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Abstract Chern number is one of the most important
criteria by which the existence of a topological photonic
state among various photonic crystals can be judged;
however, few reports have presented a universal numerical
calculation method to directly calculate the Chern numbers
of different topological photonic crystals and have denoted
the influence of different structural parameters. Herein, we
demonstrate a direct and universal method based on the
finite element method to calculate the Chern number of the
typical topological photonic crystals by dividing the
Brillouin zone into small zones, establishing new proper-
ties to obtain the discrete Chern number, and simulta-
neously drawing the Berry curvature of the first Brillouin
zone. We also explore the manner in which the topological
properties are influenced by the different structure types,
air duty ratios, and rotating operations of the unit cells;
meanwhile, we obtain large Chern numbers from – 2 to 4.
Furthermore, we can tune the topological phase change via
different rotation operations of triangular dielectric pillars.
This study provides a highly efficient and simple method
for calculating the Chern numbers and plays a major role in
the prediction of novel topological photonic states.

Keywords Chern number, topological photonic crystal,
finite element method, symmetry

1 Introduction

In the previous decade, topological photonics has become
a rapidly emerging research field in which geometrical and
topological concepts are utilized to design and control the

behavior of light. Topology was once a geometrical
concept; however, it is currently being used in periodic
reciprocal space [1]. Currently, the topological photonic
states are generally applied in case of photonic crystals
because they have robust features and facilitate the
unidirectional transmission of the light waves. The
topological photonic states can exist at the interface of
two crystals having different topological invariants,
allowing the photons of the bandgap to be conducted
with negligible dissipation. The topological photonic states
can be applied in various photonic device applications
owing to their unique properties, including the unidir-
ectionally propagating edge states and robustness against
impurities or defects without backscattering [2].
As a topological invariant of the two-dimensional (2D)

dispersion band of the photonic crystal, the Chern number
is defined based on the Berry curvature within the first
Brillouin zone. It is one of the most important criteria used
to judge the existence of a topological photonic state. In an
electronic system, Thouless et al. showed that the Hall
conductance of the 2D systems is proportional to the Chern
number, which expresses an integer quantum Hall state on
the edge of a topological nontrivial crystal cell, causing
wave propagation along the edge [3]. However, until now,
few reports have presented a direct method for calculating
the Chern number. In majority of the cases, researchers
seem to have avoided the calculation of Chern numbers
because of their complexity; however, they have often
identified the phase transition boundaries of the system via
the topological phase diagram to identify the nonzero
Chern numbers for evaluating the topological properties
[4]. At times, the Chern numbers are directly given,
including those for some particular topological photonic
crystals, such as valley photonic crystals, whose Chern
number is 0.5 of half the Brillouin zone for a special band
[5–7]. The lack of a direct numerical calculation method
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for the Chern number restricts the development of
topological photonics and hampers the prediction of
novel topological photonic structures.
Herein, we propose a direct and universal numerical

method for calculating the Chern number of typical
photonic crystals based on the finite element method
(FEM). Several difficulties that are associated with the
numerical calculation process, including gauge fixing,
rhombus Brillouin zone deformation, and discretization,
are overcome. Furthermore, the influences on topological
properties are studied with respect to different structure
types, air duty ratios, and rotating operations of unit cells.
Simultaneously, an effective methodology for tuning the
topological phase change is developed by constructing
different hetero-topological photonic crystals via rotation
operations on dielectric triangular columns. This study not
only provides a highly efficient and universal method for
calculating the Chern number, but also exhibits potential
applications in novel topological nanophotonic structures
and the design of topological nanophotonic devices.

2 Calculation

2.1 Introduction to basic physical concepts

The topological invariants are defined to exhibit similar
intrinsic properties between two isomorphic topological
spaces. According to the Gauss-Bonnet theorem [4], the
integral of the Gaussian curvature K over the whole
manifold is a topological invariant, which can be defined in
Eq. (1).

1

2π
!

surface
KdA ¼ 2 1 – gð Þ: (1)

The genus g is a typical topological invariant and
denotes the number of holes on the surface. For example,
coffee cups can become donuts by continuous deformation
using the same genus g. They remain identical until
continuous transformation occurs. The topology of a
photonic system is defined on the dispersion band in the
reciprocal (wave vector) space. The topological invariant
of a 2D dispersion band is the Chern number, which
characterizes the topological properties of the photonic
bands [4]. Due to the periodicity, a torus is formed by the
curling along the edge of a 2D lattice surface. Analogous to
the Gaussian curvature, Berry curvature is defined [8], and
the integral of the Berry curvature over the entire lattice
surface is a constant called the Chern number, which is
defined in Eq. (2).

cn ¼
1

2πi
!

T2
d2kF12ðkÞ, (2)

where F12ðkÞ is the Berry curvature defined in Eq. (3).

F12ðkÞ ¼ ∂1A2ðkÞ – ∂2A1ðkÞ: (3)

A�ðkÞ is the Berry connection [8,9] and is defined in
Eq. (4).

A�ðkÞ ¼ hnðkÞj∂�jnðkÞi, (4)

where jnðkÞi denotes the nth normalized eigenstate of the
photonic crystal using the Bloch wave vector k. For
electromagnetic systems, the eigenstates are expressed
using the six-component vector field uðrÞ, which is defined
in Eq. (5).

uðrÞ ¼
�
ExðrÞ,EyðrÞ,EzðrÞ,HxðrÞ,HyðrÞ,HzðrÞ

�T
, (5)

where Ex,Ey,Ez,Hx,Hy,Hz represent the components of the
electromagnetic eigenmode normalized by their norms,
which are defined by the inner product in Eq. (6) [1].

huðrÞ,vðrÞi � ∬
unit  cell

dr2uyðrÞ⋅MðrÞ⋅vðrÞ, (6)

where MðrÞ ¼
εrðrÞ i�ðrÞ
– i�ðrÞ �rðrÞ

" #
is the 6� 6 electro-

magnetic susceptibility tensor. Here, εrðrÞ denotes the
permittivity, �rðrÞ denotes the permeability, �ðrÞ describes
the electromagnetic coupling [10], and uyðrÞ denotes the
Hermitian conjugate of uðrÞ. In case of the all-dielectric
structure where � ¼ 0, the formulas can be simplified.
From Eqs. (4) and (6), Berry connection can be expressed
as Eq. (7) when � ¼ 0.

