark for a
more complex structure. It is one span of a highway bridge
constructed by a concrete deck on four girders and 12 cross

beams, as shown in Fig. 2(c). The generalized EVP can be
expressed by the following Eq [52]:

[[K] - 2nf;)* [M]{g:} = 0, (30)
where M, K, F;, and ¢; are the mass matrix, stiffness matrix,
ith NF, and mode shape of the system, respectively.

In this example, six uncertain parameters were con-
sidered for the SMV process, {EgEc,ps0c-Ko-Kpe}s
representing the Young’s modulus of elasticity of stainless
steel used in the girders and cross-beams, Young’s
modulus of elasticity of the concrete used in the deck,
density of stainless steel, density of concrete, left side of
the rotational stiffness of the bearing system, and right side
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of the rotational stiffness of the bearing system, respec-
tively. The three-dimensional FEM of the bridge was
simulated by 7929 elements of the 4-node quadrilateral
elastic shell element in Abaqus®. The overall bridge
model had 9028 nodes after it was meshed in the software.
Because the FEM is deployed as the EVP solver, the
number of elements was obtained by starting from an
initial guess and proceeding to a finer mesh until the
relative variation of the required NFs became less than the
acceptable tolerance defined by the analyst.

In this study, the mesh sensitivity was determined from
the initial guess of the mesh size until the six initial NF
variations were less than 0.1% of the previous iteration. In
Fig. 3(c), the correlation plot of the 500 samples generated
by the LHS algorithm is shown. Then, all DOE combina-
tions were inserted as inputs to the FEM in Abaqus®, and
all the eigen solutions were collected automatically for
further analysis. The six initial bending mode shapes and
their STD contour plots are shown in Fig. 10. Only bending
modes were analyzed because these modes are more
sensitive to the system parameters. The DOFs required for
estimating MT; were chosen at £ = 0.135 and £ = 0.865 at
the middle longitudinal line of the deck. In Fig. 11, the
statistical information of the selected global and local
features is shown and is used to investigate the sensitivity
and precision of each feature. In this example, (p = 4) was
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applied as the highest polynomial order to obtain a high
coefficient of determination (R*>0.99). The intersection
domain must be investigated using the parallel coordinate
toolbox of the myriad set to find the UD. To determine the
essential information for correct parameter identification,
the myriad discretization step was performed with Np =
1E6 provided by LHS and FGP = 0.01. In Fig. 12, the
parallel coordinate plot of the myriad data set as well as the
gradually increasing constraints (Nm) from four to six
modes of a trial feature are plotted. Again, a few various
trial feature points were used to determine whether the
number would provide sufficient information to find the
UD. Through the parallel coordinate toolbox, it was found
that at least six modes must be excited, and then their
global and local information at the pre-mentioned nodes
must be collected to authentically find the UD (Nm = 6).
In this example, the standardization process was also
performed for better visualization using parallel coordi-
nates. Because the system parameters have different units
and ranges, each system parameter in the myriad set must

be standardized by (Z; = Ximhx
ox,
that an analyst must keep in mind when using any FEM
software during the required EVP process, such as element
type, mesh size, and BCs, in order to minimize discretiza-
tion errors. If inappropriate values are used for any of these

). There are a few notes
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Fig. 10  First six initial bending modes of the bridge span and the contour plots of the STD of the mode shape history used to locate
sensitive spots to construct MT;: (a) first mode shape; (b) first mode STD; (c) second mode shape; (d) second mode STD; (e) third mode
shape; (f) third mode STD; (g) fourth mode shape; (h) fourth mode STD; (i) fifth mode shape; (j) fifth mode STD; (k) sixth mode shape; (1)

sixth mode S7D.
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simulation sources can mislead the optimization algorithm
toward spurious points.

