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Abstract This study focuses on establishing non-
conforming crack front elements of quadrilateral and
triangular types for 3D crack problems when the dual
boundary element method is applied. The asymptotic
behavior of the physical variables in the area near the crack
front is fully considered in the construction of the shape
function. In the developed quadrilateral and triangular
crack front elements, the asymptotic term, which captures
the asymptotic behavior of the physical variable, is
multiplied directly by the conventional Lagrange shape
function to form a new crack front shape function. Several
benchmark numerical examples that consider penny-
shaped cracks and straight-edge crack problems are
presented to illustrate the validity and efficiency of the
developed crack front elements.

Keywords Taylor expansion, crack front elements, stress
intensity factors, dual boundary element method

1 Introduction

Experimental [1-4] and numerical [5-9] are two of the
most popular methods to solve engineering problems, such
as solid mechanical, heat transfer, acoustic, and electro-
magnetic problems. In structural mechanical problems
with cracks or V-notch interfaces, physical quantities vary
singularly in the areas near the crack front and interface [5—
9]. Accurate approximation of such singular variations is
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important but difficult in numerical methods for these
problems. Many additional methods have been developed
to circumvent these difficulties [5-9]. The finite element
method (FEM) [10-12] and the boundary element method
(BEM) [13-15] are two of the most extensive methods for
structural mechanical problems. Special elements with
specially defined shape functions are typically utilized to
approximate the variations of physical quantities in both
methods and eventually achieve high accuracy and
efficiency. Many specially defined crack elements have
been developed in FEM and BEM implementations to
compute the stress intensity factors (SIFs) along the crack
front accurately and efficiently. The most efficient and
valuable crack front elements are quarter-point triangular
and quadrilateral elements, which can be integrated into
standard FEM [16,17] and BEM [18-21] codes. In BEM
application in crack problems, the dual boundary integral
equation method, in which the traction boundary integral
equation is involved, is the most widely used scheme
[5,19-24].

Non-conforming elements, inside which interpolation
nodes are arranged, are frequently used due to the
existence of hyper-singular integrals. The calculation of
hyper-singular integrals depends largely on the transfor-
mation of traditional conforming quarter-point elements
into nonconforming ones. However, quarter-point trian-
gular and quadrilateral elements are usually regarded as
conforming elements, which are employed in the multi-
domain BEM. The shape functions of non-conforming
crack front elements are obtained by solving linear
equations. The derivation process is tedious, and the
special shape functions are not closely related with
traditional shape functions [20,25,26]. This study proposes
a family of non-conforming crack front elements of
quadrilateral and triangular types for 3D crack problems.

In the deduction of the presented crack front elements,
the shape functions are constructed to capture the
asymptotic behavior of displacement fields in parametric
space. The function of the analytical distribution of
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displacement is expressed by Taylor series up to the second
order to capture the asymptotic behavior. Variable
transformation is performed to generate a square-root
term that captures the variation of the physical quantities.
The shape functions are constructed in consideration of the
square-root term. Then, the conforming element is
transformed into a nonconforming one by a multiplication
of the transforming matrix. Several benchmark examples
are presented to illustrate the accuracy of the new crack
front elements. The advantages of the non-conforming
crack front elements are as follows. The special shape
functions are obtained using the traditional shape functions
and displacement approximate terms in the intrinsic
coordinate system. Unlike the traditional construction
method for crack front elements [20,25,26], the method
proposed in this study can be easily extended to the
construction of special shape functions for V-notch
interfaces, whose displacements may possess a property
of order r* (1>0>0).

The rest of this paper is outlined as follows. In Section 2,
crack front elements within a quadrilateral mesh are
proposed. Then, crack front elements within a triangular
mesh are obtained in the same manner in Section 3. The
process of obtaining SIFs is described in Section 4, and
several numerical examples are presented in Section 5.

2 Crack front elements within a
quadrilateral mesh

We provide a detailed derivation of a three-node, non-
conforming crack tip element. The method for the three-
node, non-conforming crack tip element is then extended
to the 3D boundary surface element.