A�ðkÞ ¼

∬dr2EyðrÞ⋅εrðrÞ⋅∂�ðrÞEðrÞþ∬dr2H yðrÞ⋅�rðrÞ⋅∂�HðrÞ
∬dr2EyðrÞ⋅εrðrÞ⋅EðrÞþ∬dr2H yðrÞ⋅�rðrÞ⋅HðrÞ :

(7)

Furthermore, when � ¼ 0, the electric and magnetic
parts of the Berry connection exhibit the relation presented
in Eq. (8) [10].

∬dr2EyðrÞ⋅εrðrÞ⋅∂�EðrÞ
∬dr2EyðrÞ⋅εrðrÞ⋅EðrÞ

¼ ∬dr2HyðrÞ⋅�rðrÞ⋅∂�HðrÞ
∬dr2H yðrÞ⋅�rðrÞ⋅HðrÞ : (8)

Therefore, the Berry curvature can be calculated using
its magnetic part or its electric part (Eq. (9)).

A�ðkÞ ¼
∬dr2EyðrÞ⋅εrðrÞ⋅∂�EðrÞ
∬dr2EyðrÞ⋅εrðrÞ⋅EðrÞ

¼ ∬dr2H yðrÞ⋅�rðrÞ⋅∂�HðrÞ
∬dr2H yðrÞ⋅�rðrÞ⋅HðrÞ : (9)

The topological properties of the photonic bandgap can
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be indicated using the gap Chern number Cg, which can be
defined as the sum of the Chern numbers of all the bands
below the bandgap. The gap Chern numbers are useful to
predict the existence of robust unidirectional edge states. In
electronic systems, according to the bulk-edge correspon-
dence [11], the number of unidirectional edge states that
emerge at the interface is equal to the difference between
the gap Chern numbers of two photonic crystals when two
electronic systems that have overlapped bandgaps with
different gap Chern numbers interface with each other. In
some photonic systems, such as the magneto–optical
systems, the bulk-edge correspondence theory is applic-
able [12–15].

2.2 Calculations for the Chern number

In practical calculation, the electromagnetic field distribu-
tion in periodic structures can be conveniently obtained
through FEM, where we used the COMSOL Multiphysics
software. However, some questions have to be inevitably
answered before calculating the Chern number. First, the
Chern number expression contains an integral process. The
data during the calculation were discrete, which is in
conflict with the calculation of the Chern number. The
general method is to use summation for replacing the
integral. To obtain highly precise results, dense points
should be selected even though it will result in a huge
computational consumption. Second, the phase of the
wave function was uncertain and denoted an arbitrary
value after the Maxwell equations were solved using the
COMSOL Multiphysics software. Therefore, a method
was required to eliminate the effect of phase uncertainty.
Third, for the partial derivative of a wave function in the
Chern number expression, a function should be con-
structed to connect the wave function n and the
corresponding wave vector k because they were discrete
and independent computer data.
Here, we developed a direct and universal numerical

method for calculating the discretized Chern number using
COMSOL Multiphysics software, which is a commercial
FEM software. FEM exhibits a high level of flexibility and
reliable error control, enabling numerical calculations for
considerably complex structures. The eigenstates were
calculated in a discretized Brillouin zone using the
numerical method. We discretized the Brillouin zone
using straight lines parallel to the reciprocal lattice vectors
(Fig. 1). When the Brillouin zone was discretized, the
integrals and derivatives could be replaced by finite sums
and differences for as long as the mesh of the discretized
Brillouin zone was sufficiently fine. Therefore, the lattice
Berry curvature could be calculated using Eq. (10).

F12ðklÞδk1δk2 ¼
�
∂1A2ðklÞ – ∂2A1ðklÞ

�
δk1δk2

� ðΔ1A2Þδk2 – ðΔ2A1Þδk1: (10)

where δklðl ¼ 1,2Þ denotes the length of the small
displacement in the k space, δk1δk2 denotes the area of
the parallelogram formed by the vectors δk1 and δk2, and
ðΔ�AlÞδkl is defined in Eq. (11).

ðΔ�AlÞδkl ¼ Alðkl þ δk�Þδkl –AlðklÞδkl,

ðl,� ¼ 1,2Þ, (11)

which is the finite difference of Al that can be represented
by the finite difference of the eigenstate jnðkÞi, which is
defined in Eq. (12).

AlðklÞδkl � hnðklÞjnðkl þ δklÞ – nðklÞi
¼ hnðklÞjnðkl þ δklÞi – 1: (12)

Because the Berry curvature is defined in a discretized
Brillouin zone, the Chern number can be calculated using
Eq. (13).

cn ¼
1

2πi

X
F12ðklÞδk1δk2: (13)

Subsequently, we present the difficulties and challenges
associated with the calculations as well as the solutions to
overcome these problems. First, there was a problem called
the U(1) gauge ambiguity of the Berry connection. Here,
the problem lies in the fact that if the eigenstates are
multiplied by a phase factor eiχðkÞ (U(1) gauge transforma-
tion), they will remain physically similar; however, the
Berry connection A will transform into Aþ irχðkÞ.
Therefore, for a similar physics scenario, there is more
than one Berry connection distribution. This problem is
referred to as the U(1) gauge ambiguity [1]. As for the
Berry curvature F12ðkÞ, it remains unchanged under the
U(1) gauge transformation. However, it will also be
influenced by multiple values of the eigenstates. In the
definition of Berry curvature, the partial derivatives of the
Bloch vector k require the eigenstates to be smooth
functions of the Bloch vector k, but a global smooth
function jnðkÞi of k may not exist. To solve this problem,
we obtained a locally smooth patch for each point in the
Brillouin zone and calculated the Berry curvature on each
of them, making a gauge transformation between two
patches at their intersection [16].
In numerical calculations, we cannot ensure that the

eigenstate calculated using the eigenvalue solver was a
smooth function of the Bloch vector k. There are two ways
to solve the problem. The first method is to fix a smooth
branch by assigning the phase factor eiχðkÞ to each
eigenstate. Using this method, we could ensure that a
component of the eigen electromagnetic field at a point in
real space (similar to the x component of the eigen electric
field at the origin Exð0,0Þ) has a fixed phase angle (for
example, to make them positive real numbers) for the
entire Bloch vector k in an open set of momentum space
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[5]. If this process cannot continue, for example, Exð0,0Þ =
0 for some Bloch wave vector k, then another point in real
space should be selected along with a new open set in the
momentum space until the Brillouin zone is covered by all
the open sets. The second method is to avoid the gauge
variants [16]. In Ref. [12], the Berry curvature of each
lattice was calculated using the “U(1) link variable” U�kl,
which is expressed as Eq. (14).