4 Possible experimental implementation

This section presents the experimental application of the
theoretical/numerical algorithm presented in Fig. 1. As
indicated in Section 2, the algorithm presented in Fig. 1
provides the locations of the critical nodes that have high
energies and that are far away from the nodal points. While
the algorithm can identify more candidate nodes if needed,
the three examples solved in Section 3 showed that even
two nodes were sufficient to identify six system para-
meters. The algorithm also creates an RS between each
modal feature and the system parameters for large cases
within the FR. Having this information available will assist
the analyst in conducting experiments and identifying the
unknown system parameters as accurately as possible.
During the experiments, the acceleration data from the
sensors were used to identify the modal features of the
system represented by NFs as the global information and
MTs as the sensitive local information [26,53]. The NFs
can be identified from the PSD peaks of the signals, and the
ratio between the PSD magnitudes of the two sensors at the
different peaks (NFs) will be used to calculate the MT at
each NF [35,54].

Although the mode shapes for all DOEs must be
evaluated numerically to be used in the statistical analysis,
only specific mode shape indices are experimentally
extracted to construct in situ MTs. The computational
cost of mode shape extraction by computer-based FEM
code is negligible compared to the experimental cost
associated with mounting many sensors. Rather, a few
sensors can be deployed to extract similar structural
information (NFs and MTs). Once the real system features
are determined, the next step is to determine the system
parameters using an inverse problem. However, this
process does not require solving a computationally
expensive inverse problem; instead, it will rely on
matching the set of experimental features with the myriad
data set in the RSs. An iterative process is performed until
the experimental features match the closest system
parameters presented in the myriad data set. Because of
the discrete nature of the myriad data set, there is no
guarantee that an exact matching solution between the
myriad random set and the experimental features exist
[55]. Nevertheless, the bound vector (By), which is based
on the statistical range of the features in FR as defined by
Stage 8 of the algorithm, will be used to exquisitely perturb
the magnitude of the experimental features until it matches
the closet parameters in the myriad set. Eventually, the
returned results can be visually inspected by the parallel
coordinate tool [56].
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5 Discussion and conclusions

This paper presents a novel approach for performing a
structural model updating process that minimizes system
uncertainties and determines a unique solution for the
system’s parameters and BCs using a minimum number of
measurement points and system features. A new approach
for assigning objective weights to each term in a multi-
objective function is proposed based on the system’s local
and global information, and its sensitivity and range in the
FR. Assigning objective weights to each term will swiftly
increase the efficiency of the optimization process. Second,
in contrast to conventional SMV methods, which select
arbitrary positions for data collection, the proposed method
used a new approach to identify the most sensitive nodes
for sensor placement. Third, the range-based weights and
the parallel coordinate toolbox were exploited as two
unprecedented approaches for SMV applications to
identify an authentic UD with a minimum number of
required features. Finally, in comparison with existing
methods, high-order polynomial RSs are suggested to
measure valid degrees of nonlinearity between system
parameters and their features. These nonlinearities are the
reason that most updating methodologies are unable to find
genuine optimum points.

In the first and third examples, where just rotational BCs
were considered as the system parameters, fourth-order
polynomials were found to be appropriate for estimating
acceptable RSs. However, in the second example, fifth-
order polynomials were required to obtain a similar
accuracy on the optimum point. The interaction between
both rotational and translational DOFs is the main reason
why higher-order polynomials were utilized to find UD of
optimum points with acceptable accuracy. These RSs with
high accuracy are deployed as pattern recognition func-
tions to evaluate myriad random points, instead of running
finite element (FE) code for enormous lengths of time.
However, a caveat exists when using high-order poly-
nomials to fit any data set. Extreme high-order polynomials
can cause severe ringing between the data points and
further spurious results. Therefore, the algorithm must
gradually enlarge the order of the polynomial from low to
high until an acceptable criterion is achieved.

The number of samples in the DOE was selected based
on the cross-correlation between the variables. For each
problem, the number of samples was increased until the
cross-correlation between the variables became (p<0.1).
In general, the number of samples is affected by several
factors, including the number of design variables, the size
of the FR, and the number of DOFs of the boundary
variables. It appears that the latter factor has a greater
impact on the resulting number of samples. For example,
the first problem had four unknown parameters and two
boundary variables with two DOFs (a translational spring
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at each end of the beam), and 500 samples were found to be
adequate. The second example had six unknown para-
meters with four DOFs at the boundaries (a translational
and a rotational spring at each end) that needed more
samples; therefore, 1000 samples were used. The third
problem had six unknown parameters but two unknown
DOFs at the boundaries (two rotational springs); thus, 500
samples were deemed sufficient.