2.1 Construction of a three-node, non-conforming crack tip
element

As shown in Fig. 1, the coordinates of the distance vector

from arbitrary point P(x, y) in the element to the crack tip
can be expressed as

X=Xy = N()XO + N]Xl + N2X2 —Xo

= e+ DIE D +2(1-Ox &), (a)

Crack front

Y=Yo = Noyo + Niy1 + Noyr =y

= S+ DIE 20 +20 -+ &), (1b)

where £ is the parametric coordinate of the point (x,y),
(x,y) is the coordinates of any point in the element, (x4, ),
(x1,91), and (x,,),) are the coordinates of the three nodes in

1
Fig. 1 (Points 0, 1 and 2), respectively, Ny(§) = Ef (&-1),

Ni() = 561 +€) and Ny(€) = (1 +)(1-¢) are shape

functions that are defined on these nodes, and (€ +1)/2
represents the distance property in the parametric space,
which also reflects the distance in the Cartesian space. The
source points in the parametric space are — A, 0, and A.

The displacement u and traction fields # near the crack
tip behave as square root singularity or inverse square root
singularity, which can be written as [27]

u=ay+anr+ar+---, ()

t=bo/\r+by +byr+ . 3)

where a; and b; (i=0,
vectors, respectively.

For the three-node, non-conforming quadratic element,
the shape functions that are defined based on these
collocation nodes can be written as

1, ...) represent the coefficient

£(E—2 £+ 1)
M) =S e =%
MN(E—-A
Naa(e) = XD @
where 1 is the offset parameter, and N2 (&), NL;(€), and

N2,,(€) are the non-conforming shape functions of the
three collocation nodes in Fig. 1 (Points 0, 1 and 2). Using
a two-order Taylor expansion of u near the crack front, we

can obtain the following:

u:u8+ué(£+1)+%u(2)(€+l)2+ e (5)

where
2
dON, (é)‘
0 coll
uy = m
n; dg® e

E=-1 E=0 =1 &

Pl © >

2 1

Fig. 1 Three-node, non-conforming quadratic element



334

um
m=0 d¢ §&=—
AV AU A
T\ ) e
d*Neg(é) 1 1 2
2 coll
uy = W; dé‘z Llum A2”0 + Azul + Azuz,

and u,, u;, and u, are the displacements at three
collocation nodes. #), u), and u} represent the zero- first-
and second-order derivatives at Node 0.

Compared with Eq. (2), Egs. (4) and (5) show that the
shape functions of the non-conforming quadratic element
cannot reflect the square-root asymptotic behavior of the
displacements and tractions near the crack front. To
introduce the asymptotic behavior of the displacements, a

substitution of (§ + 1)/2 by /(£ + 1)/2 is introduced in
the Taylor expansion. Thus, the Taylor expansion in Eq. (5)

can be transformed into

u=u)+up\/ 206+ 1) +uf(E+1)+ . (6)

In Eq. (6), u), u), and u} are unchanged. After
substituting expressions for u), u}, and uj into Eq. (6),
the following equation can be obtained:

11 11 1
:<ﬁ+u2> °+<2AZ 2x>"1+(1 ,\2) "2
1 11 2
J”f( < 21)”“(21 ,12>"‘ ,12”2>
¢£T+< uo +
B 1
-G (e
1
i (ﬁ‘ﬁ)
)%
(N

New shape functions for collocation points can be
defined as

2
u1+ —u

2 2>(£+ 1)

/\2
1 1
a7 VEFT 45506+ D)

V(555 JVEF T (€4 1)

\/£+ + (£+1)}
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where N2 1(€), N&oy(€), and N2 (&) are the new shape
functions at collocation points for crack tip elements.

A three-node non-conforming crack tip element can be
successfully constructed with the shape functions of Eq.
(8). In the next section, we extend this crack tip element to
a nine-node quadrilateral crack front element.

2.2 Construction of a nine-node non-conforming crack
front element

A nine-node non-conforming quadratic element is illu-
strated in Fig. 2. The relations between the three-node and
nine-node non-conforming quadratic elements can be
established as follows. In the nine-node non-conforming
quadratic element, interpolation nodes do not coincide
with geometric nodes, a condition that is similar to that in
the three-node non-conforming quadratic element. The
geometric shape functions in the nine-node non-conform-
ing quadratic element are constructed through the products
of shape functions along two different directions:

No(&) = N1 (E)N: (1),

(1), ©)

where N;(&,n7) (i = 0, 1, ..., 8) are the shape functions that
are defined on the eight geometric nodes (from 0 to 8),
Ny(&), Ny(€) and N, (&) have been defined before, and &
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and # are the parametric coordinates.