F12ðklÞδk1δk2 ¼ ln
U 1ðklÞU 2ðkl þ δk1Þ
U 1ðkl þ δk2ÞU 2ðklÞ

� �
, (14)

where U�ðklÞ is the U(1) link variable, which is defined in
Eq. (15).

U�ðklÞ �
hnðklÞjnðkl þ δk�Þji
jhnðklÞjnðkl þ δk�Þij

: (15)

Further, from Eq. (16), we can observe that U�ðklÞ is the
normalization of the exponential of A�ðklÞδk� when δk� is
sufficiently small.

eA�ðklÞδkμ ¼ ehnðklÞjnðklþδklÞi – 1

� 1þ hnðklÞjnðkl þ δklÞi – 1
¼ hnðklÞjnðkl þ δklÞi: (16)

Thus, Eq. (14) is equivalent to Eq. (10).
The second problem is associated with the traversal of

the hexagonal Brillouin. The rhombus and honeycomb
structures exhibit hexagonal first Brillouin zones; there-
fore, it is difficult to find a parallelogram mesh covering the
whole Brillouin zone as in Fig. 1. Fortunately, because of
the periodicity of the eigenstates, the hexagonal Brillouin

could be deformed into a rhombus region by moving some
part of it along the reciprocal vectors (Fig. 2(a)). Then, a
uniform parallelogram mesh can be constructed over this
rhombus Brillouin zone (Fig. 2(b)).
Another method known as the Wilson loop approach is

available to calculate the Chern number. This method is
discussed in Refs. [17,18] for electronic systems and in
Ref. [10] for photonic systems. In this method, effective
one-dimensional (1D) systems are constructed by fixing
one component of the Bloch wave vector, and the Wannier
centers of each effective 1D system are calculated by the
Wilson loops corresponding to the fixed wave vector. The
connection between the aforementioned integration
method and the Wilson loop approach lies in the fact that
the Chern number calculated by the integration of Berry
curvature is equal to the winding number of the Wannier
centers when the fixed wave vector traverses the 1D
Brillouin zone.
We used the aforementioned gauge invariants to

calculate the Chern number. The eigenstates were
calculated using the commercial FEM software named
COMSOL Multiphysics. The data extraction and proces-
sing were conducted using MATLAB. In our calculations,
the eigenstates were normalized based on the inner
product. Subsequently, the electric field data were
extracted to calculate the inner product. Finally, the link

Fig. 1 Discretization of the Brillouin zone of the square lattices.
Each node kl represents a Bloch wave vector; δk1 and δk2 are the
finite differences along each reciprocal lattice vector

Fig. 2 Deformation and discretization of the Brillouin zone.
(a) Deformation of the Brillouin zone; (b) discretization of the
deformed Brillouin zone, where each node kl represents the Bloch
wave vector, δk1 and δk2 denote the finite differences along each
reciprocal lattice vector
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variables and lattice Berry curvature were calculated using
MATLAB. In Section 2.3, we show the numerical results
of some typical topological photonic crystals.

2.3 Calculation results for the typical topological photonic
crystals

The nontrivial topological states are always attributed to
broken symmetries. Two main types of symmetries, i.e.,
space inversion and time-reversal symmetries, are asso-
ciated with the Berry curvature distribution. Time-reversal
symmetries will lead to the relation F12ð – kÞ ¼ –F12ðkÞ,
whereas inversion symmetries will lead to the relation
F12ð – kÞ ¼ F12ðkÞ [1]. A corollary of these relations is
that the Chern number is zero when the time-reversal
symmetries are preserved.
Therefore, there are two main methods to develop

nontrivial topological structures. One is to break the time-
reversal symmetries to obtain nonzero Chern numbers,
similar to that observed in the Chern insulators in
electronic systems. These structures can be fabricated
using special materials such as the gyromagnetic materials
[12]. The second method is to break the inversion
symmetries by changing the shape or the dielectric
constant. An important nontrivial topological structure is
the valley topological structure, which has a Chern number
of zero but nontrivial topological properties of different
pseudospin modes. The commonly observed valley
topological structures are honeycombs [19–23] or rhombus
lattices [16,24,25]. In this section, we will present some
numerical results for the broken and preserved time-
reversal symmetry structures. In our calculations, 32� 32
Bloch wave vectors are evenly distributed across the
Brillouin zone. The relative tolerance of the eigenstate
solver is 10 – 6.
As for the structures with broken time-reversal symme-

tries, we used common gyromagnetic materials that have
an anisotropic permeability

μ ¼
1 iκ 0

– iκ 1 0

0 0 1

2
64

3
75,

where κ describes the gyromagnetic properties of the
material. Large κ indicates a strong gyromagnetic effect in
the material. First, we presented a structure of gyromag-
netic cylinders in a square lattice (Fig. 3(a)). The radius of
the cylinder was 0.13a0, where a0 is the lattice constant.
The relative permittivity of the gyromagnetic cylinders is
ε ¼ 13, the diagonal elements of permeability are 1, and
the off-diagonal element is iκ ¼ 0:4i. The ambient medium
was air, whose permittivity is 1. Figure 3(b) shows the
dispersion band of the TM modes of the structure and the
Chern number of each band. Figures 3(c)–3(f) show the
Berry curvature distributions in the first Brillouin zone of

the first four bands of the TM modes. The colormap
denotes the value of the Berry curvature with the unit
a0