The order of the polynomials for the RSM depends on
the magnitude of the coefficient of determination R?, as
specified in Eq. (2). For each problem, the order of the
polynomial is increased until R* becomes = 0.99. It appears
that the order of the polynomial is also sensitive to the
number of DOFs at the boundaries. In the third example,
only rotational DOFs were considered as variables; the
second example was more sophisticated because both
translational and rotational DOFs were considered in RVs.
Therefore, the higher order of polynomials in the second
example was required to reduce DOF interaction effects
during RS construction and curve fitting.

The minimum value of FGP was selected by increasing
the number of myriad sets (Vp). In this case, the feasible
domain was discretized by a finer mesh and much smaller
distances that provided a smaller FGP. Consequently, a
smaller FGP returns system parameters with higher
precision in their values. In addition, the FGP helps the
experimenter become aware of the precision with which
modal information (NFs and transmissibility) must be
extracted in order to find the system’s unknown parameter
with greater/lesser precision. In the first example, both
(19%) and (5%) FGP were exploited to show how FGP
affects the precision of the optimum points, as shown in
Fig. 6. In the second and third examples, (0.1%) FGP was
provided based on fine discretization of the FR by one
million samples (myriad set) and the associated consecu-
tive sample distances. As a rule of thumb, more samples
produce higher resolution and result in higher precision of
the optimum points.

The number of samples needed to obtain a myriad
discrete set depends on the computer/LHS capacity and
speed in generating samples as well as on the required
accuracy of both system parameters and features. The more
points used, the better, as they discretize the FR with a
higher accuracy. Because of the limitations of our
computing system, we were not able to go beyond one
million points. Nevertheless, one million points produced
(0.1%) FGP, which met the acceptable resolutions for the
three examples. For instance, for the second NF of the
second example and for the 5 Hz samples, 5.005 and
4.995 Hz samples are available in the neighborhood. If
analysts need higher resolutions of features, they can
increase the number of myriad sets (Np).

For the first example, nodes at £ = 0.2 and £ = 0.8 were
chosen for the local information collection (MT) based on
Eq. (6). These nodes attain relatively high STD while they
are located away from the nodal points of the first three
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modes simultaneously, and they are also round numbers,
which may make it easy for the analyst to use. Neighboring
nodes at (£ =0.18, £ =0.82) and (£ = 0.22, £ =0.78)
were also selected, which represented deviations of up to
10% around £ = 0.2 and £ = 0.8, but that did not affect the
final values of the resulting system parameters. A similar
approach was used to select the nodes for the second
example at £ = 0.1 and at £ = 0.9. In this case, neighbor-
ing nodes with (£ =0.12, £ =0.88) and (£ = 0.08,
& =0.92) were also selected and did not affect the final
values of the resulting system parameters.

There are still several situations in which the algorithm
could struggle to find optimum points between the myriad
set. First, either the PDE or FE model could be faulty and
fail to recognize some system differential behaviors.
Second, the EVP solver might return imprecise results,
which would yield wrong RSs. Third, the RSs might not
attain acceptable accuracy in estimating genuine structural
responses (R?<0.99). Fourth, the myriad set might not be
vast enough to contain genuine optimum points. Fifth, the
FR might be not broad enough, and the system parameters
might fall inside the pre-defined FR. Sixth, and most
importantly, the experimentally extracted features may be
fallacious, which can occur due to environmental setup
and/or analyst error. Finally, selecting the locations of the
critical node can be a challenging task, especially when a
large number of mode shapes is used. In addition, these
locations can be impractical for experimental implementa-
tion. Nevertheless, numerical experiments have shown that
neighboring nodes are effective as long as they are far
enough away from the nodal points of the Nm modes. To
put it simply, if simultaneous high STDs of Nm local
information can be achieved at neighboring nodes as well,
those nodes can still be good candidates for data collection.
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