Similarly, the non-conforming shape functions of the
nine-node non-conforming quadratic element can be
obtained through a similar method, which can be expressed
as follows:

Neon(&1) = Nean (€)Nean (1),
Neon(€:1) = Negn (€)Nean (1),
Nean(€1) = Neon(€)Noou (1)
Neon(&1) = Nean (€)Neon (1),
Neon(&) = Noo (§)Negn (1),
Neon(&:1) = Negn () Nogu (1),
Neon(&1) = Ngn (€)Neou (1),
Neou(€1) = Nogn(§)Nowy (1),
Néou(€) = Nogn(€)Now (1), (10)

where N (&) (i =0, 1, ..., 8) are the non-conforming
shape functions that are defined on the eight collocation
nodes (from 0 to §).

In Fig. 2, given that £ = —1 is the crack front, the
special shape functions can be expressed as

NNscoll(§ 77)
NNSCOH(& 77)

scoll (§)Nclou (n),
scoll (g)Ncloll (77) >

Crack front

o 0

nglscoll(gan) = Nsocon(f)NcOon(’?)a
Niscot (611) = Ncott (€)Neon (1),
Nflscon(fa’?) = stcou(f)Nc]on(ﬂ),
lelscoll(fan) = Nsocon(f)Ngou(’?)a
Mscolt €:11) = Negon (©)Neou (n)
NIZIswU(gan) = Nslcon(f)chou(ﬂ)a
Mscott €:11) = Neot (©)Neou (n) (1)

where Ni.oi(&7) (=0, 1, ..., 8) are the new shape
functions on the eight collocation nodes for crack front
elements (from O to 8).

The displacement distribution near the crack front can be
accurately approximated using Eq. (11). The results are
demonstrated in the following numerical examples.

3 Crack front elements within a triangular
mesh

In this section, we construct a triangular crack front
element based on a six-node conforming quadratic element
in the first step. The six-node conforming crack front
element is then converted into a six-node non-conforming
crack front element in the second step. The six-node non-
conforming quadratic element is shown in Fig. 3, where k&

0,1

(0.5, 0.9

0,0

Fig. 3 Six-node non-conforming quadratic element
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is the position parameter. From the geometric meaning of
the area coordinate, (1—&—#) represents the distance in the
parametric space, which also reflects the distance in the
Cartesian space. The geometric shape functions of the
element are

Ny = 5(25—1), N, = ’7(2’7—1)=
Ny = (1-E-n)[2(1-&—n)—1], N3 = 48y,
Ny =4n(1-&—n), Ns = 4£(1-&§-n). (12)

To perform Taylor expansion of the displacement fields
near the neighborhood of the crack front (£ +# = 1), the
following coordinate transformation is applied:

S =1-&nm=&§n. (13)

Then, Taylor expansion of the displacement fields in the
neighborhood of £ 4+ # = 1 is performed similar to that in
the neighborhood of £, = 0. We can derive the following
expression:

1
w =+ (€ —0) + (€ —07 +

2 (14)
5 A0 5
aON, ON,,
h T P -
where i Z;) aggo) ‘ Uy, Z o&,
5 2

O°N,

and uj = Z 5 me Uy (m=0,1, .., 5) denotes
m=0 ag1 &=0

the displacements at the six interpolation nodes in the
element. From Eq. (13), we obtain

1-& +m 1-&-m
= = 15
el (s)
Considering Eq. (15), the following relations are
obtained:
ON, 0 0
WO _ Nl O WO S o
o0&, o0& a’7 3%
PN _ENox N oo
o6 o¢ 8¢ 06 "ogon o€, & |
1T A0 7T A0 1
NNscoll Nscoll Nscoll (PO) Nscoll (PO)
NNscoll Nslcoll Ns(loll (Pl ) Nslcoll (Pl )
NI%Iscoll - N520011 Ns%oll (P2) Nslcoll (PZ)
NNscoll Ns3coll Ns(z:oll (P3 ) Nslcoll (P3 )
NNscoll Ns4coll Nsocoll (P4) Nslcoll (P4)
L Nlélscoll - - Nsscoll - L ]vs?:oll (PS) Nslcoll (PS )

where N{.o; (m = 0, 1, ..., 5) denotes the shape functions
of the non-conforming crack front element, P,

&N on on

=

on* 06, 06,

To introduce the asymptotic behavior of the displace-
ments, we correct the Taylor expansion expression by

replacing &, with \/£,. The Taylor expansion in Eq. (14)
can be transformed into

(16b)

1
u:u8+u(1)\/a+§u%§1—l—"', 17

uy = Q26— g + (1-6)(1-26)uy +4¢(1-E)us,
up = —0.5[(4¢—Dug + (3-4&)u; + 2u, + 4u;

—8(1=&)uys—8us),

u(z) =ug+u; + 4uy, + 2u,

—4u,—4u;.