2=4π2. Here, a0 is the lattice constant. The red dashed
line around the square marks the first Brillouin zone and
the irreducible Brillouin zone. This photonic structure has
a trivial bandgap between bands 1 and 2 (Cg ¼ 0), a
nontrivial topological bandgap between bands 2 and 3
(Cg ¼ – 1), and a degenerate point between bands 3 and 4
at the X point. Because the structure preserves inversion
symmetry and C4v symmetry, the Berry curvature distribu-
tions of the photonic bands show both inversion and C4v
symmetries. Apart from symmetries, the Berry curvature
denotes other details. For band 1 (Fig. 3(c)), the peaks can
be observed at the X points. However, due to the negative
value at the G and M points, the Chern number of band 1 is
zero. For band 2 (Fig. 3(d)), negative valleys emerge at the
M points, corresponding to the peak of the dispersion band
at the M point in Fig. 3(b). For bands 3 and 4 (Figs. 3(e)
and 3(f)), sharp peaks and valleys emerge at the X points.
This is because bands 3 and 4 degenerate with each other at
the X points and result in singular points at the X points in
the Berry curvature distributions [1]. It is interesting that
although band 4 has four sharp negative valleys at the X
points, it still has a positive Chern number because
majority of the Brillouin zone is positive and the
integration over the positive part exceeds the impact
caused by the four valleys.
Subsequently, we changed the gyromagnetic cylinders

from circular columns to square columns using the same
material (Fig. 4(a)). The side length of the square is l =
0.26a0. The TM modes were investigated. Figure 4(b)
shows the dispersion relation, Chern numbers, and gap
Chern numbers of the first four TM bands, and the Berry
curvature distributions are shown in Figs. 4(c)–4(f). From
Fig. 4(b), we can see that the Chern number of each band
remains unchanged when compared with that of the
structure in Fig. 3 but that the degeneracy at the X point
between bands 3 and 4 is lifted.
Therefore, in the Berry curvature distributions, the

singular points at the X points of bands 3 and 4 become the
broadened Berry curvature extrema. The singular points of
band 3 become peaks that are not considerably sharp, and
the peaks at the M points become more evident because the
Berry curvature at the X points drastically decreases. The
singular points of band 4 become negative valleys
surrounded by two positive peaks, corresponding to the
frequency extrema of the dispersion band (Fig. 4(b),
orange dotted line). However, the Berry curvature
distributions of bands 1 and 2 are less influenced by the
structural change. As for symmetries, the Berry curvature
distributions show identical symmetries because the
structure does not break either the inversion symmetry or
the C4v symmetry.
Next, we changed the square lattice into a honeycomb

lattice with the same material (Fig. 5). The structure
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comprised gyromagnetic cylinders with k = 0.4, ε = 13, and
radius r = 0.13a0, where a0 is the lattice constant of the
honeycomb lattice, i.e.,

ffiffiffi
3

p
times the side length of the

hexagonal unit cell. The dispersion relations, Chern
numbers, gap Chern numbers (Fig. 5(b)), and Berry
curvature distributions of the first four bands of the TM
modes (Figs. 5(c)–5(f)) are shown in the figures. The first
Brillouin zones were plotted using the red dashed lines to
clearly illustrate the special points (G,M, K) in the k space.
From Fig. 5(b), we can observe that this structure has a
trivial bandgap between bands 1 and 2, a Cg ¼ – 1
bandgap between bands 2 and 3, and a Cg ¼ 1 bandgap
between bands 3 and 4. From the Berry curvature
distribution of band 1 (Fig. 5(c)), positive peaks and
negative valleys can be observed at the M and K points,
respectively, causing the Chern number to become zero.
From the Berry curvature distribution of band 2 (Fig. 5(d)),
six significant valleys emerge at the K points, correspond-
ing to the frequency extremum of its dispersion band
(Fig. 5(b), red dash–dot line). From the Berry curvature of
band 3 (Fig. 5(e)), the Berry curvature distribution shows

positive peaks at the M and K points, corresponding to the
extrema of the dispersion band (Fig. 5(b), orange dotted
line). Figure 5(f) illustrates the Berry curvature of band 4,
which shows gentle positive peaks at the K points and
relatively sharp negative valleys at the M points. Although
the positive peaks are not as evident as the negative peaks,
the Chern number of band 4 is still positive.
As for symmetries, this structure preserves both

inversion symmetry and C6v symmetry. The Berry
curvature distributions preserve these symmetries as well.
As shown above, the structures with broken time-

reversal symmetries always have nonzero chern numbers.
however, this does not indicate that the berry curvature is
meaningless for the all-dielectric structures that preserve
the time-reversal symmetries. an important type of all-
dielectric photonic structure is the valley photonic
structure, which has a pair of frequency extrema for the
dispersion bands at the high-symmetry points (K/K′) and
exhibits opposite berry curvatures at the K and K′ points
[5]. The valley photonic crystals support the robust edge
states but the direction of each edge state relies on the

Fig. 3 A gyromagnetic cylinder model denoting the dispersion relation of the TM mode, band Chern numbers, and Berry curvature.
(a) Geometry of a unit cell. The blue part represents the gyromagnetic cylinder with r = 0.13a0, ε = 13, and k = 0.4. The gray part
symbolizes pure air; (b) first four bands of the TM modes. The Chern numbers are shown at the bottom, whereas the gap Chern numbers
are marked at the bandgaps; (c)–(f) Calculated Berry curvature within the first Brillouin zone of the first four bands of the TM modes:
(c) for band 1; (d) for band 2; (e) for band 3; and (f) for band 4. The square red dashed line represents the first Brillouin zone, and the
triangular red dashed line represents the irreducible Brillouin zone
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chiral mode of the source. we will present an all-dielectric
model in this section with further discussion being
presented in Section 3.3.
The all-dielectric model comprises triangular holes in a

dielectric slab with a permittivity of ε = 8.9 and a
permeability of m = 1 (Fig. 6(a)). The dielectric holes are
aligned in a honeycomb lattice. The side length of the
triangle is l ¼ 0:808a0. The TM modes of this structure
were investigated. The dispersion relation is shown in Fig.
6(b), and the Berry curvature distributions are shown in
Figs. 6(c)–6(f). The Chern numbers of all the bands are
zero. In this structure, inversion symmetry is no longer
preserved; therefore, the high-symmetry points K and K′
are no longer equivalent, and the irreducible Brillouin zone
is no longer the one bounded by polyline G–M–K–G but
the one bounded by G–K–K'–G. However, as far as the
dispersion relation is concerned, the K and K′ points show
the same eigenfrequencies. Therefore, in Fig. 6(b), we
choose the polyline G–M–K–G. From Fig. 6(b), we can
observe a degeneracy between bands 1 and 2 at the K
point, a degeneracy between bands 3 and 4 at the G point,

and a degeneracy between bands 4 and 5 at the K point.
These degenerate points correlate with the singular points
in the Berry curvature distributions.
In Figs. 6(c) and 6(d), there are singular points at the K

and K′ points; for each pair of K and K′ points, the Berry
curvature has the opposite sign. Furthermore, the integra-
tions of the Berry curvature for bands 1 or 2 over the two
halves of the Brillouin zone containing K and K′ are 0.5
and – 0.5, respectively. In Fig. 6(e), there are singular
points near the G point, corresponding to the degeneracies
at the G point in the dispersion band (Fig. 6(b)). In Fig. 6(f),
the singular points emerge at the G and K/K′ points because
the fourth band degenerates with the fifth band at the K/K′
point and with the third band at the G point. As for
symmetries, because of the preservation of the time-
reversal symmetry, the Berry curvature shows an antisym-
metric distribution F12ð – kÞ ¼ –F12ðkÞ.
Based on the aforementioned numerical results, we can

conclude that the symmetries of the structure and the
degeneracy of the bands affect the Berry curvature
distributions. First, when the structures have some types

Fig. 4 A gyromagnetic square column model denoting the dispersion relation of the TM mode, band Chern numbers, and Berry
curvature. (a) Geometry of a unit cell. The blue part represents the gyromagnetic square column when l = 0.26a0, ε = 13, and k = 0.4. The
gray part symbolizes pure air; (b) first four bands of the TM modes. The Chern numbers are shown at the bottom, whereas the gap Chern
numbers are marked at the bandgaps; (c)–(f) Calculated Berry curvature within the first Brillouin zone of the first four bands of the TM
modes: (c) for band 1; (d) for band 2; (e) for band 3; and (f) for band 4. The red dashed line represents the first Brillouin zone, and the
triangular red dashed line represents the irreducible Brillouin zone
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of symmetries, their Berry curvature distributions will
exhibit corresponding symmetries. The two most signifi-
cant symmetries are the time-reversal symmetries and
inversion symmetries, which will lead to antisymmetry
F12ð – kÞ ¼ –F12ðkÞ and inversion symmetry F12ð – kÞ ¼
F12ðkÞ in Berry curvature distributions, respectively, apart
from some critical points. Second, we illustrate that the
singular points in the Berry curvature distributions are
always correlated with the degeneracies in the dispersion
bands. When a small perturbation is added to the structure
and the degeneracies are lifted, the singular points in the
Berry curvature distributions will transform into less sharp
Berry curvature extrema.

3 Discussion

3.1 Different structure types

In the previous section, we presented our calculation
results for the all-dielectric photonic crystals as well as the
gyromagnetic photonic crystals and verified the validity of
our calculation method. Apart from these aforementioned
structures, our method is applicable to all types of photonic

crystals, including those with anisotropic permittivity and
permeability. It is also applicable to photonic crystals with
different lattices, including rhombus lattices. In this
section, we explore the manner in which the Berry
curvature is influenced by the changes in a photonic
crystal lattice.
Thus, we transformed the gyromagnetic column in a

hexagon lattice to denote cylindrical, square, and triangular
shapes, while ensuring an identical filling ratio to the
details presented in the upper, middle, and lower parts of
Fig. 7(a), respectively. The photonic energy bands of the
TM mode for three types of photonic crystals are drawn
along with various lines in Figs. 7(b) and 7(c). Figure 7(b)
shows the first four bands, whereas Fig. 7(c) shows bands
5–8. This shows that the first three energy bands exhibit
very similar line shapes for three different structures and
that differences can be observed from the fourth band. If
rotation causes the photonic system to become invariant,
the rotated mode itself becomes an allowed mode with a
similar frequency. It is obvious that the columns in a
hexagon lattice exhibiting cylinder, square, and triangle
configurations exhibit different rotation symmetries; there-
fore, their photonic energy bands will be different [26]. In
the low-frequency domain, the energy is mainly concen-

Fig. 5 Gyromagnetic cylinder model denoting the dispersion relation of the TM mode, band Chern numbers, and Berry curvature.
(a) Hexagon cell of a single gyromagnetic cylinder. The blue part represents the gyromagnetic cylinder when r = 0.13a0, ε = 13, and k =
0.4. The gray part symbolizes pure air; (b) first four bands of the TMmodes. The Chern numbers are shown at the bottom, whereas the gap
Chern numbers are marked at the bandgaps; (c)–(f) calculated Berry curvature within the first Brillouin zone of the first four bands of the
TM modes: (c) for band 1; (d) for band 2; (e) for band 3; and (f) for band 4. The red dashed line represents the first Brillouin zone, and the
triangular red dashed line represents the irreducible Brillouin zone
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trated in the gyromagnetic column regions instead of the
air regions for the TM modes; further, all three columns
have the same filling ratio in the same hexagon lattice.
Therefore, the energy bands, particularly the first band,

denote considerably similar line shapes for the low-
frequency domain, where they are almost identical (see
Fig. 7(b)). With an increase in frequency, the energy
distributions are observed to be increasingly influenced by