From Eq. (17), we obtain the shape functions for the
conforming crack front element with the crack front at
edge £ + 7 =1 as follows:

NOn(Ep) = £(26-1)~0.5(46~1)T—E—7
+0.5(1=¢§-7),

NL(En) = (1-6)(1-26)-0.53-46)/T-E— 7
+0.5(1-&-n),

Nean(én) = —T=E=n +2(1-¢-n),

Niou(&n) = 4(1-VT=E—n-2(1-¢-n),
Noon(&n) = 46/T=8—n-2(1-&-1n).

) =

Noon(&n) = 46(1-8) —2y/T=E=n+2(1-¢—n),
)
)

(18)

In the application of the dual BEM for crack problems,
due to the existence of hyper-singular integrals, the
conforming crack front element should be transformed
into a non-conforming one to retain Holder’s continuity
condition through the following linear transformation:

Nion(Po) Naon(Po) Nii(Po) Nian(Po)]
Neot(P1) Nggn(P1)  Neon(P1)  Negn(Py)

Nean(P2)  Neoni(Pa) - Negott(P2) - Nogon (P2) 19
Neon(Ps) Nian(Py) Nian(Ps) Nian(Py) |
Nieot(P4)  Nggn(Pa)  Neon(Ps)  Neon(Ps)

Neot(Ps)  Nggn(Ps)  Nyon(Ps)  Neon(Ps) |

(m=0,1, ..., 5) denotes the parameter coordinate of the

interpolation nodes in (,77) coordinate systems, which can
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be obtained by the position parameter. In this work, Egs.
(11) and (19) are applied to approximate the distribution of
displacements near the crack front.

The crack front element may lie on another edge. In this
case, we can modify the order of the nodes or construct
another type of shape function in the same manner.

4 Calculation of SIFs

Quadrilateral and triangular non-conforming crack front
elements can be conveniently integrated into the dual
boundary element method (DBEM). To compute the SIFs
along the crack front, we construct a local coordinate
system for Point O on the crack front, as shown in Fig. 4.
The classic one-point formula is used to compute the SIFs,
which is similar to that in Eq. (20) [5]:

/ I
K= 17 2rcos¢(u" h ).
K= 1 )\ 2rcosq) v, (20)
K
e 1+v \/ 2rcos¢>

where F is Young’s modulus, v is Poisson’s ratio, and ¢ is
the angle between PO (or P~ O) and n. P is the point on
the crack surface, which may be P;, P,, or P5. By using ¢,
the distance "> = P,0, r’* = P;0, K”> and K”* in Eq.
(21) can be obtained. Then, a two-point formula consider-
ing the whole element can be derived after performing
linear extrapolation between (r2,K”2) and (+/3,KP3) at
location » = 0. We can compute the SIFs at the crack front
by using Eq. (21):

PP3 KP2 — pP2 KP3
K° = (1)

7Py — P2

Crack surfaces

Crack front

Fig. 4 Local coordinate system at Point O

5 Numerical examples

Several numerical examples are presented in this section to

verify the accuracy and efficiency of the newly developed
crack front elements. In the first example, the two
constructed non-conforming crack front elements are
tested in the DBEM analysis of a penny-shaped crack
under uniform or linear polynomial tractions. The crack
open displacements, Au, are obtained for a comparison
with existing results. Efficiency is also verified. In the
second example, a penny-shaped crack under uniform
inclined traction is analyzed with DBEM. Three types of
SIFs, which contain Kj, Ky, and Kpy;, are computed, and
their definitions can be found in Ref. [27]. The numerical
results obtained by the two presented elements are
compared with the exact results. In the final example,
straight edge crack problems are compared with existing
finite element analysis and other results.