Fig. 6 Dielectric triangular column model denoting the dispersion relation of the TM mode, band Chern numbers, and Berry curvature.
(a) Hexagon cell of a single air triangular column. The gray part represents the air triangular column with a side length of l ¼ 0:808a0. The
blue part symbolizes a dielectric slab when ε = 8.9 and m = 1; (b) dispersion relation of the first four bands of the TM modes. The Chern
number of each band is zero; (c)–(f) calculated Berry curvature within the first Brillouin zone of the first four bands of the TM modes:
(c) for band 1; (d) for band 2; (e) for band 3; and (f) for band 4. The red dashed line represents the first Brillouin zone

Fig. 7 Calculation results of a hexagon cell with three geometric shapes but with the same air duty ratio of 0.192. (a) Hexagon cell with a
gyromagnetic cylinder, gyromagnetic square column, and gyromagnetic triangle column at its center; (b) first four band structures of the
TM mode and the Chern number of the three structures presented in (a); (c) calculated band structures of the TM mode and Chern number
from the fifth to the eighth band of a hexagon cell with a gyromagnetic cylinder, gyromagnetic square column, and gyromagnetic triangle
column at its center
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different structures and the energy bands exhibit increas-
ingly different line shapes, especially from bands 4 to 8, as
can be observed from Figs. 7(b) and 7(c). The energy
bands are considerably different for different column
shapes from a normalized frequency from 0.57 in the
fourth band, and the Chern numbers demonstrate large
differences from the fifth band. In the high-frequency
domain (such as from bands 5 to 8), the interactions can be
enhanced and more modes are involved owing to the
relatively dense distributions of the energy bands; there-
fore, different structures will generate different Chern
numbers in the high-frequency domain [13].

3.2 Different air duty ratio

Further, we enlarged the gyromagnetic cylinder in the same
hexagon lattice by increasing the radius. The calculated
Chern numbers and photonic energy bands are shown in
Fig. 8.
According to the calculated results, drastic changes can

be observed with respect to the topological property when
the radius is changed. As we can see, with an increase in
the radius of the gyromagnetic cylinders, the frequency of
each band will decrease in different structures. The
normalized frequency of the fourth band is approximately
0.8 when r = 0.13a0, as shown in Fig. 8(a), decreases to
approximately 0.65 when r = 0.23a0, as shown in Fig. 8(b),
and finally decreases to become less than 0.5 when r =
0.33a0, as shown in Fig. 8(c). The third band is initially
between 0.6 and 0.8 for r = 0.13a0 and becomes less than
0.4 for r = 0.33a0. The second band’s behavior is also
similar. The ground state beneath the bandgap decreases.
The ground state’s decrease is small, which reduces the
bandgap. This phenomenon can be explained based on the
electromagnetic variational theorem mentioned in Ref.
[26], which indicates that low-frequency modes concen-
trate their energy in high-ε regions and that high-frequency
modes exhibit a larger energy concentration in low-ε
regions. Thus, when we increase the radius of a central

cylinder that has higher ε than that of the surrounding air,
more energy from each mode is pushed into the cylinder
and the frequency of each corresponding mode naturally
decreases. Additionally, along with the evolution of the
parameter, the ground state maintains its shape and the
other bands above the gap randomly change their
appearance. We attribute this to the various energies of
different bands. The ground state has the least energy;
therefore, it is more likely to maintain a constant energy
distribution in case of a structural change, whereas the
opposite is true in case of higher bands. Furthermore, the
Chern number of the ground state, i.e., the first band,
maintains a value of zero for different air duty ratios;
however, the states above the bandgap behave consider-
ably differently. The Chern numbers of the higher order
bands change in a nonlinear manner. For example, in band
4, the Chern number c = 1 when r = 0.13a0 (Fig. 8(a))
becomes – 2 when r = 0.23a0 (Fig. 8(b)) and finally zero
when r = 0.33a0 (Fig. 8(c)). Similar to Fig. 7(c), where
different energy bands correspond to different Chern
numbers, this can be explained by the theorem about
large Chern numbers provided in Refs. [13,27], which
illustrates that the Chern number is directly influenced by
the band structure.

3.3 Different rotation operations

Here, we explore the manner in which the band structures
and Berry curvature change in case of different rotation
operations (Fig. 9).
The structure is formed by the triangular columns in a

honeycomb lattice. The side length of the triangle is
l ¼ 0:808a0. The band structures and Berry curvature that
have been discussed in other sections are in the TM mode.
To better understand the distinct change in band structures
and the energy-density distribution of the unidirectional
propagation edge state after the rotation operations, we
calculated the band structures and Berry curvature of a
hexagon cell with a silicon triangular column inside the TE

Fig. 8 Gyromagnetic cylinders with different radii in the center of a hexagon cell, maintaining the hexagon unchanged. (a) Band
structures of the TMmode and the corresponding Chern numbers of a gyromagnetic cylinder with a radius of 0.13a0; (b) band structures of
the TM mode and corresponding Chern numbers of a gyromagnetic cylinder with a radius of 0.23a0; (c) band structures of the TM mode
and the corresponding Chern numbers of a gyromagnetic cylinder with a radius of 0.33a0
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mode because majority of the energy is concentrated in the
gyromagnetic columns in the TM mode. The energy-
density distribution barely changed because the shape of
the silicon triangular column did not alter after the rotation
operation. There was no obvious difference between the
band structures and the energy-density distribution of the
unidirectional propagation edge state in the TM mode.
However, in the TE mode, the energy was mainly located
in the air column. The energy-density distribution
drastically changed as the shape of the air column altered
considerably after the rotation operation. The band
structure and energy-density distribution of the unidirec-
tional propagation edge state were considerably different
after the rotation operation in the TE mode.
To investigate the manner in which the band structures

changed in the TE modes, we rotated the silicon triangular
column in the hexagon cell by 15° anticlockwise each
time. The band diagram of a hexagon cell with a silicon
triangular column inside without considering any rotation
is shown in Fig. 9(a). Two degenerate points are shown.
Next, we rotated the silicon triangular column in the
hexagon cell by 15°, the band diagram of which is shown
in Fig. 9(b). Two degenerate points were obtained as we
broke the parity symmetry [28]. When the rotation angle
was increased to 30°, the size of the bandgap became larger

as shown in Fig. 9(c) because we deepened the destruction
of symmetry.
In addition, we also explored the manner in which the

Berry curvature changed with varying degree of rotation.
The calculated Berry curvature for the second band of the
silicon triangular column in the hexagon cell without
rotation is shown in Fig. 9(d). There are six peaks in the
first Brillouin zone that are not exactly identical because
the Berry curvature has a C3v symmetry, with one negative
peak and positive peak being observed at the K and K′
points, respectively [28]. Interestingly, Fig. 9(e) reveals the
Berry curvature pattern with 18 nodes in the first Brillouin
zone as a silicon triangular column in the hexagon cell that
was rotated 15° anticlockwise. The C3v symmetry shown
in Fig. 9(e) did not change compared with that in Fig. 9(d).
However, the negative peak at the K point in the example
without rotation shown in Fig. 9(d) became a positive peak
in case of a rotation of 15° shown in Fig. 9(e) by simply
increasing the rotation angle from 0° to 15°. The Berry
curvature pattern when the rotation angle was increased to
30° is shown in Fig. 9(f) with 18 nodes appearing in the
first Brillouin zone. The C3v symmetry shown in Fig. 9(f)
did not change compared with those in Figs. 9(d) and 9(e),
and there was no swap of the K and K′ points (i.e., the
negative peak is at the K point) shown in Fig. 9(f) in case

Fig. 9 Band structures of the TE mode and Berry curvature of the hexagon cell after the anticlockwise rotation operation. (a) Band
structure of the TE mode of the hexagon cell in which the inside triangle is in the state of origin location; (b) band structure of the TE mode
of the hexagon cell in which the inside triangle is rotated 15° anticlockwise; (c) band structure of the TE mode of the hexagon cell in which
the inside triangle is rotated 30° anticlockwise; (d) calculated Berry curvature of the second band corresponding to the structures without
rotation; (e)–(f) calculated Berry curvature of the second band corresponding to the structures that are rotated by 15° and 30°, respectively:
(e) for the hexagon cell in which the inside triangle is rotated 15° anticlockwise and (f) for the hexagon cell in which the inside triangle is
rotated 30° anticlockwise
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of a rotation of 30° when compared with the K and K′
points shown in Fig. 9(d) in case of no rotation. This shows
that the rotation angle determines whether the K point is a
negative or positive peak. The signs of the peaks in the K
points will remain identical when the rotation angle is an
integer multiple of 30°.

3.4 Berry curvature and boundary states

Berry curvature can provide us important information that
cannot be obtained from the dispersion bands. Consider the
rotating triangular column model presented in Section 3.3
as an example. Consider three models with anticlockwise
rotation angles of – 15°, 15°, and 45° (Fig. 10). We
calculated their dispersion bands (Figs. 10(a)–10(c)) and
the Berry curvature distributions of their second bands
(Figs. 10(d)–10(f)). From Figs. 10(a)–10(c), we can see
that the dispersion relations of the three models are similar,
whereas the Berry curvature distributions of their second
bands (Figs. 10(d)–10(f)) are different. The Berry
curvature distributions of the models rotated by 15° and
45° are identical, whereas the Berry curvatures of the
models rotated by – 15° and 15° are opposite to each other.
The differences in their Berry curvatures can be attributed
to different mirror transformations. Consider the mirror
transformation along the x-axis as an example. For the 2D
TE modes, the Maxwell equation can be simplified as

presented in Eq. (17).

r2
rHz þ ε

∂
∂x

1

ε

� �
∂
∂x
Hz þ ε

∂
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� �
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¼ – ε
ω
c

� �2
Hz, (17)

where Hz is the z component of magnetic intensity and ε
denotes the permittivity. Substituting the coordinate ðx, – yÞ
for ðx,yÞ and using the chain rule for partial derivatives,
Eq. (17) becomes Eq. (18).
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¼ –
ω
c

� �2
Hzðx, – yÞ: (18)

This means that Hzðx – yÞ satisfies the Maxwell equation
if we substitute εðx,yÞ with εðx, – yÞ. Therefore, if the
geometry is transformed under a mirror transformation, the
eigenstates of the new structure will transform under the
same transformation, i.e., they will become a mirror of the
original eigenstates about the x-axis. However, under this
transformation, the parity changes and the Berry curvature

Fig. 10 Band structures of the TE mode and Berry curvature of the hexagon cell after various rotation operations. (a) Band structure of
the TE mode of the hexagon cell in which the inside triangle is rotated 15° clockwise; (b) band structure of the TE mode of the hexagon
cell in which the inside triangle is rotated 15° anticlockwise; (c) band structure of the TE mode of the hexagon cell in which the inside
triangle is rotated 45° anticlockwise; (d)–(f) calculated Berry curvature corresponding to the structures rotated by –15°, 15°, and 45°,
respectively: (d) for the hexagon cell in which the inside triangle is rotated 15° clockwise; (e) for the hexagon cell in which the inside
triangle is rotated 15° anticlockwise; and (f) for the hexagon cell in which the inside triangle is rotated 45° anticlockwise
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takes the opposite sign. Therefore, the result is that under
mirror transformation, the Berry curvature distribution is a
mirror of the original distribution that takes the opposite
sign. With respect to our example, for constructing a
structure with an angle of – 15°, the structure with an angle
of 15° can be used as the mirror along the x-axis, which
will transport the K(K′) points to the K(K′) points and
change the sign of the Berry curvature. Due to the C3
symmetry of the Berry curvature of the C3 symmetric
structures, different K(K′) points exhibit the same Berry
curvature. Thus, this mirror transformation will eventually
change the sign of the Berry curvature. However, for
constructing a structure with an angle of 45°, the structure
with an angle of 15° along the y-axis can be mirrored,
which will transport the K(K′) points to the K′(K) points
and change the sign of the Berry curvature. Due to the
antisymmetry of the Berry curvature distribution of the
time-reversal symmetric structures, the sign of the Berry

curvature at the K(K′) points will revert to the original
value.
To denote the manner in which the differences between

the Berry curvature distributions cause different properties
in photonic transport, we constructed two models by
joining the photonic crystals rotated by 15° and – 15°
(Fig. 11(a)) and those rotated by 15° and 45° (Fig. 11(e)).
We calculated the dispersion bands of the two models in
Figs. 11(b) and 11(f) and marked the bulk states and edge
states using blue and red lines, respectively. In Fig. 11(b),
there are edge states whose dispersion band lies within the
bandgap of the bulk state (red line). From Fig. 11(b), the
right side of the dispersion band of the edge states has a
positive slope, indicating that these edge states have
positive group velocities and propagate toward the positive
direction of k. Similarly, the edge states of the left side
exhibit negative group velocities and propagate toward the
negative direction of k. However, there is no such edge