5.1 Penny-shaped crack under uniform or linear polynomial
tractions

This example concerns a penny-shaped crack embedded in
an infinite space, as illustrated in Fig. 5. The boundary of
the penny-shaped crack is described as

X = acosw, y = asinw, z =0, (22)

where w varies from 0 to 2z, and a is the radius. The crack
is opened by imposing traction o,.(x,y) along the z-
direction symmetrically to the upper and lower surfaces of
the penny-shaped crack. In this example, @ =1.0, Young’s
modulus £=1.0, and Poisson’s ratio v = 0.25 are
evaluated. Three traction boundary conditions, namely,
Uzz(xoy) =0y, O-zz(xﬂy) = —0pX, and Uzz(x’y) = —00y) with
constant ¢, are imposed on the penny-shaped crack. The
reference solutions to the considered problems are
200/+/n, 4oox/(3a\/n), or 4ogy/(3a/m), respectively
[28]. In this example, 96 nine-node non-conforming
elements are used inside the crack surface and 32 nine-
node non-conforming crack front elements are employed
near the crack front, as shown in Fig. 5(a).

Figure 6 shows that the Kj calculated by non-conforming
crack front elements of the quadrilateral type agrees well
with the reference solutions. The largest errors are
approximately 0.2%, 1.7%, and 2%, respectively.

Then, we perform an analysis using the triangular
elements. As shown in Fig. 5(b), on the crack surface, 162
six-node non-conforming elements, including 26 six-node
non-conforming crack front elements, are involved in the
analysis.

Figure 7 indicates that the K| computed by employing
non-conforming crack front elements of the triangular type
agrees well with the reference solutions. The largest errors
are about 0.9%, 2%, and 2%, respectively.

Figure 8 indicates that the Au calculated by non-
conforming crack front elements of the quadrilateral and
triangular type agrees well with the reference solutions
[29]. The largest errors are about 1.5% in the two cases.
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(a)

0.6 |
0.4

02F

—— Reference solutions
[ ® K using Eq. (11) when o,(x, y) =0,
A K using Eq. (11) when o(x, y) =—0x
| ¢ Kjusing Eq. (11) when o,(x, y) =0y

0.0 0.5 1.0 1.5 2.0 25 3.0 3.5
o along the crack front [0, 7]

Normalized stress intensity factors K,/(0, /)

Fig. 6 Results of the normalized SIF K calculated by non-
conforming crack front elements of the quadrilateral type

0.6 |

04+

—— Reference solutions
—0.2 ® K using Eq. (19) when o,(x, y) = 0,
L A K using Eq. (19) when o,(x, ) = —0,x

¢ K, using Eq. (19) when 0(x, y) = -0,y

Normalized stress intensity factors K/(o, /7 )
o)
N
T

0.0 0.5 1.0 1.5 2.0 2.5 3.0 35
 along the crack front [0, n]

Fig. 7 Results of the normalized SIF K; calculated by non-
conforming crack front elements of the triangular type

(b)

Variation of Au

0.8F

L —— Reference solutions
0.6+ —— Our method by Eq. (11)
— Our method by Eq. (19)

04r

0.2

0.75 0.80 . 0.85 0.90 0.95 1.00
x/a

Fig. 8 Results of Au over the crack surface obtained using our
method

Figure 9 shows that even when position parameter k&
varies from 0.1 to 0.3, the SIFs still retain considerable
accuracy with the analytical solution. Notably, £k = 1-2
for crack front elements of the quadrilateral type. The
largest errors are about 1.2% in the two cases.

When the two types of crack front elements are used,
high accuracy can be achieved within 1% by using fewer
elements than Liu’s work [30]. In Liu’s work, 4704
elements are employed and the error is about 1.66%, while
less than 200 elements are employed in our work, and the
errors are within 1% stably.

5.2 Penny-shaped crack under uniform inclined traction
This example concerns the same crack as that in the first

example. The load in this example, however, is different
from that in the first numerical example. In this example,
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0.012

/

o\\. /.
/_><\
v

0.10 0.15 0.20 0.25 0.30
Position parameter &

0.010

0.008 |-

0.006

0.004 | —=— Our method using Eq. (11)

—&— Our method using Eq. (19)

Errors of stress intensity factors K}

0.002

Fig. 9 Influence of position parameter &

the crack is under a uniform inclined traction, as illustrated
in Fig. 10. The parameters illustrated in Fig. 10 are
evaluated by «=1.0, 0 = 1.0, E=1.0, y =n/4, and v=
0.25. Here, y is the angle between the uniform inclined
traction and coordinate plane xoy. The same meshes as
those in the first example are applied. The exact SIFs for
this problem can be found in Tada et al.’s work [31]. The
numerical and exact results are illustrated and compared in
Figs. 11 and 12. The results obtained by our method agree
well with the exact solutions. The largest errors are about
0.3%, 0.7%, 0.7%, 1%, 2%, and 2%, respectively.

=y

g

Fig. 10 Penny-shaped crack under uniform inclined traction

M»':1

=] L

= 0.4 [

& 03F
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g

5 L

2 0.1

2 00t

g

E —0.1 i Reference solutions

8 -02}f = K using Eq. (11)

z b Kj; using Eq. (11)

g03r K,y using Eq. (11)

=

g 04 1 L 1 L 1 n 1 " 1 L 1 L 1 L

4 0.0 0.5 1.0 1.5 2.0 25 3.0 35
w along the crack front [0, 7]

Fig. 11 Results of three normalized SIFs Kj, Ky, and Ky

calculated by non-conforming crack front elements of the
quadrilateral type

§<»':1

=) L

= 0.4 [

& 03F

X 02t

2

5 L

2 0.1

2 00t

g

s —0.1F

E L —— Reference solutions

8 _02F —=— K using Eq. (19)

@ A K using Eq. (19)

= 1l

g 031 Ky using Eq. (19)

=

g 04 1 n 1 n 1 n 1 " 1 n 1 n 1 n
Z 0.0 0.5 1.0 1.5 2.0 25 3.0 35

 along the crack front [0, 7]

Fig. 12 Results of three normalized SIFs Kj, Kj, and Ky
calculated by non-conforming crack front elements of the
triangular type

5.3 Straight-edge crack compared with existing finite
element analysis

In this example, a single edge crack, as illustrated in
Fig. 13, is considered. The geometry parameters are c¢/b =
1, t/c= 3,and h/b = 6. Uniform tension is imposed on two
ends. The results are compared with those of the plane
strain solution obtained by Mi and Aliabadi [5], Murakami
and Keer [32], and Raju and Newman [33]. A total of 96
and 88 elements are used for the crack faces. The crack
front elements proposed in this study are employed. In the
work of Mi and Aliabadi [5], BEM was employed, whereas
in the work of Raju and Newman [33], FEM was
employed. The plane strain solution is 2.827, which can
be found in the work of Murakami and Keer [32]. In our
work, when z=0, the result is 2.2834 when crack front
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L T

(a) (b) (©

Fig. 13 Geometry model of the singular edge crack and mesh

elements of the quadrilateral type are used; the result is
2.828 when crack front elements of the triangular type are
employed. In Raju and Newman’s work [33], the SIF result
is 2.776. Figure 14 shows that the results in the two cases
agree well with those of Mi and Aliabadi [5] when z/w
changes from 0 to 0.4. When z/® approaches 0.5, the
results in the two cases agree well with those of Raju and
Newman [33]. This example demonstrates the credibility
of our method.

291
7 Wis -4 apn,
§2.8- v MRS Zoal VO
&
=27F ¥ u
g
2 26 v
% 25k —— Plane strain solution
= Raju & Newman [33]
B 24+ = Mi & Aliabadi [5] b
= Our method with Eq. (11)
g 231 v Our method with Eq. (19)
o
=nal
21 1 1 1 1 1 1
0.0 0.1 0.2 0.3 0.4 0.5
zlw

Fig. 14 Normalized stress intensity factors along the crack front
for the single edge crack

6 Conclusions

This study developed a family of non-conforming crack
front elements of quadrilateral and triangular types in
DBEM for 3D crack problems. In the deduction of the

special shape functions, the asymptotic behavior of the
distribution of the displacements and tractions near the
crack front is considered. In the neighborhood of the crack
front, the traditional shape function is expanded into Taylor
expansion. The expanded shape function is then modified
by considering the asymptotic behavior of the physical
quantities. For the non-conforming quadrilateral crack
front elements, the relations between the 2D and 3D
Lagrange-type elements are determined. For the
non-conforming triangular crack front elements, the
transformation matrix between the non-conforming and
conforming elements is introduced in consideration of the
positions of the collocation nodes. Then, numerical
examples using these non-conforming crack front elements
are provided to verify the efficiency of our method. The
numerical results are in good agreement with existing
results. The proposed method may serve as a reference for
addressing V-notch problems.
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