Fig. 11 Edge state in the photonic-crystal-based topological insulator. (a) First type of structure whose unit cell comprises four hexagon
cells with a black line. The unit cell with the black line is periodic along the x direction. The triangles inside the hexagon cells that were
located above the red line were rotated by 15° clockwise. The triangles inside the hexagon cells that were located below the red line were
rotated by 15° anticlockwise. (b) Band diagram of the TE mode of the periodic 2D structure located in (a) shows the edge state, which is
denoted using a red line. The blue lines represent the bulk state, and the green rectangle represents the bandgap. (c) Energy-density
distribution of the edge state propagating unidirectionally toward the left, corresponding to the structure shown in (a). The six yellow
points at the top-right corner represent the point source comprising six vertical magnetic currents. The arrow indicates the direction in
which the phase increased. The phases of the currents shown in (c) increased counterclockwise. (d) Energy-density distribution of the edge
state that propagated unidirectionally toward the right, corresponding to the structure shown in (a). The source is identical with (c) apart
from the phases of the currents shown in (d) that increased clockwise. (e) Second type of structure whose unit cell comprised four hexagon
cells with a black line. The unit cell with the black line is periodic along the x direction. The triangles inside the hexagon cells that were
located above the red line were rotated by 45° anticlockwise. The triangles inside the hexagon cells that were located below the red line
were rotated by 15° anticlockwise. (f) Band diagram of the TE mode of the periodic 2D structure located in (b) shows no edge state. The
blue lines represent the bulk state, and the green rectangle represents the bandgap. (g) Energy-density distribution for structures shown in
(e). The source is the same as (c), where the phase of the currents increased counterclockwise. No edge state existed that propagated
unidirectionally. (h) Energy-density distribution for the structure shown in (e). The source is the same as (d), where the phase of currents
increased clockwise. No unidirectionally propagating edge state existed
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state in Fig. 11(f). Next, we constructed structures in which
the two photonic crystals were bounded by a zigzag
interface, shown in Figs. 11(c) and 11(d), to show the
chiral and robust properties of the edge states. We placed a
source in the middle of the interface in each structure. The
source comprised six vertical magnetic currents oscillating
at a frequency of 0:45c=a0, where a0 is the lattice constant
and c is the speed of light. The magnetic currents were
aligned to the vertices of a hexagon with a side length of
0:1a0=

ffiffiffi
3

p
, and each pair of adjacent currents exhibited the

same phase difference. For a model comprising photonic
crystals with triangles rotated by 15° and -15°, we excited
the edge states of different chirality in Figs. 11(c) and 11
(d), respectively.
As shown in Fig. 11(c), the phases of the currents

increased anticlockwise and the edge states propagated
unidirectionally toward the left, corresponding to the edge
states with negative velocities. In Fig. 11(d), the phases of
the currents increased clockwise and the unidirectional
edge state emerged but propagated in the opposite
direction, corresponding to the edge states with positive
group velocities. This phenomenon shows that the edge
states with different group velocities exhibit different chiral
properties. Therefore, the edge states with different
chiralities can travel unidirectionally along different
directions. Moreover, the edge states were robust against
the sharp twisting angles. Figures 11(c) and 11(d) illustrate
that little electromagnetic wave is leaked or scattered at the
twisting angles. The reason is that the bandgap of the bulk
state prevents the leaking of the wave and that the
unidirectionality of the edge state restrains the scattering.
For a model comprising photonic crystal with triangles
rotated by 15 and 45° (Fig. 11(e)), neither the source
shown in Fig. 11(c) nor that shown in Fig. 11(d) could
excite any of the edge states because from Fig. 11(f), we
can observe that this structure had no edge states. The
difference between the two modes lies in the Berry
curvature of the bulk states. For the structure shown in Fig.
11(a), the bulk states of the two sides exhibited opposite
Berry curvatures, as shown in Figs. 10(d) and 10(e).
Therefore, similar to the quantum valley Hall effect [23],
edge states emerged at the interface of the two photonic
crystals. However, the bulk states of the structure shown in
Fig. 11(e) exhibited the same Berry curvature, as shown in
Figs. 10(e) and 10(f). Therefore, there was no edge state at
the interface. Thus, we have proved our algorithm is
suitable for the calculation of the Berry curvature and
Chern number, which can enable us to obtain the accurate
topological invariant of some typical photonic crystals.

4 Conclusions

Herein, we proposed a universal method for calculating the
Berry curvature and Chern numbers. Our method was

based on FEM, exhibiting considerable flexibility and
controlled accuracy. Using this method, we calculated the
Chern numbers and Berry curvature distributions of
different types of trivial and topological photonic crystals.
To denote the flexibility of our numerical method, we
presented the results of the photonic crystals using
gyromagnetic materials and all-dielectric materials.
Furthermore, using different structures, we analyzed the
manner in which the Berry curvature and Chern numbers
are correlated with the geometrical structures and disper-
sion relations. Next, we discussed the impact of the
different shapes of columns, air duty ratios, and rotation
angles on the Berry curvature and Chern numbers of the
photonic crystals and illustrated the interesting phenomena
arising from the novel topological states, including robust
unidirectional edge states. In conclusion, our method is
very useful to search novel topological structures and find
intriguing properties of considerably complicated struc-
tures. Further, our method can be easily combined with the
intelligent computation and optimization methods, making
it helpful for automatically searching topological struc-
tures.
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